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Abstract:

Let G be a nontrivial connected graph, a secure
dominating set D of V is said to be a secure
complementary tree dominating set if the induced
subgraph < V — D > is a tree. A secure
complementary tree dominating sets of the graph G,
having minimum cardinality is called the secure
complementary tree domination number denoted by
ysd OF G. We have determined the exact values of
secure complementary tree domination number for
some standard graphs and obtained bounds for this
new parameter. NORDHAUS - GADDUM type
results are attained .The relationship of this
parameter with other graph theoretical parameters
are also discussed.
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1. Introduction:

By a graph we mean a finite, simple, connected and
undirected graph G = (V,E), where V is the vertex
set and E is the edge set of G. Unless otherwise
stated, the graph G has p vertices and g edges. For
the general concepts and notations, we refer the
reader to [1, 2, 13, 14].

A subset D of V is called a dominating set of G if
every vertex in V- D is adjacent to some vertex in
D. The domination number ¥(G) of G is the
minimum cardinality taken over all the dominating
sets of G. A dominating set D of a connected graph
G is said to be a connected dominating set if the
induced subgraph < D > is connected. The
connected domination number ¥.is the minimum
cardinality of a connected dominating set of G
[2,3,4].

A dominating set D of V in G is a secure
dominating set if for every u £ V" — D, there exist a
vertex v in D such that v € N(u} n 2 and (D — {v})
u{u} is a dominating set of G. The minimum
cardinality of a secure dominating set is the secure
domination number (G} of G. A secure
dominating set with cardinality ¥.(G} is the y:(G-
set of G. Let D be a connected dominating set in G, a
vertex v £ I is said to D- defend u, where
ueV—D,if weE(G)and (D—{v}Uiulis a
connected dominating set of G. D is a secure
connected dominating set in G if for every us V—
D, there exists v £ I such that v is D- defends u. The

secure connected domination number ¥:- (G of G is
the minimum cardinality of a secure connected
dominating set of G [3,4,5,6].

R.Kulli and B.Janakiram[10], introduced the
concept of non-split domination in graphs. A
dominating set D of a connected graph G is a non-
split dominating set, if the induced subgraph <
V(G) — D > is connected. The non-split domination
number ¥,.(G of G is the minimum cardinality of a
non-split dominating set. In [9], S.Muthammal et. al.,
introduced complementary tree domination number
of a graph and found many results on them.

Let D be a dominating set of a non-trivial
connected graph G, if the induced subgraph < V(G)
— D > is a tree then D is a complementary tree
dominating set of G. The minimum Cardinality of
the complementary tree dominating set is called the
complementary tree domination number of G ,
denoted by ¥..2(G 1.

For a real number x, Lx| denotes the largest
integer less than or equal to X.
A Nordhaus- Gaddum-type results is a (tight)
lower or upper bound on the sum and product of
parameter of a graph and its complement.

2. Secure Complementary  Tree
Domination Number of a Graph
Definition: 2.1

A non-empty subset D of V of a non-trivial
connected graph G is called a secure complementary
tree dominating set (¥...c - set), if D is a secure
dominating set of G and the induced subgraph < V-
D > is a tree. The minimum cardinality of a secure
complementary tree dominating set is the secure

complementary tree domination number ¥,z (G of
G. A set with ¥;..2 (G vertices is called 7.,z -set of
G.
Example: 2.2. For the graph & in figure 2.1
¥(Gy) =1, Verg (G2} = 20 Vapra (G2) = 4

V'.’

G2:
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Figure.2.1:

P .
VergWGo ) = ¥oer2 (G2 )

Graph with

Example: 2.3. For the graph &5, in figure 2.2

Ve (Gz) =2, Veeallz) = 2. Vecea(Dz) =3
Vs
G3:
Vl V_ V:I
Vs
Figure.2.2: Graph with

' & i N "
VelGod = yopg WO = v (G2

Example: 2.4 For the graph &;, in figure 2.3

¥(6,) = ¥:(6s) = 1,
2, Yapg(ly) =2

Vool 1 =1, veea(ly ] =
Ll o s LI T A S

A%l

G4:

Vi

Vi V2

Figure: 2.3. Graph with ¥,:( Gy} <= Verrg (G4

3. Characterization of Secure Complementary
Tree Dominating Sets:
Observation: 3.1
For any connected graph G,
y(iG) = ]’.-":'53 = Varrg (G

Observation: 3.2
Let G be a connected graph , then

o .
Verz WG = ¥geea (G

Proposition: 3.3
Every  secure  complementary  tree

dominating set of G, contains all the pendent
vertices of G.
Proof:

Let u be a vertex of G such that deg( u ) =1.
Let D be a secure complementary tree dominating
set of G, suppose, u is in V — D, then a vertex

adjacent to u must be in D. Then the induced graph
<V - D > is disconnected. Thus u must lie in D.
Theorem 3.4[10]
A secure complementary tree dominating
Set D of G is minimal if and only if for every vertex
v in D, one of the following conditions holds,
(i) visanisolated vertex of < D >.
(ii). there exists a vertex u in V — D for
which N¥(x} n D = {v.
@iii). N(vyn(v-D)=0
(iv).The induced sub graph
«W-Dlull=of V - DU{vlis either
disconnected or contains a cycle.
Proof:

Let D be minimal. Assume the contrary, if
there exists a vertex v of D such that v does not
satisfy any of the given conditions, then by (i) and
(i), the set D" = D — {v} is a dominating set. By (iii)
<V -ID'>is connected and by (iv) <V -I'> isa
tree. Hence D' is a secure complementary tree
dominating set of G, a contradiction.

Conversely, let D be a secure complementary
tree dominating set of G and for each vertex v in D,
one of the four stated conditions holds. We prove
that D is a minimal secure complementary tree
dominating set of G. If D is not a minimal secure
complementary tree dominating set, then there must
exists a vertex v in D , such that D — {v } is the
secure complementary tree dominating set of G.
Thus v is adjacent to at least one vertex in D — { v}.
Thus condition (i) does not hold. Also if D -
{ v}is a dominating set , then every vertex in V — D
is adjacent to at least one vertex in D-{v}
condition (ii) does not hold. Since, D —-{ v } is a
secure complementary tree dominating  set
<V-(D-{v} >isatree, a contradiction to
condition (iii) and (iv) . Hence there exists no vertex
v in D such that v not satisfying any of the four
conditions.

Observation: 3.5.

Let H be a spanning sub graph of a
connected graph G. If H has a secure complementary
tree dominating set, then .2 (G} = yo.q (H.

4. Exact values for some standard Graphs:

(i).For a pathF,.» = 4, Vara(Fp) =0 — 2.
(ii).For a cycle '
Cop 2 3, Veerz (Lol =p— 2,
(iii) For a coh1p|ete graph¥,, p = 3,
Veced ':H;I 1=p -2 .

(iv). For a complete bipartite K., ., where p =m +n

i

Verrg (Hmn 1 = ]

. .
umaxim,n) + 1,

max (m.nl, form = n

form =n

(v). For astar K po1P E 2,
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Veerd \Kpp—a ) =p — 1.

(vi).For a Bistar &, ;withp=+»+ s + 2

Yerrd 'Ev ) =p-2 forpz6
(vii). For a wheel graph,it;,
2 d=p=’
Yaced '\”p,'_i;_s p =8
(viii). For Fan graph F,
P, R
P 2 i p=56
Veerg Wpld = | 2  m=TE
L p-5; p=B
(ix). For C, = K.,
Yered '::'::l ° K; ::' =F p2

(). For K, ,_, = K.,

Vecrd \Kip_y @ Ky ) = p,

5]
w
W
I~

5. Bounds:
Observation: 5.1

Let G be a connected graph with p > 2,
then
¥eced ) = p—1.
Theorem: 5.2[9]

For any connected graph G(p,q) with
§= 2, VurglG) = 3p—2g—2. The bound is
sharp for the cycle C,.n = 3.
Proof:

Let D be a v.:z-Set of G. Let s be the
number of edges of G having one end in D and the
other in V — D. Then the number of vertices and

edges in <V - D > is B = Veerz (G
and p —¥...2(G) — 1, respectively. Then, by Euler
theorem
2[g — (p — yerra(6) - 1)] = Z dlv;) + 5

;=D

Since, ViGl =Dl =p —y...4(G) there exists at
least ¥ —¥::2 () edges from (V — D) to D. As

deg( v = S0G), we

have,

§—(p = Vo2 (6) = 1] 2 8(6) ¥or0a(G) + p = ¥orra (6)
For

)} = 2 the equation becomes, 2lq — (p — Verea WG —

) =
2 2 ¥ (G + 2 — Vepr2 (G

(i.8) Verz(G)=3p—2g -2,
When G= £, .1 = 3, the bound is sharp.

Theorem: 5.3[9]

Let G be a connected graph and
GG =1, thenyu2 (G} = 3p —2g —m — 2,
where m is the number of pendent vertices.
Proof:

Let the ¥..:2 (G 1-set of G be D, then
D! =v,..:(G]. Lets be the number of edges of G
having one end in D and the other in V — D. By
theorem 5.2

2g (& ~7eere6) ~ D = ) dlw) +s.
riED
>

m T 2':]’.-'::i (G} —ml + B = Vaerz (G

Thus, ¥eees G} = 3p — 2 —m — 2,

When & = F,.p = 3. the bounds is

sharp
Theorem: 5.4

Let G be a connected graph with

If G =K, ,_..then the set of end vertices of
K, ,_, form a minimal secure complementary tree
dominating set of G. Thus , ¥z Gl =p — 1.
Conversely, Let y;:2(G) =p —1.That is , there
exists a secure complementary tree dominating set D
containing p — 1 vertices, then” — D = {v}.Since D
is a dominating set of G, v must be adjacent to
atleast one vertex of D, say u. If u is adjacent to any
one of the vertex of D, then the vertex u must be in
V — D. Since D is minimal, u is adjacent to none of
the vertices in D. Thus, & = X, ,_,.
Theorem.5.5

Let G be a connected graph containing a
cycle, then yz.z (Gl =p —2if and only if ¢ = ¢,
or ¥, or to a graph G, obtained from a cycle or
complete graph by attaching pendent vertices to at
least one of the vertex of a complete graph or a cycle.
Proof:

It is obviously seen that for all graphs mentioned in
the theorem, ...z (G = » — 2.Conversely, let G be
a connected graph containing a cycle for
which  y..:(Gl=p—-2 (ie) the secure
complementary tree dominating set of G
is Dl=p-2 Then, ¥V —D=2="{uwv]}
and= ¥ — I = is isomorphic to K.

Case (i):

Since we know, every pendent vertex is a
member of D, any vertex of degree 1 in D is adjacent
to at most one vertex in V— D and = V" — 1 = is
isomorphic to ;.

Let D' = D — [pendent vertices}. Then D' IV {u,v }
is either a complete graph or a cycle. Otherwise

there exists a vertex w in I such that w is not

adjacent to any of the vertices of Z" — [w}, which is

not possible.

Case (ii): &(6) = 2.

Since (V' — D) = {w. v}. Let w be a vertex
of degree > 3 in G and let w €V — I This is
possible only if w =u or v ,consider w = {u}. Let
each vertex of D be adjacent to both u and v. If
= D = is complete then G is complete. Assume
=2 I = is not complete. Then there exists atleast one
pair of non-adjacent vertices in D, say a andt £ D
and V" — {a.bu} is a secure complementary tree
dominating set of G containing p— 3 vertices, a
contradiction. Therefore, there exists a vertex in D
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which is adjacent to exactly one of u and v and again
the secure complementary tree dominating set of G
has p — 3 vertices, hence w = I'.Since deg(w) > 3,
there exists atleast one vertex say & € I, which is
adjacent to W. Then either
V—{bwul orV —{bw, v} will be a secure
complementary tree dominating set of G. Thus there
exists no vertex with degree greater than 3 in G.
Hence degree of each vertex is 2. Thus & = .
Case (iii), 6061 = 3

Let a and b be non- adjacent vertices in
< D = then either V — {a. b.u} or V — {a. b, v} will
be a secure complementary tree domlnatrng set, a
contradiction. Therefore, =< DU {u. vl = is a
complete graph .Hence & = ;{3

Theorem:5.6

For a connected graph G, with
BE D Va6l =2 —n+1.
The bound is sharp ifc = K, ,_,
Proof:

We have, ¥.:2(G)=p—1.p = 2. This
implies
Verrg Gl 2 p—1=2(p—1l—p+1=2g—-p+1
Thus, ¥: ,-A'Gl =2g—-p+ 1

ForG =K, o s ¥acrz Gl = p—1

Proposition: 5.7[9]

Vaera (G) = m.where m is the number of
pendent vertices.
Proof:

Since every pendent vertex is the member
of secure complementary tree dominating set, the
proposition is obvious.

Theorem: 5.8[10]
For a connected graph G,
Veeea (G = p — w(G) + 1, where &(G) is the clique
number.
Proof:
Let D be a set of vertices of G such that <
D > is complete and let,|D] = w(G). Then for any
vertex u of D , V —DuUlul is a secure
complementary tree dominating set of G.

Theorem: 5.9

For a tree T, 3.2 (T) = m if and only if
every vertex of degree atleast 2, is a support, where
m is the number of pendent vertices in T.
Proof:

Assume every vertex of degree atleast 2, is
a support. If D is the set of pendent vertices of T,
then D is a dominating set in T and also < V" = D =
is a tree. Hence D is a secure complementary tree
dominating set of T. Therefore y..(T)} = m. By
prop 5.7, Verz Tl =m . Thus, ¥eres (T} =m .
Conversely, let u be a vertex in T, such that deg (u)
> 2 and let D be a secure complementary tree

dominating set of T. If u is not a support, then u is
not adjacent to any of the wvertices in D, a
contradiction.
Theorem: 5.9

If T is a tree which is not a star
then . o2 (T) = — 2.
Proof:

Since the tree T, is not a star, then there
exists two adjacent cut vertices u and v with deg(u)

and deg(v) > 2. Then V — [u. ¥} is a secure
complementary tree dominating set of T. Hence
T =w =2

Theorem: 5.10

Let T be a tree but not a star, with p vertices,
then v;c:2 (T} =z — Zifand only ifT = E, or E. .
Proof:

For a tree which is not a star we can easily
verify that,y:.:s u' 1 =p —2 when T is isomorphic
to either > or B, Conversely, let
Veera T} =p — ? That is, D is a secure
complementary tree dominating set of T containing
p—2 vertices. Then, VI(Il—-D={wv} and
= V(TJ — D == K.. Since T is a tree each vertex in
D is adjacent to at most one vertices i’ (T} — D and
also each vertex in V(T — D is adjacent to at least
one vertex in D, as D is a dominating set. Thus

(i).if = D =is an independent set, then
r=E,,

(||) if < D > is not independent, then there

15

exists a vertex u £ = I =,such that, deg(u) >
lin=< D =,

Also either |V ; (ul) =1, 1= < diam (T) - 3
orif |N;(ul = 2for some jj =diam ([T )- 4,

=
o
-

then, < W.(ul= in D is independent, since
otherwise D — {u} is a complementary tree
dominating set of T. Thus T is path for case ( i) and
it is a graph obtained from a path by attaching
pendent vertices to atleast one of its end vertices.

6.Nordhaus — Gaddum Type results:
Theorem 6.1

Let G be a graph such that G and its
complementare connected graphs with no isolates,
theny,..s (G + Vapes tr;l = 2(p—2) and
¥ortd Gy, ¥ered (G = p— 2:|:.
The bound is sharp ifand only if & = F,.

Proof:

From Theorem 5.1, it follow that
Veera WG) = p — 1land the bound is sharp if only if
G =K, ,_,. But for a star the complement is
disconnected. Thus we have, ¥aeslGl=p—2.
Hence the bounds directly follow.
When, & = F,, the bounds are sharp.
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7. Relation with other Graph Theoretical
Parameters:
Theorem 7.1

Veer2 Gl + K(G) =p if and only if

G=K, ., or C;, where K(G) is the vertex
connectivity of G.

Proof:

Assume that G is isomorphic to ¥, ,_,or{,, then the

connectivity x(G) of C,is 2 and for &, ,_., it is
1.Thus the result follows. Conversely let

Veer2 L1 +X(G)= ».This is possible only

(i). if ¥yeee (G} = p — 1 andk(G) = 1, that
iswhenG = X, ._..

(ii). if yoer2 (Gl =p —Zand K(G) =2 and
S0 6 = C,

Theorem 7.2
Viera (G1 +x(G) = 2p— 3, if and only if
G =K,

Proof:
For K, ,¥eera WGl =p =2 and

K(G) = p— 1.Thus, ¥::c G+ K(@G) = 2p -
3.Conversely, let ¥,z (G) +K(G) = 2p — 3. This is
possible only if ¥;..¢ (G} =7 — 2 and K(G) = p —

1.Butx(G) =p-1, implies & = &,.
Theorem 7.3

For a connected graph
G,¥seez (6] + 406} = 2p — 2. The bound is sharp if
andonly if 6 = ¥, ._..
Proof:

For any graph G with p vertices,

Al =p -1 . By
observation5.1, v:.:2 (G} = p — 1 thus the proof of
the theorem follows.
When & =K, ,_, , VerzlG)+40G)=2p-2
conversely, let ¥...s (G} + 4(G) = 2p — 2. This is
possible  only if y..:Gl=p-1 and
ALG) = p — 1.which is possible only if & = K, ,_..

Theorem 7.4

For a connected graph
G, VaglGl+a(G)=2p—3 if and only if
& = (.. F K, or G is the graph obtained from a
complete graph by attaching pendent vertices to
exactly one of the vertex of the complete graph.

Proof:

For the graphs given in the theorem, it is
clear thaty...: (G} + A(G)= 2p — 3. Conversely, let
Varez (G) + A(G)= 2p — 3. This is possible only,

(i).if ¥zeee =2 —Land 4(G)=p -2

(ii).if Veee =2 —2 and 4 (G) =p—1

But ,¥:.r2 = # — 1, implies that, the graph G has to
be a star on p vertices and for a star
4(G)= # — 1.Thus case (i) is not possible.

Yerra = ¥ — 2, only if G is isomorphic to £,,K,, or to
a graph G which is obtained from a complete graph
by attaching pendent vertices to atleast one of the
vertex of the complete graph.

Let &=¢, | then Yu =2 —2 and
4(G)=p—2.8ince ¥zrz(C)+4 (G)=2p -3,
implies » = 3. Thus, & = .

Assume G be a graph obtained from a complete
graph by attaching pendent vertices to at least one of
the vertex. Let s be the number of vertices in the
complete graph and t is the number of pendent
vertices attached.

Then 4 (G) = s—1+t. Thus VerzlGl+4
(G)=2p — 3 implies ¥ = s +t. Hence G is the
graph obtained from a complete graph by attaching
pendent vertices at exactly one of the vertex of G.
When.G = P, then Veeras (G1 + 4

(G)= 2p — 3,implies » = 3. Hence G = F;.

References:

1. Cokayne E.J. and HedetniemiS.T.(1980): Total domination in
graphs. Networks, Vol.10:211-219

2. John Adrian Bondy, Murty U.S.R, G.T, springer, 2008

3. A.P Burger, M.A Henning, and J.H. Yan vuren : Vertex cover
and secure Domination is Graphs, Questions Mathematicae,
31:2(2008) 163- 171.

4. E.Castillans, R.A Ughinada and S Caney Jr.,secure Domination
in the Jain Graphs, Applied Mathematical sciences, Applied
Mathematical Science 8(105),5203-5211.

5. EJ Cockayne, O.Favaran, and C.M. Mynhardt secure
Domination, weak Romen Domiation and Forbidden
subgraphs, Bull Inst. Combin.Appl., 39(2003), 87-100.

6. E.J Cockayne, Irredendance, secure domination & Maximum
degree in tree, Discrete math,  307(2007)12-17.

7. Nordhaus E. A. and Gaddum J.W.(1956): On complementary
graphs, Amer. Math. Monthly, 63: 175-177

8. Sampathkumar, E.;Wailkar, HB (1979): The connected
domination number of a graph, J Math. Phys. Sci 13(6):
607-613.

9. S.Muthammai and M.Bhanumathi,(2011):Complementary Tree
Domination Number of a Graph .IMF, vol. 6, 1273-1282.

10. V.R.Kulli and B. Janakiram (1996):The Non- Split
Domination Number of a Graph. Indian J. pure appl.
Math.,27(6) , 537-542.

11. Mahedavan G., SelvamA,N.Ramesh., Subramaian.T.,(2013):
Triple Connected complementary tree domination number
of a graph. IMF, vol.8, 659-670.

13. T.W Haynes , S.T. Hedetniemi and P.J Slater, Fundamentals
of domination in graphs, Marcel Dekker Inc., New
York(1998).

14. T.W Haynes, Stephen T, Hedetniemi and Peter S sloter,
domination in graphs. Advanced Topics, Marcel Dekker,
New York, 1990.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 264




