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Abstract In this paper, we derive explicit formulas,
which can be used to solve Cauchy problems of
wave equation in three and two dimension spaces,
using d’alembert formula. Moreover, we apply those
formulas to solve two examples.
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Cauchy problem,

I.  INTROGUCTION

Let us consider the following Cauchy problem for
the wave equation:

Iz, i -
D) — (),

u(0,0) = £(x), 1,(0,0) = g(x), x€ R,
1)

8% uirx)

E'xi

t>0, x € R%

where

8% uirx) + 8% uirx)

E'xi Bxg
%= (x,%5,%3), A= 0

This problem has been studied my some authors, for
instance, see [1],[2],[3] and [4].

We are interested in finding an explicit
representation of a solution of (1), following the way
which has been used in [2].

The idea for solving this problem is to reduce the
problem to a one-dimensional space and to solve the
one-dimensional problem by using d'Alembert
formula. Then will apply this formula to find the
solution of wave equation in two-dimensional space.

_|_

Au =
and

Il. POISSON FORMULA

In this section, we aim to find a formula, which will
be the solution of problem (1)

Definition (1). (Spherical Mean)[1].

Let (% %z ¥:) € C*(E%) ha 3 smooth function.

Let * £F* pe fixed and §x ) = & By — <l =r}
be a sphere centred at* with radius ™. The spherical
mean is the integral average of * on a sphere ¥(%:J,
To be more precise,

. 1 . i
M, (xr)= pr— Jlf wix +rndd.a (2}
m S

Where 47+ is the area of (7). js the outward unit
normal vector of (%7 gt ¥ =% +rm and &-7 js the
area element of (=)

Note that if a point¥ is on 5% it can always be
denoted by ¥ =x *rn,

where™ =1 = , and¥ = o yeysd = (rny ez )
If we parameteize the sphere (%) by spherical
coordinates, we have

n = (n,n.n)n, = sind cosg,n, = sinf sing,

n, = costh § € [0.7l.¢ e [0.27)

We transform -2 to #fde:

_||grn drn L .
d'g_”&[i' Ee E dbdg = v* sinfdidg = r* da,

where 8.7 = sinfdfds
Therefore, we have

! JI] wix+rnirid.a

2
et Mo

M (xr)=

= IR
=— wix+ rm2d.ao
4 5{0.1} :

:i} JI wix, + rrx;, + rng, x, + rag ) sinfdfdg. (3)
The relation between the spherical mean and the
original function is the following:

lim, ., M, (x.r) =wixl

(4)

To see this, use mean value theorem in (2.48), i.e.,

. 1 .
M (xr) = ;JI JI wix, + i, x; + rag, xg + ) sinddfde

=

= wix+m(8:(r) ool | | sinbasds
= wix +rr(B(r).d,r)] +% I:—fnsﬂ}m
=wix +'i"?’|.l:ﬂ3.':'i"}_.|;il:,':‘i"}}:’
Where m(8:(r).#2(r)} j5 3 unit vector depending on .
Passing to the limit * = 0. we obtain (4).
Our aim is to use the special mean to construct a
solution of Cauchy problem (1).
We have the following result.
Lemma (1). Suppose (%€ £* (R gnd M- js given
by (3). Then - (%) as a function of ¥ and
satisfies

-

AM er) =550 1 2y () )

where 2= means that derivatives are to be taken with
respect to the ¥ —variables.
Proof: We first observe that

T= x
oM _(xv) 1 [ [ 8 . .
P ;J JI 5'_%“ (x, + v, %, + Pig, X, + ra, ) sinfdfde

=

iz =

1 re . .

:;J JI Ewkx, + P, Xy + P X + g ) sinfdfde
@ o
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Notice here that is a function of ¥, i.e., Wi¥a ¥z
while ¥ is a function of ¥ and

ie., (yo¥z ) = (x + g g +rmg,ug +1"ﬁ,-.:|

Hence by the chain rule we get the formula above.
Repeating this argument, we find

177 .
AM :_JI JI Aawlx, i, x; +rngx; +rn,) sinfdfde

:;J JI A wix, +ra,x; +rrg,x, +ra,) sinBdBdg.

On tﬁe Bther hand, we have, still by the chain rule,

iz =
gM (xv) 17 (@ .
“’T:;J JI EH"I—,+1"‘I"~,,I= + g, x + g g sinfdfde
Jr Z—u'x+rﬁ,}ﬁ d.o
) -
= Jlf II’ A, w (y)dy,dy.dy.

Y mf=r)

Where Z(%7] js a ball centred at* with radius*, Here
we used Gauss' formula for a vector-valued
function ¥ = (F+F=F) on a domain & in & with
boundary &:

([ (8F. &8F, &F, J‘
2y EN e dar e = F.nd.

JI{-\- |I-ﬁ'}'n &}'z E}':} Ty Jaﬁ e

Thus, we have

EJ“-.* ':x_-f':l 1

Br  mr JIJ”’ A, wly)dysdyady

Sz
1 [T

= A wlylpsinddBfdd dp. (3]
=, ). |

Form this, we have, by the method of differentiating
integrals with parameters

&M (x, 1 T
éﬂl = JI JI A w(x +ra)r® sinfdfdg

ar? T ame
a o
O
ry— A wp® sinfdfdedp
wl, ), L%
1 il 5 7= e
— - —_ z .
= 4’."!'1"=J| JI Aw(x+ rnddo gy JI: JI:‘ JI:‘ A wpt sinfdfdedde
_1 T 28M. (xr)
e r ﬁf‘

The proof is complete. ®
Notice that (5) can be rewritten as
A :iﬁ‘ (ri, (o))

= r gt

Now we are able to solve problem (1). In fact,
suppose # is a solution of (1), and let % (*:7: ) pe jts
spherical mean. We establish a partial differential
equation with variables™ and * and leave * as a
parameter, cf. (5). For this we extend *=+* and ™
to™ =0 by using formula (3). This gives an even
extensions, e.g., ¥ (xrt) =M.lx —r.e) \where ¥
and*= are spherical means of the |n|t|al data’ and ¢,
respectively, and the function is €* since we can
differentiate under the integral sign.

For the second derivative we have
dM, (x,r + ht) _ dM, (x, v t)

& M, ':I_. 1‘"} s or ar
o = hm h
_ MK x,—' r+hl, c_:l dM, [ x —rt)
=lim gr or
By h
_ M T t)
=

Hence, the second derivative is defined and
continuous at™ =&

Since  is a solution of problem (1), we have
18%(rM_(x,v))

Az ﬁr‘

=AM (x.r.t)

ulx, + rag,x, +enx, +rn,) sinfdfda

ﬁ'l“ ol

u ‘—-_=I
‘—-_

ulx, +rm,x;, +rn.x, e, t) sinfdfdd

“" % ﬁ'IH
-.-l_._=I
‘—-_
%’I“«’

= — M, x,f',l:]l

Therefore M.Lxr.2) gatisfies

& & (rM,(xre)) A
e —(ra(xrd) = P (7
and

M, (e, t) | g = riMe (xar), (8]
g . . .
E I:f""{u LxT F}::l I p—— 1"'4"{, Lx, 'I"::'_. [ 9}

Thus we reduce (1) to (7) — (9), which is much
simpler and has only one space variable ™.

We can easily solve ™ (=2} from (7) — (9) by
using d'Alembert's formula.

Then we pass to the limit™ = 0 to recover &,

By d'Alembert we have

M (xee) = E['._f‘ +AOM (x4 48) + (r = AOM(xr — 22)]
g e )
o J-_,u T M (xT)dT
M (xrt) = > [(r+ 2800 (xr + 260 + (r — 200 (xr — 22)]
g e )
—_ M (x,
o . T M, (xT)4T
Passing to the limit™ =~ T, we have
ult,x) = hmM (t.x,v)

1 . . . . .
= llmz— [Lr‘ +AOM (e + A8 + (r— 20 M (x, 7 — 22)]

1

=
1 e )
+lim— J| T M, (x,T)dT
S

ren it o,

Ty

We study : and = separately. Since ™ is even,

'1"+zt:h"-‘ (xr+it) +'1"—JE:|;“ (xr—it) =

(4 2t [Me (e + 28) — M (x, 2t — 7))

+ir — LM (xr — At} + (v + )M (it — 1)

= '1"+z|:}|_"-’" (xr +380— M, (xdt —f'}J

+2rM (x.r — 20D

Consequently, we have for *:

L = lime O+ 208 Cer +20) + (r— 200 (xr — 2]
lr+248)

= lim

1

[4: Cer + 20) =3 (x, e — )]
A .
+11_.n;15 M (x,r—it)
- P d -
=de= M Cx,2t) + M, (x,28) = e [ea: (x. i8]
Now we turn to %=, Since

of "™z (x7) js odd. Therefore

pli—r

TM,(x,T)dT =0.

M, (%) s an even function

Hence, we infer ) )
TM, (xT)dT = Jl T M (74T + Jl

=it i Ere
mobir

= _,I T M, (xT)dT.

T M (x,T)dT
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I .
Thus, the second term = results in JI JI [xzind + 2x, At sin*6 cozd + A t7oin’ B cos® b +x2oinf +
L —hm.._.:. |:: T;"r" (x,T)dT = M, (x.At) (mean o “o
Zx, At sin®f sing + ATt sin’ sing + xisind + Ix At sind cosf
value theorem). +377 sinf cos® §]dbde
Therefore ra= 11
a —x2cosf + 2x,Atcos [— f —— sin2 E\'] +
ult,x) = I:[l:."-"’ (xA8)] +£M, (x, 2E). (10] s [~ : il PR
. -1 2 .
From the definition of spherical means, we infer cticosid [T sin®f cosf — cnsﬁ'] +(—x2 cosf)

(e = 22T g+ — 1T Vs 1.1 -1 2
ultx) 3t amiie ‘Ja'i-v'tﬂ F(y)dao + amide “]Sisah: g(y)duo +2x, At singh [E g— 3 Zin2 E‘] + FEiinte [T zin*l cozf -3 c‘u:ls[i']
(11) ) ) [l 1 x
The relation (11) is called the Poisson formula. If we +—xf cosB) + x; de sin®f +4%e7 [§ sin*f cosf — "'”E] [o122
use spherical coordinates, we have [+

iz = A

g1 [.f x, +itsinfeoosg,x, + . | 2 1 2
ult,x) = Ec( JI J fl{.f.cs[ﬁ,ﬁ's[r@,x, + it cusﬁ'} sinfdfdg | +§/-=F=-"-'l'ﬁ=¢ +x] +§}-=5= +x +§f-=5=':":'-"-'=¢

. 2, .
[ + x,mitcosg +—A%tTcos" g + 1% 4+ x mwlit sing
i 3 2
Q

= ! 2 1
+x + Shsin'e + 23+ 0]
r I"' glx, + Atsinfrosg,x, + Atsind singd.x, + "= i e
P cnsﬁ'} Slfu&dﬂd¢ JI:. [2x3 + xywitcosgd +§z_‘r:‘|:'|:l_'=.'z ¢+ 2x3

. +x it sing +E..:.=E=$‘I:ﬂ=¢ +2x3 4 Ez'.‘l:‘] deh
Example(1) : Solve the following Cauchy problem 3 s - 31
=[x+ x ot zing + a).‘c‘[?;; + 3 sin2a] + 2xid

Fultx) : 4 11 2
{ TH—‘MLM}J tx=0 . xeER, —xomhtcosg +2 Do — 7 sin2g]+ 2xie + 2t g] zu"‘

(0.x) =x, +x; +x;. 1w (0.x) =x7 +x3 +x2, e & 4, vy 2. 4, .
u(0x) =%, +x; +xn w(0x) =0 a4 * =4x:1'!:+§z_‘|:‘ﬂ:+4x:1'!:—x,ﬂ:z.t+§z.‘|:‘1':+4x§f:+§z.‘c‘f:+x,ﬂz.t

Solution: Using the initial values =4mlx +x; +x3) Hankie?

flxd=x+x; +x, gl =xT + a7 +a3 5 Poisson’s = ‘:P'F['J-‘%2 +x2 +22) + 477
formula (11), we have =3—wh['x +x3 +x3) +2%7]
. _a LJ J lx,+zcsmﬁ'cus¢+x,+zcsmﬁ'sm¢'| ;"c'x +x} +x3)+
uLc,x]l_E wlh b | u'cx}—x +x;ta e+ 2+ + 5T
+x, + it cosf) sinfdfde J - o R T " 73 .
t [ x,+.a|:;-'.'1r.,ﬁ' cost)® + (x, + At sind sing ] )
+=P.'5JI:, JI,. [li. +ix; + At cost)* infdBdg
So, we calculate the integra|s I11. SOULTION OF WAVE EQUAT'ON IN
= . e . . TWO SPACE DIMENTIONS
JI (%, + Atzind cosd +x; + Atzinbd sing + x, + it cost) sinfdf
Q
J| “(xysind + At 2in®f cosd + x sinf + Aesin®§ 2ing In this section, we solve the following Cauchy
o +apzingd T '3255'5“’"33' dg problem in two space dimension:
= (—x,c050 + it cosd (E g 3 slnzﬁ'} — xycos58 +
. 1.1 ' 1. - T2 = e x), t>0,x € R,
At sing |I—[i'——51n2ﬁ'}—x,msﬁ'+—zcs[n‘ﬁ'}| o E i
2 4 o '[ILU_.X} :flw.x].lx:}.l u:'.Lqu} =g|~x:l.'x!}-' xE 32-’

—x,(—1) + ot cosg (%"F - IJ} —x,0—1) + ot sing |I IZI}

. 1 . .
—xy(—1)+ = e (0) —(—x, —x; —x, +0) (12)
, X where
=x; + -wctoosg +x; +E1'!:|:'|:;=.'[ﬁ,¢+x: +x; +x; +x; ,ﬁ.u—a—:rﬁ +—;‘=—r-
x5 =y
1 . . ) . o
= 2%y + 24 + 2x; + oot (cosg + sing) Our plan is to use Poisson’s formula for =3 in

1. ) order to solve the problem for == 2, Hence, the idea
J (2::, +2x; +2x; + ot (cosp +sm¢}J do
a

is to consider problem (12) as a problem in three
dimensional space with both initial data fand#

) ; depending only on two variables (*2%:) Then we
= 43,7 + 4w + dem +omer (—1) + St hope that Poisson’s formula provides a solution

= 4m(x + x, + x;) independent of the third variable. In fact, consider
the Cauchy problem as a problem in & with initial
;i data flxz%:) gnd @lx %)

=g llntntn))=nte ty By Poisson’s formula, the solution is

1 . ;
= [22:0+ 22, + 2350 + St (simgy— cus¢}]| zu"’

L . .
= E(-@.'!:Lx, +x+xdoelx tx 41

el . . . i g 1
+iJ| JI [lix,+z.tsu-'.,ﬁ' cosd )+ (x; + Atﬂnﬁﬂr@}:]s[nﬁ'dﬁ'dﬁ ulE Xy Xp Xy ) = ——— Jlf Fl¥ar To) dre
o R stzde

4 +i(x, + it cosd)* framiit
fEm A r
. . 1 .
J JI [x% + 2x, it sinf cosg + At sin™F cos™ g +x3 + +_=}"5z' = Jlf g(¥s, ¥ dyo
-] ] e =i
2x At sind sing + 7 sin®f sin'd +x3 + (13)

2x At cosl + Aot e? cost H]sinfdBdd
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Recall that  and 2 are independent of the third
variable. We further have

g 1 2]‘
Bt amit J|,

8%y ¥ dapo

LA

flys v dao

sz

ult, Xy, 3,1, ) =

A
* 4mit : JI.I;
(14) o
where 5-(x.22) s the upper hemisphere

Slxit) ={y = oy ydlly—xll = it 3 —x, =01
In fact,
| fourddue=
Sz g
rim orm
I:}.t}‘J ‘J Flx, + Atsind cosg,x; + At sink sing) sinfdfdd =1
Q Q

The change of variables
§:=a +a/2,5inf = sinla+ 7/2) = cosa imp”es
aTm s

I=(a* JI JI E_Jl"l:x, + it cosm cosghx. + At rosasing) cosadadd
= —_

T

pI= n0

= Zl:}.c}‘JI JI _fix, + Atcosa cosg,x, + At cosa sing) cosadadsd

o -

T

(coseis even)

+ct sind sing) sinfdfdd = 2 Jlf vy v dpem

5y (=)

Parameterizing <+ (x-4) py

¥z = x5 4/ () — Oy — 2,07 — (3 — %)% = Flyp ¥
where
'}:J}:}ED -.}:-'}:}-'1.-"}:_x}=+'}z_x:}= {/5}

we have, for some given function Py ¥,
Jlf Ay, p)d o =
EREE

Jf i!'l':_'!":l-'.'!":::' 1+ -Ez ':.'!":l-'.'!":::I + -Ez I:}.':I-'}‘E}dyl a¥z.
Dy A h "

where
- _':.'!":l _x::'
F, (yuyd= -
'y WK1 ¥z .,I,"I:z-_t::lz—'\}‘,—I;}z_':}’: —x,)7
—(¥:— %)

-F--.':F-'J":Iz i v
L _||I||:_g_c:|=—'___'!.‘,-I::'z_':}": —x)°

and as a consequence
_Jl + "Ez I:.'!":u F:::' + -'Ez ':J":IJ }12} =

At

".-'I':"-'-t:'z - I:.'!":l _x:I:I! - ':J"z - xzjlz
This gives
| . T .. It
A 3 ¥z I:il:: = hi e ¥z = =
JIL _hlyuy )i, ﬂr ¥ 3'1;.':5}, Y

=t} at

dy,dy,

(y—x)"

(15)
Replacing * by f and £ substituting this into
Poisson’s formula, we obtain

ultx,x.x,) = dy,dy;

1 ] it

B ‘W‘tU 4 yﬂg»"(ﬁx)‘ =l =2 =g -2,
1 . At

i mjl"l:‘zrgt}‘p}‘z}ﬂl (AT — I:.P:I _x:ljl: =y, — x)?
Notices that the right hand side of (15) is
independent of *z,
Therefore, %= = 0 and # = =(x. %) gjven by (14) is a
solution of (12).

dyd ¥

If we use polar coordinates
¥: =%y + peosB.y; = x: + psind e can rewrite (14) as

piE plm

g 1

ult X, X }:——.J JI flx, + prosf, x

v dezmi I, ), : :
+pein =dﬁ'dﬂ

) o/ () = g7 )

1 ...,1= T
+_2'.'!z'.JI:_ JI:. gix, + peosf, x, +.:~_'=.'Lﬁﬁ‘}—l—u = dbdp
(16)

Both, (14) and (16) are called Poisson’s formula for
the two dimensional Cauchy problem of the wave
equation.

Examle (2): Solve the following Cauchy problem in
B
s, F i)

[u__ =i, - t =0, (xy) ER
ul(0x) = x,0x +x0,

ullx)=0 xERF

Solution: We apply Poisson formula (15) to
f=x:lx:+ 20,0 = O the solution is
g 1 [ " x, + prost o
Brzmi JI L Fx, + peost) |I_+x, + ps[ruﬁ‘}_v.'.:;_c}: —
81 [ [2mx, (e + x) +76°]l0 4
5t 2'.'.'}.)]5 a

ult,x,x, )=

=
A —pt

A ﬂ i
ult,x,x) =

= 51 " —'a [~ P +2 &+
=33 JI:‘ Joo o Jlj [¥] +2x.pc058 + 3,3,

+x,peind + pPoos” 8 + xppoosf + pfoost sind] dfdp

g 1 = P
=—— — [xI0 4 2x peinf + x,x. 0 — x, poosl
ot 2md (il — gt °
Thdy JLieR —p
ol 1 . a1 2
-l-p‘l—El +- smzﬁ'}+x,_ﬂstruﬁ'+_.::-‘|~§sm’ﬁ'}] 2 g,
a 1 - B
=270 JI ﬁ [2mxl + 2mx,x; —x,p + 0™ +x,0] dp
2y —
g 1 = P
=53 L ?"m [Zrxl + 2mx,x; + wp®] dp
g 1 [

ari |, Tom Brnt el

Using the substitution ¥ = v (4* =2% we obtain

#-o* and thus _
u= 1.-'I (i) —p? = ((Aie)? —_.':.v‘}é

[ =) —p =" =LAt —u

a 1., .
ﬁ =3 (e — _a‘]'"; -(—2p)
du —p

dp  JDE - o7

(At —p? du = —pdp

o =I—E'——|:I1ﬁ'
"J.t}‘-a‘
g 1 [° . ..
S0, ultx.x)= e zJI (—1)[2mx,(x + .0 4+ 7l — muldu

T [ Lie
P l"x,x,+x,}u+"r'zc}u—TJ|U

{ (Ex,l x, +x )ie+ (i) — ufzle

A

)

{ x,(x +x,}|:+
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E W L Vi 4

=x.lx. +x)+

2 . 16

=x,lx +x)+ 7 I:E _E]
. At
=x.lx. +x)+ =
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