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Abstract : 

 In this note, the matrix trace inequality for positive semi definite quaternion matrices A and B,𝑡𝑟 𝐴 ∗

𝐵 𝑚 ≤  𝑡𝑟 𝐴 2𝑚 ∗ 𝑡𝑟  𝐵 2𝑚  1/2  
is established, where m is an integer.  

The above inequality for improves the result given by yang (J. Math Anal Appl. 250 (2000), 372 – 374). 
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1.Introduction : 

Recently, Yang [5] proved two matrix trace inequalities for positive semi definite matrices 𝐴 ∈ 𝐶𝑛×𝑛  and 

𝐵 ∈ 𝐶𝑛×𝑛 , 

0 ≤ 𝑡𝑟(𝐴𝐵)2𝑛 ≤ (𝑡𝑟𝐴)2(𝑡𝑟𝐴2)𝑛−1 (𝑡𝑟𝐵2)𝑛 , 

0 ≤ 𝑡𝑟(𝐴𝐵)2𝑛+1  ≤  𝑡𝑟𝐴  𝑡𝑟𝐵  (𝑡𝑟𝐴2)𝑛  (𝑡𝑟𝐵2)𝑛 , 

 𝑓𝑜𝑟 𝑛 = 1,2, … 

The purpose of this note is improve the above inequalities; our main results are the following inequalities. 

2.Definitions : 

Definition 2.1: Positive Semi definite. 

 A matrix A is said to positive semi definite if there exist 𝑋 ≠ 0 such that 𝐴 𝑋 ≥ 0.  

Definition 2.2: Positive definite. 

 A matrix A is positive definite if  there exists 𝑋 ≠ 0 such that 𝐴𝑋 > 0 

 

Note: 

 A Positive definite matrix is positive semi definite, but the converse need not true. 

3.Lemmas:  

Let 𝐴 ∈ 𝐻𝑛×𝑛  with eigenvalues 𝜆1  𝐴 , 𝜆2 𝐴 , …, 𝜆𝑛(𝐴) and singular values  

𝜎1 𝐴 , 𝜎2 𝐴 , …, 𝜎𝑛(𝐴) respectively. Let 𝐵𝜖𝐻𝑛×𝑛  with eigenvalues  𝜆1 𝐵 , 𝜆2 𝐵 , …, 𝜆𝑛 (𝐵) and singular values 

𝜎1(𝐵), 𝜎2 𝐵 , …, 𝜎𝑛 (𝐵) respectively. They are arranged in such a way that, 

  𝜆1(𝐴)  ≥  𝜆2(𝐴)  ≥ …≥  𝜆𝑛 (𝐴)  and 

  𝜎1(𝐴)  ≥   𝜎2(𝐴)  ≥ … ≥  𝜎𝑛 (𝐴) .   

http://www.ijmttjournal.org/


International Journal of Mathematics Trends and Technology (IJMTT) – Volume 49 Number 6 September 2017 

ISSN: 2231-5373                      http://www.ijmttjournal.org                                       Page 326 

Similarly, 

  𝜆1(𝐵)  ≥  𝜆2(𝐵)  ≥ …≥  𝜆𝑛(𝐵)  and 

            𝜎1(𝐵)  ≥   𝜎2(𝐵)  ≥ … ≥  𝜎𝑛(𝐵) . 

Lemma 3.1: [1,2,3] If A, 𝐵 ∈ 𝐻𝑛×𝑛 , then 

 𝜎𝑖(𝐴 ∗ 𝐵) ≤  𝜎𝑖(𝐴)

𝑘

𝑖=1

𝑘

𝑖=1

∗ 𝜎𝑖 𝐵                  1 ≤ 𝑘 < 𝑛                                                              (1) 

 Proof : For any quaternion matrix 𝐴, 𝐵 ∈ 𝐻𝑛×𝑛 , then A and B uniquely represented as 

A = 𝐴0 +  𝐴1𝑗 +  𝐴2𝑘,    𝐵 =  𝐵0 +  𝐵1𝑗 + 𝐵2𝑘 and 

 𝐴 ∗ 𝐵       =  𝐴0𝐵0 + 𝐴1𝐵1𝑗 + 𝐴2𝐵2𝑘 

 𝜎𝑖(𝐴 ∗ 𝐵) =  𝜎𝑖(𝐴0𝐵0 + 𝐴1𝐵1𝑗 + 𝐴2𝐵2𝑘 

      = 𝜎𝑖 𝐴0𝐵0 + 𝜎𝑖 𝐴1𝐵1𝑗 + 𝜎𝑖(𝐴2𝐵2𝑘) 

       ≤  𝜎𝑖 𝐴0 𝜎𝑖 𝐵0 + 𝜎𝑖 𝐴1 𝜎𝑖 𝐵1𝑗 + 𝜎𝑖(𝐴2)𝜎𝑖(𝐵2𝐾) 

[∵ 𝜎𝑖 𝐴 ∗ 𝐵 ≤ 𝜎𝑖 𝐴 ∗ 𝜎𝑖 𝐵 ] 

     = (𝜎𝑖𝐴) ∗ (𝜎𝑖𝐵) 

𝜎𝑖(𝐴 ∗ 𝐵) ≤ 𝜎𝑖(𝐴) ∗ 𝜎𝑖(𝐵) 

 𝜎𝑖(𝐴 ∗ 𝐵)

𝑘

𝑖=1

≤  𝜎𝑖

𝑘

𝑖=1

(𝐴) ∗ 𝜎𝑖(𝐵) 

The proof is complete. 

Lemma 3.2: [3] If 𝐴 ∈ 𝐻𝑛×𝑛 , then 

 𝜆𝑖(𝐴) ≤  𝜎𝑖 𝐴                     1 ≤ 𝑘 ≤ 𝑛                                                                   (2)

𝑘

𝑖=1

𝑘

𝑖=1

 

Proof: Let A∈ 𝐻𝑛×𝑛  with eigenvalues 𝜆1 𝐴 , 𝜆2 𝐴 , … , 𝜆𝑛(𝐴) and singular values 𝜎1 𝐴 , 𝜎2 𝐴 , … , 𝜎𝑛 (𝐴) 

respectively. 

For any quaternion matrix A∈ 𝐻𝑛×𝑛 , A can be uniquely represented as A=𝐴0 + 𝐴1𝑗 + 𝐴2k 

𝜆𝑖 𝐴    =  𝜆𝑖(𝐴0 + 𝐴𝑖𝑗+𝐴2𝑘) 

 𝜆𝑖(𝐴) =   𝜆𝑖(𝐴0 + 𝐴1𝑗 + 𝐴2𝑘)  

 𝜆𝑖(𝐴) ≤  𝜆𝑖(𝐴) +  𝜆𝑖(𝐴1𝑗) +  𝜆𝑖(𝐴2𝑘)  

  𝜆𝑖(𝐴)  ≤    𝜆𝑖(𝐴) +   𝜆𝑖(𝐴1𝑗) +   𝜆𝑖(𝐴2𝑘) 

𝑘

𝑖=1

𝑘

𝑖=1

𝑘

𝑖=1

𝑘

𝑖=1

 

         𝜎𝑖(𝐴)   = 𝜎𝑖(𝐴0 + 𝐴1𝑗 + 𝐴2𝑘) = 𝜎𝑖 𝐴0 + 𝜎𝑖(𝐴1𝑗) + 𝜎𝑖(𝐴2𝑘) 
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  𝜎𝑖(𝐴)  ≤    𝜎𝑖(𝐴0) ) +   𝜎𝑖(𝐴1𝑗) +   𝜎𝑖(𝐴2𝑘) )

𝑘

𝑖=1

𝑘

𝑖=1

𝑘

𝑖=1

𝑘

𝑖=1

 

  𝜆𝑖 𝐴   ≤

𝑘

𝑖=1

  𝜎𝑖 𝐴 

𝑘

𝑖=1

 

The proof is complete. 

Lemma 3.3: [1,2,4] Let 𝑥1, 𝑥2,…, , 𝑥𝑛   and 𝑦1 , 𝑦2 , … , 𝑥𝑛  𝑏𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠. 

𝐼𝑓 𝑥1 ≥  𝑥2 ≥ ... ≥  𝑥𝑛 , 𝑦1 ≥ 𝑦2  ≥ ⋯  ≥  𝑦𝑛 , 𝑎𝑛𝑑  

 𝑥𝑖  ≤

𝑘

𝑖=1

  
𝑦𝑖   𝑓𝑜𝑟 𝑘 = 1,2, … , 𝑛, 𝑡𝑒𝑛 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑐𝑜𝑛𝑣𝑒𝑥 𝑎𝑛𝑑 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓,

𝑘

𝑖=1

 

 𝑓(𝑥𝑖) ≤

𝑘

𝑖=1

 𝑓 𝑦𝑖 ,

𝑘

𝑖=1

 𝑓𝑜𝑟 𝑘 = 1,2, … , 𝑛. 

Lemma 3.4: Let 𝑎𝑖𝑗  (i=1, … , n, j=1, … , m) be non negative real numbers and  

Let 𝛼1, … , 𝛼𝑚  be positive numbers such that  1 𝛼1
 +  … + 1

𝛼𝑚
 = 1. Then 

 𝑎𝑖𝑙… 𝑎𝑖𝑚 ≤

𝑛

𝑖=1

( 𝑎𝑖𝑙
𝛼1)

𝑛

𝑖=1

1
𝛼1 

… ( 𝑎𝑖𝑚
𝛼𝑚 )

𝑛

𝑖=1

1
𝛼𝑚 

 

4. Theorems and Corollary : 

Theorem 4.1 : If 𝐴1, 𝐴2, … , 𝐴𝑚 ∈  𝐻𝑛×𝑛 , then  

 𝜎𝑖

𝑘

𝑖=1

  𝐴𝑗

𝑚

𝑖=1

 ≤ (   𝜎𝑖

𝑚

𝑗 =1

𝑘

𝑖=1

 𝐴𝑗  ),            1 ≤ 𝑘 ≤ 𝑛   

𝑷𝒓𝒐𝒐𝒇 ∶  𝜎𝑖(𝐴1 …  𝐴𝑚 )

𝑘

𝑖=1

=   𝜆𝑖((𝐴1 …𝐴𝑚 )∗ 𝐴1 …  𝐴𝑚 )

𝑘

𝑖=1

=  𝜆𝑖 𝐴𝑚
∗ …  𝐴1

∗  𝐴1𝐴2 … 𝐴𝑚  

𝑘

𝑖=1

 

= 𝜆1   𝐴𝑚
∗ …  𝐴1

∗  𝐴1𝐴2 …  𝐴𝑚   𝜆2 𝐴𝑚
∗ …  𝐴1

∗  𝐴1𝐴2 …  𝐴𝑚  …  𝜆𝑘( 𝐴𝑚
∗ …  𝐴1

∗  𝐴1𝐴2 …  𝐴𝑚 ) 

𝑁𝑜𝑤,   𝜎𝑖 𝐴𝑗  =   𝜆𝑖 𝐴1
∗𝐴1 𝜆𝑖 𝐴2

∗𝐴2 …  𝜆𝑖(𝐴𝑚
∗ 𝐴𝑚 ) 

𝑘

𝑖=1

𝑚

𝑗 =1

𝑘

𝑖=1

 

                                       = 𝜆1 𝐴1
∗𝐴1 𝜆1 𝐴2

∗𝐴2 …  𝜆1(𝐴𝑚
∗ 𝐴𝑚 ) 

                                           𝜆2 𝐴1
∗𝐴1 𝜆2 𝐴2

∗𝐴2 … 𝜆2(𝐴𝑚
∗ 𝐴𝑚)….𝜆𝑘 𝐴1

∗𝐴1 … 𝜆𝑘(𝐴𝑚
∗ 𝐴𝑚 ) 

So, 

 𝜎𝑖( 𝐴𝑗 ) ≤   𝜎𝑖(𝐴𝑗 )

𝑚

𝑗 =1

𝑘

𝑖=1

𝑚

𝑖=1

𝑘

𝑖=1
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The Proof is complete. 

Corollary :4.2: If 𝐴1, 𝐴2, …𝐴𝑚 ∈ 𝐻𝑛×𝑛  are positive semi definite matrices, then 

  𝜆𝑖( 𝐴𝑗 )

𝑚

𝑗 =1

 ≤   𝜎𝑖 𝐴𝑗 ,             1

𝑚

𝑗 =1

𝑘

𝑖=1

𝑘

𝑖=1

≤ 𝑘 ≤ 𝑛 

Proof: 

  𝜆𝑖( 𝐴𝑗 )

𝑚

𝑗 =1

 =   𝜆𝑖(𝐴1𝐴2 …𝐴𝑚 ) 

𝑘

𝑖=1

𝑘

𝑖=1

=   𝜆1(𝐴1𝐴2 … 𝐴𝑚)  

                                                                                  𝜆2 𝐴1𝐴2 … 𝐴𝑚  …   𝜆𝑘(𝐴1𝐴2 … 𝐴𝑚)  

                                        ≤  𝜎1 𝐴1 … 𝐴𝑚  …  𝜎𝑘  𝐴1 … 𝐴𝑚        [𝐿𝑒𝑚𝑚𝑎 3.2] 

=  𝜎𝑖 𝐴𝑚 𝜎𝑖 𝐴𝑚−1 … 𝜎𝑖 𝐴1 

𝑘

𝑖=1

=   𝜎𝑖 𝐴𝑗 

𝑚

𝑗 =1

𝑘

𝑖=1

 

                                                                                                      ≥   𝜆𝑖( 𝐴𝑗 )

𝑚

𝑗 =1

 

𝑘

𝑖=1

 

 ∴   𝜆𝑖( 𝐴𝑗 )

𝑚

𝑗 =1

 ≤   𝜎𝑖(𝐴𝑗 )

𝑚

𝑗 =1

𝑘

𝑖=1

𝑘

𝑖=1

 

The Proof is complete. 

Theorem 4.3: If 𝐴1, 𝐴2, … 𝐴𝑚 ∈ 𝐻𝑛×𝑛 , then 

 𝜎𝑖( 𝐴𝑗 ) ≤   𝜎𝑖 𝐴𝑗 ,                                      1 ≤ 𝑘 ≤ 𝑛.

𝑚

𝑗 =1

𝑘

𝑖=1

𝑚

𝑗 =1

𝑘

𝑖=1

 

Proof: For any 𝑘: 1 ≤ 𝑘 ≤ 𝑛, without loss of generality, we can suppose that 

𝜎𝑟( 𝐴𝑗 ) > 0, 𝜎𝑟+1( 𝐴𝑗 )

𝑚

𝑗 =1

= 0, 1 ≤ 𝑟 ≤ 𝑘

𝑚

𝑗 =1

 

From Theorem 4.1, we have 

                          𝜎𝑟 𝐴𝑗  > 0

𝑚

𝑗 =1

 

𝐿𝑒𝑡 
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𝑦𝑖 = 𝑙𝑛  
𝜎𝑖(𝐴𝑗 ), 𝑥𝑖 = 𝑙𝑛𝜎𝑖( 𝐴𝑗 ),            1 ≤ 𝑖 ≤ 𝑟

𝑚

𝑗 =1

𝑚

𝑗 =1

 

Thus,  𝑥1 ≥ 𝑥2 ≥ ⋯ ≥ 𝑥𝑛 ,     𝑦1 ≥ 𝑦2 ≥ ⋯  ≥ 𝑦𝑛 , and 

 𝑥𝑖 ≤  𝑦𝑖

𝑙

𝑖=1

,                                                            1 ≤ 𝑙 ≤ 𝑟

𝑙

𝑖=1

 

 

𝐵𝑦 𝐿𝑒𝑚𝑚𝑎 3.3, 𝑓𝑜𝑟 𝑓 = 𝑒𝑥  

 𝜎𝑖( 𝐴𝑗 ) ≤   𝜎𝑖 𝐴𝑗 ,                             1 ≤ 𝑟 ≤ 𝑘

𝑚

𝑗 =1

𝑟

𝑖=1

𝑚

𝑗 =1

𝑟

𝑖=1

 

Therefore, from the supposition we obtain 

 𝜎𝑖( 𝐴𝑗 ) ≤   𝜎𝑖 𝐴𝑗 ,

𝑚

𝑗 =1

𝑘

𝑖=1

𝑚

𝑗 =1

𝑘

𝑖=1

                            1 ≤ 𝑘 ≤ 𝑛 

The Proof is complete. 

Theorem 4.4 : Let 𝐴 ∈ 𝐻𝑛×𝑛  𝑎𝑛𝑑 𝐵 ∈ 𝐻𝑛×𝑛  𝑏𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑠𝑒𝑚𝑖 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠; 

𝑡𝑒𝑛 𝑤𝑒 𝑎𝑣𝑒  𝑡𝑟 (𝐴 ∗ 𝐵)𝑚 ≤ {𝑡𝑟(𝐴)2𝑚 ∗ 𝑡𝑟(𝐵)2𝑚)
1

2 
}, Where m is an integer. 

Proof : From the inequality, 

𝑡𝑟(𝐴 ∗ 𝐵)𝑚 =  𝜆𝑖(𝐴 ∗ 𝐵)𝑚 ≤   𝜆𝑖((𝐴 ∗ 𝐵)𝑚  ≤  𝜎𝑖(𝐴 ∗ 𝐵)𝑚                               (3)

𝑛

𝑖=1

𝑛

𝑖=1

𝑛

𝑖=1

 

and theorem 4.3 we have, 

𝑡𝑟(𝐴 ∗ 𝐵)𝑚 ≤  𝜎𝑖
𝑚  𝐴 ∗ 𝜎𝑖

𝑚  𝐵                                                                                              (4)

𝑛

𝑖=1

 

On the other hand, from Lemma 3.4 and positive semi definite of A and B, we have 

 𝜎𝑖
𝑚 (𝐴) ∗ 𝜎𝑖

𝑚 (𝐵)

𝑛

𝑖=1

≤ {( 𝜎𝑖
2𝑚(𝐴)) ∗  𝜎𝑖

2𝑚(𝐵))}
1

2                                                      (5)

𝑛

𝑖=1

𝑛

𝑖=1

 

Note that  𝜎𝑖
2𝑚  𝐴 = 𝜆𝑖

𝑚 (𝐴2), 

𝜎𝑖
2𝑚 𝐵 = 𝜆𝑖

𝑚  𝐵2 ,         i = 1,2, … , n                                                                             (6) 

Combining inequalities (3) – (5) and 

Equation (6), we have 

𝑡𝑟(𝐴 ∗ 𝐵)𝑚 ≤ {𝑡𝑟 𝐴 2𝑚 ∗ 𝑡𝑟 𝐵)2𝑚  
1

2 ,          for m = 1,2, … 

http://www.ijmttjournal.org/


International Journal of Mathematics Trends and Technology (IJMTT) – Volume 49 Number 6 September 2017 

ISSN: 2231-5373                      http://www.ijmttjournal.org                                       Page 330 

The proof is complete. 

Using inequality 𝑡𝑟 𝐴 ∗ 𝐵 ≤ 𝑡𝑟 𝐴 ∗ 𝑡𝑟 𝐵  for positive semidefinite matrices of the same order A and B as well as 

theorem 4.4, it is easy to verify the following corollary, which is the main result in [5]. 

Corollary 4.5: If 𝐴 ∈ 𝐻𝑛×𝑛  𝑎𝑛𝑑 𝐵 ∈ 𝐻𝑛×𝑛 , then  

0≤ 𝑡𝑟(𝐴 ∗ 𝐵)2𝑛 ≤ (𝑡𝑟𝐴)2 ∗ (𝑡𝑟𝐴2)𝑛−1(𝑡𝑟𝐵2)𝑛  

0≤ 𝑡𝑟(𝐴 ∗ 𝐵)2𝑛+1 ≤ (𝑡𝑟𝐴) ∗ (𝑡𝑟𝐵) ∗ (𝑡𝑟𝐴2)𝑛 ∗ (𝑡𝑟𝐵2)𝑛           For n = 1,2, … 

Remark : It is easy to show that theorem 4.4 in the paper proper improves the result in [1] by a simple example. [2] 
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