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1. INTRODUCTION

We begin with simple, finite, undirected graph
G =(V(G), E(G)) where v (G)and E(G)

denotes the vertex set and the edge set respectively.
For a finite set A, |A| denotes the number of elements
of A. For all other terminology, we follow Gross [5].
We provide some useful definitions for the present
work.

Definition 1.1: The graph labeling is an assignment
of numbers to the vertices or edges or both subject to
certain condition(s).

A detailed survey of various graph labeling is
explained in Gallian [4].

Definition 1.2: For a graph G = (V(G), E(G)), a
mapping f V(G) »{0,1} is called a binary vertex

labeling of G and f(v) is called the label of the vertex
v of G under f. For an edge e = uv, the induced
edge labeling  f*: E(G)—{01 defined as

f ) =|fu)-f)|- Let Vg, Viy be the
number of vertices of G having labels 0 and 1
respectively under f and let € ), €¢(;) be the

number of edges having labels 0 and 1 respectively
under f.

Definition 1.3: A binary vertex labeling f of a graph
G is called a cordial labeling if

Vf(l)—vf(o)‘ﬁland )|§1. Agraph G
is said to be cordial if it admits cordial labeling.

|ef(1) _ef(O

The concept of cordial labeling was introduced by

Cahit [1]. Lee and Liu [6] Lee proved that all
complete bipartite graphs and all fans are cordial.

Further, they proved that, the cycle C, is cordial if
and only if n=2(mod4), the wheel W, is cordial

if and only if n=3(mod4), N> 3. Prajapati and

Gajjar [13] proved that complement of wheel graph
and complement of cycle graph are cordial if
n#4(mod8) or n=7(mod8). Prajapati and Gajjar

[14] proved that cordial labeling in the context of
duplication of cycle graph and path graph.

Definition 1.4: Let G be a graph with vertex set
V (G)and edge set E(G)and let f:E(G)—{0,1}.

Define f “ony (G)by

f°=>{f (w)/u € E(G)} (mod 2)- The
function f is called an E- cordial labeling of G if
|v,(1)—vf(0)|s1 and |ef(1)—ef(o)|s1. A graph is
called E-cordial if it admits E-cordial labeling.

In 1997 Yilmaz and Cahit [19] introduced E-cordial
labeling as a weaker version of edge-graceful
labeling and with the blend of cordial labeling. They

proved that the trees with n vertices, K, C_ are E-

cordial if and only if n=2(mod4) while K

admits E-cordial labeling if and only if
m+n=2(mod4).

Definition 1.5: A prime labeling of a graph G is an
injective function f :V(G)—{1,2,..,|V [} such
that for every pair of adjacent vertices u and V,
gcd(f (u), f (v)) — 1. The graph which admits a
prime labeling is called a prime graph.

The notion of a prime labeling was originated by
Roger Entringer and was discussed in a paper by
Tout et al. [16]. Many researchers have studied prime
graphs. For e.g. Fu and Huang [3] have proved that

P, and K, are prime graphs. Lee et al. [7] have

n

proved that W, is a prime graph if and only if n is
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even. Vaidya and Prajapati [17] has proved that if
n >4is an even integer and N, is a natural number,
then the graph obtained by identifying any of the rim
vertices of a wheel Wnl with an end vertex of a path

graph P, is a prime graph. Vaidya and Prajapati

n
[18] have proved that switching the apex vertex in

W, is a prime graph and switching a rim vertex in

W, is a prime graph if n+1is prime. In the same

paper it has been proved that W, is switching
invariant if n iseven.

Definition 1.6 G s called a vertex prime graph if
there is a bijection ¥ - E(G)—>{L2..|E |}such that for
any vertex V., gedff(uv)y=1- The bijection fis

uveE

called a vertex prime labeling of G .

Definition 1.7: Let Gz(v,E)be a graph with p
vertices and q edges. A bijection
f 3V(G)—>{l2’---v|\/|+|E|}‘ is said to be a total prime

labeling if for each edge e =uv, the labels assigned
to Uand V are relatively prime and for each vertex
of degree at least 2, the greatest common divisor of
the labels on the incident edges is 1. A graph which
admits Total Prime Labeling is called total prime
graph.

Prime labeling and vertex prime labeling are
introduced in [16] and [2]. Combining these two, The
notion of a total prime labeling was originated by
Ramasubramanian and Kala [15] have proved that
paths Py, star Ky, bistar, comb, cycles C, where n is
even, helm H,, K,, and fan graph are total prime
graph.

Definition 1.8: Let G =(V,E) be a (p,q) graph,
and f beamap from v (G)to {1,2,...,, p} . For each
edge uv assign the label |f(v)_f(u)|g 1. T s
called a difference cordial labeling if f is a one-to-
one map and |e;, —€,.,|<1 where €, denotes

the number of edges labeled with 1 while €,

denotes the number of edges not labeled with 1. A
graph with a difference cordial labeling is called a
difference cordial graph.

Ponraj et al. [10] first introduced the concept of
difference cordial labeling in 2013. After that, they

introduced many concepts and studied some types of
graphs that have this kind of labeling, such as path,
cycle, complete graph, complete bipartite graph,
bistar, wheel, web, sunfower graph, lotus inside a
circle, pyramid, permutation graph, book with n
pentagonal pages, t -fold wheel, and double fan, and
some more standard graphs were investigated in [8,
9,10,11,12].

In this paper, for every natural number Nthe set
{1, 2,..., n} will be denoted by [n].

Origami is an ancient Japanese art of folding paper.
The word origami comes from two Japanese words:
“ori", which means to fold, and ““kami", which
means paper. Usually origami models are made
strictly by folding paper. There is no cutting or gluing
involved. Even if origami is mainly an artistic
product, it has received a great deal of attention from
mathematicians, because of its interesting algebraic
and geometrical properties. We present a new graph
inspired from a model of origami namely Holiday
Star.

Definition 1.9: Let v,,v,,...,v,, ,,V,, be consecutive
4n vertices of cycle C, , n>3. Let u, be central
vertex and u,,u,,...,u,, ;,u,, be end vertices of star
K, ., -Jjoin u, to v, _, by an edge; join u,_, to
Vsio@nd Uy by an edge. for each je[n]. The

resulting graph is called holiday star graph
HS,. which is shown in figure 1.

Example:
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Figure 1: The Holiday Star Graph HS, .

2. MAIN RESULTS

Theorem 2.1: HS is cordial.
Proof: For the graph HS_,
V(HS,)
E(HS,) = {UgUsi s, Ugly; , Upi_1Vyi
uivv, /1<i<4n-1u {v4nv1}.
Therefor |V(H5n)|=5n+1 and
Define f ;V(Hsn)_>{0,1} as follows:
0 if x=uy;
F(X) =191 if xe{uy Vs Vahie[n];
0 if xe{uy, v,y vutieln].

_3n and Ve( _3n +1. The induced edge
Labelmg f (E(HS,)—> {o,1}is £ () =|f (u)- £ (v)),
for every edge e =uv € E. Therefore

1 if e eUgUy s, Uy Ui, UgVyig, Vi oVaisds 1 €[N];

={up,u; /1<i<2n}u{v,/1<i<4n} and
20UV Uy Uy UgVy 5 /1< <}

|E(HS, )| =10n-

Thus Vi

f*(e) _ 0 ife E{UOUZi'u2i—1v4i—2'u2iv4i 'VAi—1V4i'V4i—3V4i—2}' ie [n];
1 ife=v,v,,, ie[n-1];
1 if e=v,v,.

Thus ef(l)_snand e _5n Therefore f satisfies

the conditions |vf(1) —vf(0)|§1and |ef(1) _ef(0)|31 for

cordial labeing . So, f admits cordial labeling of
HS, . Hence HS is cordial.

Theorem 2.2: HS,
Proof: Proof: For the graph HS,
V(HS,) ={u,u /1<i<2n}u{v, /1<i<4n} and

is E-cordial.

E(HS ):{ 211 UgUai s Uni 1 Viai_p s UpiVgi s Upi_yUyi s UgVy; 3/]-S iSn}

UiV, /1<i<dn-1 Ufv, v ).
Therefor |V HSn)|=6n +1 and
Define f:E(HS,)

1 if eE{uouzmiu2i-1u2i1u2i-1v4i 20 Vai_aVaiz z} Ie[ ]

0 if e € {UgUy;, UyVyis Vi oVii 15 Vai 1Viai s UgVai 5 1 e[n],

=10n-

|E(HS,)
—{0,1} as follows:

f(e) =

if e=v,v,,, ie[n-1];

[EEEN

if e=v,v,.

Thus €4 =5nand € (o) =5n.

The induced vertex labeling f":V (HS ) —{0,1}is

f°v)=>{f (w)/uv e E(HS,)} (mod 2). Therefore

_ n+l
% if x=u;
f (x)=41 if xe{u,,,u,,v,}ie[n];
0 if X e{VysVais,Vaiohie[n].
n _ 1+l
Thus v,(1)=3n+71+(2_1) and vf(o):3n+1+( ™.

Therefore  f satisfies the conditions Vo V| <1
and |ef(1)_ef(o)|g]_ for E-cordial labeing. So,

f admits E-cordial labeling of Hs,. Hence HS is E-
cordial.

Theorem 2.3: HS_ is prime graph.

Proof: For the graph HS,

V(HS,) ={u,u /1<i<2n}u{y, /1<i<4n} and
E(HS,) = {UgUsi 1, Ul Upi_1Vyi 5, UpiVii s UniyUsi, UgVii
uivv, /1<i<4n-1u {v4nv1}.

Therefor v (Hs )=6n+1 and |E(HS ) =10n-

Define f:V(HS,)—[6n+1] as follows:

J/1<i<n}

1 if x=u,;

6i+1 if x=u,,, ie[n];

6i if x=u,,ie[n];
f(x)=1<6i—-4 if x=v,,, ie[n];

6i—3 if x=v,,, ie[n];

6i—2 if x=v,,ie[n];

6i—1 if x=v,,ie[n]

Clearly f is an injective function. Let e be an
arbitrary edge of HS . To prove f
labeling of HS_ we have the following cases:

is a prime
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If e=ugU, ., ged(f(uy), f(uy,))=gcd(1,6i+1) =1, ie[n].

If e=ugu,, ged(f(u,), f(uy)) =ged(L6i) =1 ie[n].

If e=uy Vs, 9cd(f(Uy ), (v, ,)) =gcd(6i+1,6i—3) =1 ie[n].
If e=u,v,;, ged(f(uy), f(v,))=gcd(6i,6i—1)=1,ie[n].

If e=u, Uy, ged(f(u,,), f(uy,)) =gcd(6i+1,6i) =1, ie[n].

If e=ugv, 5, ged(f(u,), f(v,5)) =gcd(1,6i—4)=1,ie[n].

If e=v, Vs gcd(f (v, ,), f(v,5))=gcd(6i—3,6i—4) =1, ie[n].
If e=v, Vi, gcd(f(v,), (V) =9gcd(6i—3,6i—2)=1,i¢[n].
If e=v,,v,;, ged(f(v,,), f(v,))=ged(6i-2,6i-1) =1 ie[n].

If e =V,V,.p, gcd (f (v,), f (vy.r)) =gcd (6 —1,6i +2) =1, i [n—1].
If e=v,v,, ged(f(v,,), f(v))=gcd(6n-12)=1.

Thus, f is an injection and ged(f (u), f (v)) =1for
every pair of adjacent vertices U and V of HS . So
f admits prime labeling of HS,- Hence Hs is a
prime graph.

Theorem 2.4: HS_ is vertex prime graph.

Proof: For the graph Hs ,
V(HS,) ={u,u /1<i<2n}u{v,/1<i<4n} and
E(HS,) = {UgUi 1, UgUs; Uy Vi 5 UpiVyi, Ugg yUyi, UgVy 5 /1< i <}

Uiy, /1<i<an-1 Ufv, v}

Therefor |V HSn)| =6n+1 and |E(HSn)

Define f :E(HS,)—> {10n}as follows:
10i-9 if x=UyV, 4, i[n];
10i-8 if x =V, ,V, 4 i€[n];
10i-7 if x=uUy, 4, i€[n];
10i—6 if x=u,_ v, ,, ie[n];
10i-5 if x=v, ,v, ., ie[n];
f(x)=410i—4 if x=u,_u,, ie[n];
10i-3 if x=uguy, ie[n];
10i—-2 if x=u,v,, ie[n];

10i—1 if x=v,,v,, ie[n];

=10n-

10i if X=V,V,,, ie[n-1];

10n if x=v,v,.

Clearly f is an bijection. Let v be an arbitrary vertex
of Hs, . To prove f is a vertex prime labeling of
HS, we have the following cases:

If v=u,, ged (f (Uglyy), T (Uglly ), F (UgVss))

=ged (10i - 7,101 -3,10i —9) =1, i [n].
If v=u,_,, ged (f (uouzu)l f (V4i—2u2ifl)’ f (uziuzi—l))

=gcd(10i—7,10i - 6,10i —4) =1, i< [n].
If v=u,, ged (f (uoum)v f (V4|U2| )v f (uziuzi—l))

= ged (10i —3,10i —2,10i —4) =1, i e[n].
Ifv=v,_,, ng( (VaiVaia) T (VaioVaia) o f (V4i—2u2i—l))

= ged (10i —5,10i —8,10i —6) =1, ie[n].
If v=v,,gcd ( f (ViiaVa ), T (V4i—2v4i—1))

=ged (10i-1,10i-5)=1, ie[n].
If v=v,, gcd (f (VAiV4i+l)Y f (V4iu2i )r f (V4iv4i—1))

=ged (10i,10i —2,10i -1) =1, ie[n-1].
Ifv=v,_, ng( (Vai-aVai o T (Vi aUyia ). f (UOUAH))

=ged (10i -8,10i -10,10i —9) =1, i e[n]-{1}.
If v=v,,, gcd (f (V4nV1)v f (V4nu2n)’ f (V4nv4n—1))

=gcd (10n,10n-2,10n-1) =1.
If v=vy,ged (f(vyv,), F(vy,), f(vy,))

=gcd (10n,2,1) =1.

Thus, f is an bijection and gcd{f (uv)}=1. The

uveE

edges are labeled such that for any vertex V; , the gcd

of all the edges incident with V; is 1. So f admits
vertex prime labeling of Hs . Hence HS, is a vertex
prime graph.

Theorem 2.5: HS_ is total prime graph.
Proof: For the graph HS_,
V(HS,) ={u,u /1<i<2n}u{y,/1<i<4n} and
E(HS, ) = {UgUy 4, Uy Uy 1Vyi 5, Uy,

UiV, 11<i<dan—1 u{v, v}

Therefor |V HSn)|=6n+1 and —10n-

Define f:(V(HS,)UE(HS,)) — {16n+1} as
follows:
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1 if x=u,;

6i +1 if x=u,.,, ie[n];

6i if x=uy,ie[n];

6i -4 if x=v,.4 ie[n];

6i -3 if x=v,,, ie[n];

6i -2 if x=v,,ie[n];

6i -1 if x=v,,ie[n];

6n+10i-8  if x=uy,_;, i€[n];
£(0) = 6n+10i-7  if x=v, v, ,, i€e[n];

6n+10i-6  if x=ugu, , ie[n];

6n+10i-5 if x=u, v, , i€[n];

6n+10i—4 if x=v, v, i€[n];

6n+10i—3 if x=u,u,, ie[n];

6n+10i—2 if x=u,u,, ie[n];

6n+10i-1 if x=u,v,;, ie[n];

6n+10i if X=v,v, ie[n];

6n+10i+1 if x=v,v,,,, ie[n-1];

16n+1 if Xx=v,V,.

Clearly f is a bijection. Let € and V be an
arbitrary edge and vertex of HS . To prove fisa
total prime labeling of HS_ . we have the following
cases:

Then for any edge,
If e=ugu,_, ged(f(uy), f(uy,))=ged(L6i+1)=1,ie[n].
If e=uyu,, ged(f(uy), f(u,))=ged(L,6i) =1, ie[n].

If &=, vy ,, ged( (Uy,), f (v, ,)) =gcd (6i +1,6i—3) =1, i e[n].

If e=u,v,, ged(f (uy), T (v,)) =gcd (61,61 —1) =1, i [n].
If e=u,_u,, ged(f(u,,), f(u,)) =gcd(6i+1,6i) =1, ie[n].
If e=u,, 5 ged(f(u,), f(v,3))=9gcd(L6i—-4)=1ie[n]

If e=v, Vs ged(f(vy,), f(v,;))=gcd(6i-3,6i—4) =1, ie[n]
If €=V, Vi 1, 960 (f (Vi ,), T (V1) =0od (6 —3,6i —2) =1, i €[],

If e=v, v, ged(f(v,,), f(v,))=gcd(6i—2,6i-1) =1 ie[n].

If e=v,V,,., ged(f(vy), f(v,,,)) =gcd(6i—1,6i+2) =1, ie[n-1].
If e=v,v, gcd(f(v,,), f(v,))=gcd(6n-1,2)=1.

Then for any vertex,

If v =y, ged (f (Ugliyy), T (Ugliy ), f (UpVys))

=ged (6n+10i—6,6n+10i —2,6n+10i-8) =1, i e[n].
If v=u,,, gcd (f (uouzi—l)Y f (V4i,2U2i,1), f (Uziuzm))

= ged (6n+10i —6,6n+10i —5,6n+10i —3) =1, i € [n].
If v=u,, gcd (f (Uouy ), f (VAiUZi)’ f (uziu2ifl))

= ged (6n+10i —2,6n+10i —1,6n+10i —3) =1, i e[n].
If V= V4|—21 ng ( f (V4|—2V4|—1)' f (V4|—2V4|—3)' f (V4|—2u2i—1))

= ged (6n+10i—4,6n+10i—7,6n+10i -5) =1, i e[n].
If v :V4i—1rng( (V4| Vs ) f(v4i—2V4i—1))

=ged (6n+10i,6n+10i—4) =1, ie[n].
If v=v,, gcd (f (V4iV4i+1)' f (V4iu2i )' f (V4iv4i—1))

= ged (6n-+10i +1,6n+10i —1,6n+10i) =1, i e[n—1].
If v=v, 4, gcd ( f (V4|73V4|72)v f (V4|73u4|74)' f (uoUAi—s))

=ged (6n+10i—7,6n+10i—9,6n+10i —8) =1, i e[n]—{1}.
If v=v,,, gcd (f(VyVy), f (Vaglpn ) T (VapVans))

=ged (16n+1,16n-1,16n) =1
If v=vy,ged (f (V). f(vy,), f(vuy))

=gcd (16n+1,16n+3,16n+2) =1.

So, f is an bijection and According to this pattern,
the vertices are labeled such that for any edge
e=uveHs,, ged(f(u), f(v))=1. Also the edges are

labeled such that for any vertex V;, the ged of all the

edges incident with V; is 1. So f admits total
prime labeling of Hs . Hence HS is a total prime
graph.

Theorem 2.5: HS, is difference cordial graph.
Proof: For the graph HS,
V(HS,) ={u,u /1<i<2n}u{v, /1<i<4n} and
E(HS,) = {UglUy 1, Ugly;, Uy Vyi 5, U,

Uivv,, /1<i<4n-1u {V4nV1}-

Therefor v (Hs, )| =6n-+1 and |E(HS, )|=10n-
Define f :V (HS,)— {6n+1}as follows:

i
Vai o Uy gUgi UV, 5 /1< 1<}

1 if Xx=u,;

5i-3 if x=v,4 ie[n];
5i—2 if x=v,,,ie[n];
f(x)=1{5i-1
5i if x=u,,ie[n];

5+l if x=v,, ie[n];

if x=u,_,, ie[n];

5n+i+1 if x=v,, ie[n].

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 343



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 49 Number 6 September 2017

The induced edge labeling f":E(HS,)—>{0,1
IS £ (uv) =|f (u)- f (v)|, forevery edge e=uveE.
Therefore

if € €4V, gViiy o UnioVyip Uyl UV by T €[];
if & € {UUy 1, Ugllyi Vi Vg1 ViV } T € [n];

if € =UgV,.,,, i e[n]—{1};

if e =V, V.., i [n-1];

if & =gV,

if e=v,v.

o = kP o o =

Since €0 =€ —5n. Therefore f satisfies the

conditions |ef(1)—ef(0)|s1 for difference cordial

labeling. So, f admits difference cordial labeling of
HS, . Hence HS, is difference cordial.

3. CONCLUSION
We have derived six new results by investigating
some labeling techniques of holiday star graph. More
exploration is possible for other graph families and in
the context of different graph labeling problems.
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