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1. INTRODUCTION

The theory of probabilistic metric spaces is an important part of stochastic Analysis,
and so it is of interest to develop the fixed point theory in such spaces. The first
result from the fixed point theory in probabilistic metric spaces is obtained by Sehgal
and Bharucha- Reid [16]. Since then many fixed points theorems for single valued and
multi valued mappings in probabilistic metric spaces have been proved in [2]-[5].

A probabilistic metric space is an ordered pair (X, F),where X is an arbitrary
set and Fis a mapping from X?into the set of distribution functions. The distribution
function Fyy (t) will denote the value of Fxy at the real number t. The function Fyy
are assumed to satisfy the following conditions:

(i) Fxy(@©) =0 for all x,y € X

(i)  Fxy(t) =1for all t>0iff x=y

(iif)  For distinct points x, y € X, Fy y () #1 for t>0

(iv) Fxy(t) = Fyx(t) for all x,y € Xand t>0

(v) IfFxy(t1) =1, Fy . (t2) =1, thenFy, (ti+t; )=1 forall x,y,z€ X andt;, t;, >0.
In 2003, Ren and Wang [18] gave the notion of n-th order t- norm as follows:
Definition 1.1. A mappings A : []L,[0,1] - [0,1] is called a n-th order t-norm if

following conditions are satisfied:
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() A(0,0,...0)=0, A(a,1,1,...1)=a for all a=[0,1]
(i) A (a,a2a3,...,an) =A (a2, 21,83 ,...,an ) = A (az,83,81 ,...,8n )
= = A (a2, a3,a4,...,an, a1)
(ili) & > by, i=1,2,3...,n implies A (a1,a2,a3 ,....,an ) > A (b1, b2,b3,...,bn)
(iv) A (A (a1,8283,..-,an), bo,bs ,....0n)
=A(a;, A(azas,...,anb2),bs, ...by)

= A(aazA (asas,....,an,b2,b3),bs, ...,bn)

=A (a1, 2,83 ,....,8n-1, A (@n, b2,03,....,.0n ) ).
For n=2, we have a binary t- norm, which is commonly known as t- norm.
Basics examples of t-norm are the Lukasiewicz t- norm Ay, Ay (a, b) = max (a+b-1, 0),
t-norm Ap, Ap(a, b) =ab and t- norm Ay, Au(a, b) = min{a, b}.
Definition 1.2.([3]) Let A be a t-norm and let A,: [0, 1] —[0, 1] (n€ N) be defined by
A1(X) =A (X, X), Aps1(X) =A (An(X), X)  (n€ N, xe[0,1]).

We say that the t-norm A is of Hadzic- type if the family {An(X); n€ N} is equicontinuous at
x=1.The family {A,(X), n€ N} is equicontinuous at x=1 if for every A € (0, 1), there d())
€(0,1) such that

X >1 - 3(A) implies Ap(X) > 1- A for all (n€ N).
A trivial example of t-norm of Hadzic- type is A=A.
Remark 1.3. Every t-norm Ay is of Hadzic- type but converse need not be true see [4]
There is a nice characterization of continuous t-norm of Hadzic - type :
(i) If there exists a strictly increasing sequence {b,}nenin[0,1] such that

lim,_., b, =1and A(b,,b,)=b, foralln € N, then A is of Hadzic — type.

(ii) If A is continuous and A is of Hadzic- type, then there exists a sequence {b, }nen asin (i).

Definition 1.4.([4]) If A is a t-norm and (X1,X2,Xs,...,X,) € [0,1]" (n€ N), then AL ;Xx; is
defined recurrently by 1, if n=1 and Al ,x; = A(AM!%; ,x,) for all n > 2. If {x, }enis @
sequence in [0,1], then AL X; is defined as lim,_ AL x; (this limit always exists) and
AFZ1X; 85 AjZ X+
Definition 1.5. Let X be any non-empty set and D the set of all left-continuous distribution
functions. A triplet (X, F, A) is said to be a Menger space if the probabilistic metric space
(X, F) satisfies the following condition:

(Vi) Fx.2(t) = A(Fxy (ta), Fy.2 (t2),
wheret, t, >0,t; +t; =t and X, Yy, z, X and A is the t- norm.
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Definition 1.6. A sequence {xn} in a Menger space (X, F, A) is said to be
(i) convergent with limit x if lim,_ . Fy x(t)=1 for all t>0.
(i) Cauchy sequence in X if given €> 0,1 > 0, there exists a positive integer
Nc, such that
Fe,x, (€) >1-A forall m,n>N,.
(iif) Complete if every Cauchy sequence in X is convergent in X.
Definition 1.7.([12]) Two maps f and g are said to be weakly compatible if they
commute at their coincidence points.
Definition 1.8 Two self-mapping f and g of a Menger space (X, F, A) are said to be
weakly commuting if F(fgx, gfx, t) > F(fx, gx,t), for each x € X and for each t>0.
Definition 1.9.([14]) Let fand g mapping from a Menger space (X,F,A) into itself. A
pair of map {f, g} is said to be compatible if lim,_ F(fgx,,gfx,,t) = 1, whenever {x,}
is a sequence in X such that lim,_,, x,=lim,_, gx,=u for some u&X and for all t > 0.
Definition 1.10. Let fand g self- mapping from on Menger space (X, F, A ).The
mappings f and g are said to be non-compatible if lim,_, F(fgx,,gfx,, t) # 1,
whenever {x,} is a sequence in X such that lim,_ fx,=lim,_. gx,= u for some u€&eX
and for all t>0.
In 2007, Kohli et.al [13] introduced the notion of variants of R-weak commutative maps as
follows:
Definition 1.11. A pair of self- mappings (f, g) of a Menger space (X, F, A) is said to be
(i)  Weakly commuting if F(fgx, gfx,t) > F(fx, gx,t)
(i) R- Weakly commuting if there exists some R > 0 such that
F (fox, gfx,t) > F(fx,gx, t/R)
(ili) R- Weakly commuting mappings of the type (i) if there exists some R > 0 such that
F(afx, ffx,t) > F(gx,tX, t/R)
(iv) R- Weakly commuting mappings of the type (ii) if there exists some R > 0 such that
F(fgx, gox.t) > F(fx,0x, t/R)
(v) R- Weakly commuting mappings of the type (iii) if there exists some R > 0 such that
F(ffx, ggx,t) > F(fx,gx, t/R), for all x€ X and t>0.
In our further discussion, we adopt the terminology from the paper of Imdad et.al.[8] .

We rename R-Weakly commuting mappings of the type (i), R-Weakly commuting
mappings of the type (ii) and R-Weakly commuting mappings of the type (iii) by R-
Weakly commuting mappings of the type (Ay), R-Weakly commuting mappings of the
type (Af) and R-Weakly commuting mappings of the type (P) respectively.
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One can notice that definition 1.11.(iii) and 1.11.(iv) was inspired by Imdad et.al. [8] from
the paper of Pathak et. al. [15], whereas definition 1.11.(v) was introduce by Imdad et.al. [8].

In 2002, Aamri and Moutawakil [1] generalized the notion of non compatible
mapping to E.A. property. It was pointed out in [1] that property E.A. buys containment of
ranges without any continuity requirements besides minimizes the commutativity conditions
of the maps at their points of coincidence. Moreover, E.A. property allows replacing the
completeness requirement of the space with a more natural condition of closeness of the
range. Recently, common fixed point theorems in probabilistic metric spaces/fuzzy metric
spaces using E.A. property along with weak compatibility have been recently obtained in
([81.[10]).
Definition 1.12.([1]) Let f and g be two self-maps of a metric (X, d), then they are said to
satisfy E.A. property if there exists a sequence {xn} in X such that

lim,_.fx, = lim,_.gx, =u, for some ue X.

Now in a similar mode, we can state E.A. property in Menger space as follows:
Definition 1.13. A pair of self-mapping (f, g) of Menger spaces (X, F, A) is said to hold E.A.
property, if there exists a sequence {x,} in X such that

lim,_ F¢ (H)=1lforallt > 0.

Xn'8xn

Example.1.14. Let X = [0, «) be the usual metric space. Define f, g: X— X by fxzz and

gxz% for all x € X. Consider the sequence {x,}= % Since  lim,_ fx, = lim . gx,=0,

then f and g satisfy the E.A. property.

Although E.A property is generalization of the concept of non compatible maps, yet it
requires either completeness of the whole space or any of the range space or continuity of
maps. Recently, the new notion of CLR property (common limit range property) was given
by Sintunavarat and Kuman [19] that does not impose such conditions. Their importance of
CLR property ensures that one does not require the closeness of range subspaces.

Definition 1.15.( [19]) Two maps f and g on Menger spaces X are satisfy the common limit
in the range of g (CLRg) property if lim,_ o fx, = lim,_. gX, = gx, for some x € X.
Example.1.16. Let X = [0, «) be the usual metric space. Define f, g: X— X by fx=x+1 and
gx=2x for all x € X. Consider the sequence {x,}= 1+ % Since lim,_,,, fx, = lim,_,, gx,=2=
g1, therefore f and g satisfy the (CLRg) property.

Now we state a Lemma which is useful in our study:

LEMMA 1.17.([14]) Let (X, F, A) be a Menger space. If there exists g€(0, 1) such that
F(x,y,qt) >F(x, y, t) for all x,y € Xandt>0, then x=y.
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Implicit relations
Let ¥ be set of all continuous function ¢( ty,tz,t3,t4,t5,t): R® — R is a non-increasing in
6-th co-ordinate variable and satisfying the following conditions:
@) ¢(u,1,v,1,v,Au,v))>1ord(u,v,v,ul, A(u, v)) > 1 implies that u>v,
(i) ¢(u,1,1,u,l,u)>1 implies that u>1,
@) ¢(u,v,1,1,v,u)>1 implies that u>v.
Example 1.18. Define ¢( ty,t,13,14,t5,t6) = 15t;- 13t,+5t3-7t4+ts-15 , then ¢ € .
2. Weakly compatible maps
Theorem 2.1. Let (X, F, A) be a complete Menger space with continuous t-norm of Hadzic -
type. Let A, B, S and T be self mappings on X satisfying the following conditions:
(2.1) AX) c T(X), B(X)c S(X),
(2.2) the pairs (A, S) and (B, T) are weakly compatible,
(2.3) there exists g € (0, 1) such that for every x,y€ X, t>0 and ¢ € P,
¢ (F (Ax, By, qt), F (Sx, Ty, t), F (AX, Sx, t),
F (By, Ty, qt), F (Ax, Ty, t), F (By, Sx, (q+1) t)) > 1,
(2.4) One of the subsets A(X), B(X), S(X) and T(X) is a closed subset of X.
Assume that there exists X,, Xx; € X such that for y, = Ax, = TX,, Yy, =Bx; and p € (q, 1)
My AZF (¥1,Y2,57)=L,
Then A, B, S, and T have a unique common fixed point in X.
Proof. Since B(X) c S(X), there exists x;, X, € X such that Bx;= Sx,. Inductively, we
can construct two sequences {x,} and {y,} of X such that
Yan-1= TXzn-1 = AXzp—, and
Yon = SXon = BXppoq forn=1.2,...
Putting X=X,, andy =X,,,4 in (2.3), we have that for all t>0
1 < ¢ (F (AXzn, BXant1, Ot), F(SXan, TXzn41, 1), F (AXan, SXon, 1),
F (BXzn+1, TX2n+1, At), F (AXzn, TXzn41, 1),
F (BXzn+1, SXzn, (q+1) 1))
= O(F(Y2ns1, Yansz At), FVzn, Yns1 ) F(Y2ne1s Yan o t),
F (Yan+2:Y2n+1, At), F(Y2n+1, Yon+1, 0,
F(Yan+2 Yon, (@+1) 1))
< O(F(Yant1: Yant2: At), FY2n: Yane1 1) FY2ns1) Yani t),
F (Yznt2s Yant1s At), F(V2ns1, Yanens O,
A (F (Yzn+2: Y2ne1, A, F(Yant1, Yoni 1)),
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since the function ¢ is non-increasing in the 6-th coordinate variable.
Using properties of implicit relations ¥, we get
F (Yan+1: Yan+2, ) = F(Yon, Yont1, t):
Again, putting X=Xyn4q and y =X, in (2.3), we have for all t>0
1< ¢ (F (AXan+1, BXzntzs OY), F(SXzn+1, TXzn42, 1), F (AXant1, SXant1s 1),
F (BXzn+2: TXan42, At), F (AXzni1, TXzn42, 1),
F (BXzn+2: SXan+1, (4+1) 1)
= 0(F(Y2n+2, Yon+z Q). F(Yzn+1, Yantzs t), F(Vantzs Yones, D),
F (Y2n+3s Yant2s A, F Vansz, Yanezs V),
F (Y2nt3s Yan+1, (@+1) 1)
< ¢ (F Yan+2, Yanez At ), F(Yan+1s Yonezs £ F(Y2n42, Yont1s 1),
F (Yan+3s Yan+2, At), F(Yan+2: Yanias 1),
A (F (Y2n+3Yznt2: A F(Y2ns2, Yane1:1)),

Hence we get

F(Yan+2s Yan+3: AY) = F(Yant1s Yantz, 1)
Thus for any ne N, we have

F Yn+1: Yn, Q) = F(Yn) Yn-1, 1)

F (yn+11 yni t) = F(yni yn—li é)

= F (yn—la yn—21 qiz)

>F (Y1, Y2 #)
Thus forallt>0and n=1, 2, 3...

F O Ynrr Q) 2F 1 Y20 o). (2.5)
Now, we show that {y,} is a Cauchy sequence in X.

Leto = ﬁ. Since 0 < o < 1, the series X2, o' is convergent and there exists m, € N such

that %2, o' < 1. Hence for every m > m,+1 and every s € N

o) i m+s—1 i
t>t )2, 0 >tuin o

Now
F (ym+s+11ym1 t)
Z F (ym+s+1 ’ ym ’ tz?:r-ns—_ll Gi )

>F (Ymist1r Ym to™ ™1 +to™m 11 4 togM=1+2 4 toMm—1+5)
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>F (Ymast1r Ym to™ 1 +toMm=142 | 4 toMm-1+5 4 toMm1)
> é(F (Vinasits Yiap J00 L 4 toM142 4 ggm—1+s ),
1
F(Ym+1:Ym to™™1))

>AA(F(Ymast1 s Ymaz to™7 12 + 4+ toMm~1+s),
2

F( Ym+2 ym+1,t0m), F( Ym+1:Ym ,tGm—l)))

> AAA(F( Ymas+1+ Ymez 07153+ + o™ 71+s),
3—-times
F( ym+3 ’ ym+21t0m+1)a F( ym+2 ’ ym+11t0m) ' F( ym+1 ' ym 1t0m_1))))
= A(A(A(A(F( ym+s+1 ' ym+4~ !tcm_1+4 +...F tcm_1+s )! F( ym+4- ' ym+3!t0m+2)
4—times
' F( ym+3 ' ym+21t0m+1)1 F( ym+2 ' ym+11t0m) ' F( ym+1 ' ym 1t0m_1)))))
> AAAAA(F(Ymtst1 s Ymas 102 4+ 16™ 75 ) F(Yimys ) Yimearto™ )

5—times
’ F(ym+4- ’ ym+3! t0m+2)! F(ym+3 ’ ym+2!t0m+1)! F(ym+2 ’ ym+1!t0-m)!

 FYms1, Ym to™™1))))))
> AAAAAA(F( Yme+s+1 1 Yme+e o™+ + to™M 1S ) F(Ym+e6 s ym+5’t0m+4)

6—times

’ F( ym+5 ’ ym+4-!t0-m+3)! I:(ym+4- ’ ym+3! t0m+2)! I:(ym+3 ’ ym+2!t0-m+1)!

FO/m+2. Ym+1,t06™), F(¥m+1, Ym t™71)))))

IV

Z A(A( (A(F( ym+s+1 ’ ym+s ’ tcm_1+s )’ F( ym+s ’ ym+s—1at0m+s_2)

s—times

o F(Yme1, Y t0™71)) 12)

m

om—1+s oMm—2+s om-1
2 AAC (AW Y s ) POV Y U )y e FOYLL Y2 E520) )

s—times

> A AFY Yo ) OV Yz )s e FOYL Y2 i ) )

s—times
_ t
> ARTSTIF(Y, Yo, E)
o t
> A2 -1 Fy1Ya, E)

It is obvious that

My A2 F(Y1, Y2, %):1, implies limy, o, A2 F(Y1, Y2, %) = 1 for everyt > 0.

Now for every t>0 and every A € (0, 1), there exists mj (t, 1) such that
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FYmss+1>Ym.t)>1-Afor every m>m; (t,A) and every s € N. Hence {y,} is a Cauchy
sequence in X. Since X is complete, therefore, there exists a point z in X such that
lim,_e Yn=zand this gives
liMyoe SXon = liMpLe TXonoqg =My Le AXon_2=limy L BXon_q = 2, for all ne N.
Without loss of generality, we assume that S(X) is a closed subset of X. Thenz =Su
for some u € X. Subsequently, we have
im0 SX, = limy e TX, = limy 0 AX,=limy . BX, = 2 =Su.

Next, we claim that Au = Su.
For this purpose, if we put x= u and y= x,, in (2.3), then this gives
1< ¢ (F (Au, Bx,, qt), F (Su, Txy, t), F (Au, Su, t),

F (BXy, TXy, qt), F (Au, Txy, 1), F (Bx,, Su, (g+1)t))

< ¢(F(Au, Bxy, gt ), F( Su, Txy, t), F(Au, Su, t),

F(Bx,, Tx,, qt), F(Au, Tx,, 1),

A(F(Bx,, Au, qt), F(Au, Su, t))).
Taking limit as n — oo, we have
1< ¢(F(Au, z,qt), F(z z,t), F(Au, z, t), F(z, z,qt),

F(Au, z, t), A(F(Au, z, qt), F(Au, z, t)).
Hence we have F(Au, z, qt) > F(Au, z, t) for allt>0, by Lemma 1.17, we have Au= Su
=z. Since A(X) c T(X), therefore there exists a point v e X such that Au=z=Tv.
Next, we claim that Tv = Bv.
Putting x=u and y=vin (2.3), we have
1 < ¢(F(Au, Bv, qt), F( Su, Tv, t), F(Au, Su, t),

F(Bv, Tv, qt), F(Au, Tv, t), F(Bv, Su, (g+1)t))
= ¢(F(Au,Bv, qt), F(z,z 1), F(z, z, 1),
F(Bv, Tv, qt), F(z, z, t), F(Bv, Su, (g+1)t))
< ¢(F(Au, Bv, qt),1,1, F(Bv, Tv, qt), 1,

A( F(Bv, Au, qt), F(Au, Su, t)),

Therefore, we obtain that
é(F(Au, By, qt), 1, 1, F(Bv, Au, qt), 1, F(Bv, Au, qt)) > 1,

by ¢ € ¥, we have F(Bv, Tv, qt)>1 for all t >0 implies that Tv = Bv. Thus Au = Su =
Tv=Bv = z Since the pairs (A, S) and (B, T) are weakly compatible and u and v are
their  coincidence points respectively, we obtain Az = A (Su) = S(Au) =Sz and Bz=
B(Tv) =T(Bv) =Tz.
Now, we prove that z is a common fixed point of AB,Sand T.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 189




International Journal of Mathematics Trends and Technology — Volume 5 — January 2014

For this purpose, putting x = z, y = v in (2.3), we get
1< ¢ (F(Az, Bv, qt), F( Sz, Tv, t), F(Az, Sz, t),
F(Bv, Tv, qt) ,F(Az, Tv, t), F(Bv, Sz, (g+1)t))
< ¢ (F(Az, Bv, qt), F( Sz, Tv, t), F(Az, Sz, t), F(Bv, Tv, qt)
,F(Az, Tv, t), A(F(Bv, Az, qt), F(Az, Sz, 1) ).
Again we note that
¢ (F(Az, Bv, qt), F( Sz, Tv,t),1,1,
F(Az, Tv, t), F(Bv, Az, qt) ) > 1,
by ¢ € ¥, we have F(Az, Bv,qt))>F(Sz, Ty, t), for all t >0, by Lemma 1.17, we get
Az = Bv. Hence Az = Bv =z. Hence z= Az =Sz and z is a common fixed point of A
and S. One can prove that Bv=z is also a common fixed point of B and T.
Finally, in order to prove the uniqueness, suppose that w (z # w) be another fixed point of A,
B, Sand T. Then, for all t> 0, we have
1 < ¢(F(Az, Bw, qt), F( Sz, Tw, t), F(Az, Sz, 1),
F(Bw, Tw, qt), F(Az, Tw, t), F(Bw, Sz,(g+1)t))
< ¢(F(Az, Bw, qt), F( Sz, Tw, t), F(Az, Sz, t),
F(Bw, Tw, qt ), F(Az, Tw, t),
A(F(Bw, Az,qt), F(Az, Az,Y)).
Therefore we have
¢(F(Az, Bw, qt), F( Sz, Tw, t), 1,1,
F(Az, Tw, t),F(Bw, Az,qt)) > 1.

Hence we have F(Az, Bw, qt)) > F( Sz, Tw, t) for allt>0, by Lemmal.17, we get Az =
Bw. Hence z =w. This completes the proof.

3. E.A. property and weakly compatible maps.

Now, we prove a fixed point theorem for weakly compatible maps with E.A. property.
Theorem 3.1. Let (X,F, A) be complete Menger space with continuous t-norm of Hadzic
type. Let A, B, Sand T be self mapping on X satisfying (2.1)-(2.4) and the following
condition:

(3.1) the pairs (A, S) or (B, T) satisfy E.A. property.
Then A,B,Sand T have a unique common fixed point in X.
Proof. Without loss of generality, we assume that the pair (B, T) satisfies the E.A.
property. Then there exists a sequence {x,}in X such that lim,_, Bx, =lim, . Tx,

= z,for some z € X. Since B(X) c S(X), there exists a sequence {y,} in X such that
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Bx,= Sy,. Hence lim_ . Sy, = z. Also A(X) c T(X), there exists a sequence {y,} in X
such that Ay, = Tx,. Hence lim,_ Ay, = z.
Suppose that S(X) is a closed subset of X. Then z = Su for some u €X. Subsequently, we
have
lim,_ e Bx, =lim,_ . Tx, = lim,_ Ay, =lim,_ . Sy, =z =Su,
for some u€eX.
Next, we claim that Au = Su.
For this purpose, if we put x= u and y= x,, in (2.3), then this gives
1< ¢ (F(Au, Bx,, qt), F(Su, Tx,, t), F(Au, Su, t),
F(BXn, TXg, qt) , F(Au, Tx,, t), F(BX,, Su, (g+1)t))
< ¢(F(Au, Bx,, qt), F(Su, Txy, t), F(Au, Su, t),
F(BXy, TXpn, qt), F(Au, TX,, t),
A(F(Bx,, Au, qt), F(Au, Su, t))
since the function ¢ is non-increasing in the 6-th coordinate variable.
Taking limitas n — oo, we have
d(F(Au, z,qt), F(z,z,t), F(Au, z, t), F(z, z, qt),
F(Au, z, t), A(F(Au, z, qt), F(Au, z, 1)) > 1.
Thus we obtain
d(F(Au, z,qt), 1, F(Au, z, t), 1, F(Au, z, ),
A(F(Au, z, qt), F(Au, z,t) ) > 1,
by ¢ € ¥, we have F(Au, z, qt) > F(Au, z,t) for allt>0, by Lemma 1.17, we have Au=
Su =z. Since A(X) c T(X), therefore there exists a point v € X suchthat Au= z=Tv.
Next, we claim that Tv = Bv.
Putting x=u and y=vin (2.3), we have
1< ¢(F(Au, Bv, qt ), F(Su, Tv, t), F(Au, Su, t),
F(Bv, Tv, qt), F(Au, Tv, t), F(Bv, Su, (g+1)t))
=¢(F(Au, Bv, qt), F(zzt), F(z, z,t),
F(Bv, Tv, qt), F(z, z, t),F(Bv, Su, (g+1)t)).
< ¢(F(Au, Bv, qt),1,1, F(Bv, Tv, qt), 1,
A( F(Bv, Au, qt), F(Au, Su, t))).
Therefore we have
&(F(Au, Bv, qt), 1, 1, F(Bv, Tv, qt), 1, F(Bv, Au, qt)) > 1.
Hence we get F(Bv, Tv, qt)) > 1 for all t > 0 implies that Tv = Bv. Thus Au= Su=Tv =

Bv = z. Since the pairs (A, S) and (B, T) are weakly compatible and u and v are
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their coincidence points respectively, we obtain Az = A (Su) = S(Au) =Sz and Bz=
B(Tv) =T(Bv) =Tz.
Now, we prove that z is a common fixed point of AB,Sand T.
For this purpose, if putx =zand y =v in (2.3), then this gives
1< ¢ (F(Az,Bv,qt), F(Sz, Tv, t), F(Az, Sz, t),
F(Bv, Tv, qt), F(Az, Tv, t), F(Bv, Sz, (g+1)t))
< ¢ (F(Az,Bv,qt), F( Sz, Tv, t), F(Az, Sz, t),
F(Bv, Tv, qt),F(Az, Tv, 1),
A(F(Bv, Az, qt), F(Az, Sz, t))).
Therefore we have
&(F(Az, By, qt), F( Sz, Tv, t),1,1,F(Az, Tv, t), F(Bv, Az, qt) ) > 1.

Hence we get F(Az,Bv, qt))>1 for allt >0 implies that Az = Bv. Hence Az =Bv =z
Therefore z=Az =Sz and z is a common fixed point of Aand S. One can prove that
Bv=z is also a common fixed point of B and T.
Finally, in order to prove the uniqueness, let w (z # w) be another fixed point of A, B, S
and T.Then, for all t>0, we have
1<¢ (F(Az,Bw, qt), F( Sz, Tw, t), F(Az, Sz, t),

F(Bw, Tw, qt ), F(Az, Tw, t), F(Bw, Sz,(q+1)t))

< ¢ (F(Az, Bw, qt), F( Sz, Tw, t), F(Az, Sz, 1),

F(Bw, Tw, qt),F(Az, Tw, t),

A(F(Bw, Az,qt), F(Az, Az,t)).
Therefore we have

¢ (F(Az, Bw, qt), F( Sz, Tw, t), 1,1,F(Az, Tw, t),F(Bw, Az, qt)) > 1,

Hence we get F(Az, Bw, gt ) > 1 for all t > 0 implies that Az = Bw i.e,, z =w. This
completes the proof.

4. (CLR) property and weakly compatible maps
Now we prove a result for weakly compatible maps along with (CLRs) property.

Theorem 4.1. Let (X,F, A) be Menger space with continuous t-norm of Hadzic type. Let
A,/ B,Sand T be self mapping on X satisfying (2.1), (2.2), (2.3) and the following
conditions:

(4.1) pairs (A, S) or (B, T) satisfy (CLRs) property,

(4.2) One of the subspaces A(X), B(X), S(X) or T(X) is a closed subspace.
Then A, B,S, and T have a unique common fixed point in X.
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Proof. If the pair (A,S) satisfies the (CLRs) property, then there exists a sequence
{x,} in X such that lim,_ ., Ax, =lim,_, SX, = z, where z € S(X). Therefore there
exists a point u € X such that Su=z. Since T(X) is a closed subset of X and A(X)c
T(X), so for each {x,} in X, there corresponds a sequence { y,} in X such that
AXx,=Ty,. Therefore, lim,_, Ty, =lim,_, AX, = z, where z €S(X).
Thus we have  lim,_, AX, =lim,_, SX, = lim Ty, = Z.
Now, we are required to show that lim,_. By, = z.
Putting x= x,, and y =y, in (2.3), we get
¢ (F(AXq, Byn, qt), F(SXn, TYn,1),F(AX,,SXy, 1), F(BY 4, Ty, At )
F(AXn, Tyn, 1), F(BYn,SXy,(q+1)t)) > 1.
We assume that lim,,_., By, = I#z for t>0. Then taking limit as n— oo, we have
1 < ¢(F(z |, qt), F(z, z, 1),F(z, z, 1),
F(,z,qt) ,F(z,z ,t), F(l, z,(g+1)t))
= ¢ (F(z, 1, qt), 1,1, F(l,z ,qt) ,1, A(F(L,z ,qt ), F(z,z t)),
since the function ¢ is non-increasing in the 6-th coordinate variable. Therefore, we have
o(F(z 1, qt), 1,1, F(l,z qt) ,1, (F(l,z ,qt)) > 1,
by ¢ € ¥, we get F(z, |, qt) > limplies that z=1, then hence lim,_ By, = z. Therefore
im0 AX, = liMpy Lo SX, = limyL o Ty, =lim,_, By, = z=Su, for some u € X.
Using the Theorem 2.1 and implicit relations ¥, we can easily prove that z is a unique
common fixed point of A, B, S and T. This completes the proof.
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