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1. INTRODUCTION

Atanassov [1] introduced the idea of
intuitionistic fuzzy sets. Coker [2] introduced
intuitionistic fuzzy topological spaces using the
notion of intuitionistic fuzzy sets. The notion of
homeomorphisms plays a vital role in intuitionistic
fuzzy topology as well as in topology. Here we
introduce the new class of homeomorphisms called
B generalized homeomorphisms in intuitionistic
fuzzy topological spaces. We also introduce the M
- B generalized homeomorphisms in intuitionistic
fuzzy topological spaces and investigate some of
their properties. We provide the relation between
intuitionistic fuzzy p generalized homeomorphisms
and intuitionistic fuzzy M - B generalized
homeomorphisms. Also we prove that the set of all
M - B generalized homeomorphisms forms a group
under the operation of composition of maps.

I1. PRELIMINARIES

Definition 2.1 [1]: An intuitionistic fuzzy set (IFS
for short) A is an object having the form

A= {(x, pax), va(X)) : x € X}

where the functions pn : X — [0,1] and
va : X — [0,1] denote the degree of membership
(namely pa(X)) and the degree of non-membership
(namely va(x)) of each element x € X to the set A,
respectively, and 0 < pa(x) + va(x) < 1 for each

X € X. Denote by IFS(X), the set of all intuitionistic
fuzzy sets in X.

An intuitionistic fuzzy set A in X is
simply denoted by A = (X, pa, va) instead of
denoting A = {{x, pa(x), va(X)): x € X}.

Definition 2.2 [1]: Let A and B be two IFSs of the
form

A = {(x, pa(x), va(X)): x € X}

and

B = {<X9 HB(X)’ VB(X)) - X E X}
Then,

(@) A c Bifand only if pa(x) < pg(x) and

va(X) = vg(x) for all x € X,

(b) A=Bifandonlyif AcBand A2B,
(© A" ={(x, va(x), pa(x)) : X € X},
(d) AU B={(x, pa(X) V ua(x), va(x) A vg(X)):

X € X},

(e) AN B ={(x, pa(X) A pg(x), va(x) V ve(X)):

X € X}

The intuitionistic fuzzy sets 0 . = (x, 0, 1)
and 1 - = (x, 1, 0) are respectively the empty set
and the whole set of X.

Definition 2.3 [2]:  An intuitionistic fuzzy
topology (IFT in short) on X is a family t of IFSs in
X satisfying the following axioms:

(i) 0.,1.€r,

(i) Gin Gy e tforany Gy, G; €1,

(iii) U G; € 1 for any family {G;:i€J} c 1.

In this case the pair (X, t) is called
intuitionistic fuzzy topological space (IFTS in
short) and any IFS in t is known as an intuitionistic

fuzzy open set (IFOS in short) in X. The
complement A° of an IFOS A in an IFTS (X, 1) is
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called an intuitionistic fuzzy closed set (IFCS in
short) in X.

Definition 2.4 [3]: An IFS A in an IFTS (X, 1) is
said to be an intuitionistic fuzzy B generalized
closed set (IFBGCS for short) if Bcl(A) & U
whenever A € U and U is an IFBOS in (X, 1).

The complement A° of an IFBGCS A in an
IFTS (X, 1) is called an intuitionistic fuzzy p
generalized open set (IFBGOS for short) [4] in X.

Definition 2.5 [5]: If every IFBGCS in (X, 1) is an
IFBCS in (X, 1), then the space can be called as an
intuitionistic fuzzy f generalized Ty, (IFBgTy in
short) space.

Definition 2.6 [5]: An IFTS (X, 1) is an
intuitionistic fuzzy f generalized a Ty, (IFBgT 12
in short) space if every IFBGCS is an IFCS in X.

Definition 2.7 [6]: A mapping f: (X, 1) — (Y, o) is
called an intuitionistic fuzzy B generalized
continuous (IFBG continuous for short) mapping
if f (V) is an IFBGCS in (X, 1) for every IFCS V
of (Y, o).

Definition 2.8 [7]: A mapping f: (X, 1) — (Y, o) is
called an intuitionistic fuzzy B generalized
irresolute (IFBG irresolute) mapping if f (V) is an
IFBGCS in (X, 1) for every IFBGCS V of (Y, o).

Definition 2.9 [8]: A mapping f: (X, 1) = (Y, o) is
called an intuitionistic fuzzy g generalized closed
mapping (IFBGCM for short) if f (V) is an IFBGCS
inY for every IFCS V of X.

Definition 2.10 [8]: A mapping f: X— Y is said to
be an intuitionistic fuzzy B generalized open
mapping (IFBGOM for short) if f(A) is an IFBGOS
in'Y for each IFOS A'in X.

Definition 2.11 [8] : A mapping f: (X, t) = (Y, 0)
is said to be an intuitionistic fuzzy M - B
generalized closed mapping IFMBGCM for short)
if f(A) is an IFBGCS in Y for every IFBGCS A in
X.

Definition 2.12 [2]: Let X and Y be two nonempty
IFSs and f: X — Y be a function. If
A = {(X, (ua (X), va (X) / x € X)} is an IFS in X,
then the image of A under f, denoted by f(A), is the
IFSinY defined by

£(A) =y, f(A)(Y), - (va)(y) /Y € Y)}
where f_(va) =1—f(1- v ).

Definition 2.13 [2]: Let X and Y be two nonempty
sets and f: X - Y be a function. If

B={y (ue(y), ve(y) /Y€ Y)}isan IFSin,

then the preimage of B under f is denoted and
defined by

f74(B) = {(x, f *(us)(¥), f (ve)(x) / X € X)}
where f *(ug)(X) = ug(f(x)) for every x € X.

I11. Intuitionistic Fuzzy p Generalized
Homeomorphisms

In this section we introduce intuitionistic
fuzzy B generalized homeomorphisms and
investigate some properties.

Definition 3.1: Let f: (X, T) —= (Y, o) be a bijective
mapping. Then f is said to be an intuitionistic
Suzzy p generalized homeomorphism (IFBGHM for
short) if f is both an IFBG continuous mapping and
an IFBGOM.

Example 3.2: Let X = {a, b}, Y = {u, v} and
Gi = (x (05, 04), (05, 06)),
G, = (y, (0.6, 0.7, (04, 0.3)). Then
1={0-,G; 1.} and 6 = {0-, G, 1.} are IFTs on X
and Y respectively. Define a mapping
f: (X, 1) = (Y, 0) by f(a) = u and f(b) = v.

Then) IFBC(X) = {0~1 1~n Ha € [Ovl]v
o € [0,1], va€ [0,1], vp € [0,1] /0 < patva <1
and 0 < Uptvp < 1},

IFBO(X) = {0-, 1, wa € [0,1], wp € [0,1],
va € [0,1], vp € [0,1] / 0 £ pgtvy < 1 and
0<mwtv, <1},

IFBC(Y) = {0, 1-, py € [0, 11, p, € [0,1],
v, € [0,1], w € [0,1] [/ either
fy < 0.6 or py < 0.7 or both, 0 < p,+vy, < 1 and
0 < ptw<1}

IFBO(Y) = {0-, 1-, py €[0,1], uy € [0,1],
w € [01], w € [01] [ either
fy > 0.4 or p, > 0.3 or both, 0 < p,tvy, < 1 and
0 <ptw<1}

Then f is both an IFPG continuous
mapping and an IFBGOM. Therefore f is an
IFBGHM.

Theorem 3.3: Let f: (X, ) > (Y, o) be an
IFBGHM, then f is an IF homeomorphism if X
and Y are IFBg, T, space.

Proof: Let B be an IFCS in Y. Then f }(B) is an
IFBGCS in X, by hypothesis. Since X is an
IFBgaT1/2 Space, f 1(B) is an IFCS in X. Hence fis
an IF continuous mapping. By hypothesis
f (Y, 0) > (X, 1) is an IFBG continuous
mapping. Let A be an IFCS in X. Then
T (A) = f(A) is an IFBGCS in Y, by
hypothesis. Since Y is an IFBgT1, space, f(A) is
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an IFCS in Y. Hence f ™ is an IF continuous
mapping. Therefore the mapping f is an IF
homeomorphism.

Theorem 3.4: Let f: (X, t) = (Y, o) be a bijective
mapping. If f is an IFBG continuous mapping, then
the following are equivalent:

(i) fisanIFBGOM
(if) fisan IFBGHM
(iii) fis an IFBGCM

Proof: Straight forward.
Remark 3.5: The composition of two IFBGHMs
need not be an IFBGHM in general.

Example 3.6: Let X = {a, b}, Y = {c, d} and
Z = {e, f}. Let G; = (X, (0.7, 0.8), (0.3, 0.2,)),
G, (X, (0.6, 0.7p), (04s, 0.3y)),
Gs (y, (0-60, O-4d)v (0'407 0-3d))7
G, = (z, (04, 0.2, (0.6, 0.87)). Then
1 = {0., G, G,1-.} and ¢ = {0, G; 1.} and
n = {0., G4, 1.} are IFTs on X, Y and Z
respectively. Define a mapping f: (X, ) — (Y, o)
by f(a) = c and f(b) = d and g: (Y, o) = (Z, n) by
g(c) =eand g(d) = f.

Then, IFBC(X) = {0., 1., p, € [0,1],
W €[0,1], vo€ [0,1], vy € [0,1] / either p, < 0.6 or
b < 0.7 or both0 < ptve < 1 and
OSHb+VbS 1},

IFBO(X) = {0, 1-, ps € [0,1], y € [0,1]
va € [0,1], vy € [0,1] / either p, > 0.4 or
b > 03 or both0 < ptve < 1 and
OSHb+VbS 1},

IFBC(Y) = {0-, 1, pe € [0, 1, pg € [0,1],
ve € [0,1], v¢ € [0,1] / either p, < 0.6 or
pg < 04 or both, 0 < pctve < 1 and
OSHd+VdS 1},

IFBO(Y) = {O~7 1., Be € [091]9 Mg € [071]1
v¢ € 0,1], v¢ € [01] / either p. > 0.4 or
pug > 0 .3 or both 0 < pctve < 1 and
0 < pgtvg< 1},

IFBC(Z) = {0~, 1., ue € [0, 1], us € [0,1],
Ve € [0,1], v € [01]1 /0 < petve < 1 and
0 < petve< 1},

IFBO(Z) = {O~! 1., He € [Osl]a K € [0!1]1
ve € [0,1], v € [0,1] / either p. > 0.6 or
e > 0 .8 or both, 0 < petve < 1 and
0 < pstve< 1}

Then f and g are IFBGHMs but g o f: (X, 1) —»
(Z,m) is not an IFBGHM, since g o fis not an IFBG
continuous mapping, since G,° = (z, (0.6, 0.8y),
(0.4, 0.2} isan IFCSin Zbut (g o f) ™ (G,°) =
(X, (0.6, 0.8y), (0.4,, 0.2,)) is not an IFBGCS in X,

since (g © f) ™ (G4") € G, but Bel((g ° ) ™* (G,)) =
1.¢G,

Definition 3.7: Let f: (X, t) — (Y, o) be a bijective
mapping. Then f is said to be an intuitionistic
fuzzy M - B generalized homeomorphism
(IFMBGHM for short) if f is both an IFBG
irresolute mapping and an IFMBGOM.

The family of all IFBGHMs in X is
denoted by IFMBGHM(X).

Theorem 3.8: Every IFMBGHM is an IFBGHM
but not conversely.

Proof: Let f: (X, 1) = (Y, o) be an IFMBGHM. Let
A C Y be an IFCS. Then A is an IFBGCS in Y. By
hypothesis, f * (A) is an IFBGCS in X. Hence f is
an IFBG continuous mapping. Let B € X be an
IFOS. Then B is an IFBGOS in X. By hypothesis,
f(B) is an IFBGOS in Y. Hence f is an IFBGOM.
Thus fis an IFBGHM.

Example 3.9: Let X = {a, b}, Y = {u, v} and
Gi = (x (05, 06) (0.5 04,)),
G, = {y, (0.5, 03, (0.5, 0.7)). Then
1={0-,G; 1.} and 6 = {0-, G, 1.} are IFTs on X
and Y respectively. Define a mapping
f: (X, 1) = (Y, o) by f(a) = u and f(b) = v.

Then, IFBC(X) = {0., 1., p, € [0,1],
W €[0,1], v, € [0,1], vy € [0,1] / either p, < 0.5 or
B < 0.6 or both0 < ptve, < 1 and
0 < pptvp <1},

IFBO(X) = {0~7 1~s Ha € [031]9 2 € [Ovl]v
v, € [0,1], vy € [0,1] / either py > 0.5 or p, > 0.4 or
both, 0 < pstva<land 0 < pyt+vy < 1},

IFBC(Y) = {0, 1, py €0, 1], p € [0,1],
v € [0,1], w € [01]/0< ptv, <1 and
0<wtw<=<1}

IFBO(Y) = {0-, 1., p, €0, 1], py €[0,1],
v, € [0,1], w € [01]/0 < ptvy, <1 and
0<ptw<1}

Then f is an IFBGHM but not an
IFMBGHM, since A = (y, (0.5,, 0.6,), (0.5,, 0.4,))
is an IFBGCS in Y but f%(A) is not an IFBGCS in
X, since f'(A) € G, but cl(f(A)) = 1- & G,.

Theorem 3.10: The composition of two
IFMBGHMSs is an IFMBGHM.

Proof: Let f: (X, t) = (Y, o) and g: (Y, o) = (Z, §)
be any two IFMBGHMSs. Let A € Z be an IFBGCS
in Y. By hypothesis, g ™ (A) is an IfpGCs in Y.
Again by hypothesis, f * (g * (A)) is an IFBGCS in
X. Therefore g o f is an IFBG irresolute mapping.
Now let B € X be an IFBGOS. Then by hypothesis,
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f(B) is an IFBGOS in Y and also g(f(B)) is an
IFBGOS in Z. This implies g o f is an IFIMBGOM.
Hence go fis an IFMBGHM.

Theorem 3.11: Let f: (X, T) = (Y, o) be a bijective
mapping. If f is an IFBG irresolute mapping, then
the following are equivalent:

(i) fisan IFMBGOM
(ii) fisan IFMBGHM
(iii) fis an IFMBGCM

Proof: Straight forward.
Theorem 3.12: The set of all IFMBGHMSs in an
IFTS (X, 1) is a group under the composition maps.

Proof: Define a binary operation * : IFMBGHM(X)
x  IFMBGHM(X) — IFMBGHM(X) by
f *g = go f for every for every f, g € IFMBGHM(X)
and o is the usual operation of composition of
maps. Since g € IFMBGHM(X) and
f € IFMBGHM(X), by Theorem 3.10, g o f €
IFMBGHM(X). We know that the composition of
maps is associative. The identity map I: (X, 1) -
(X, ) belonging to IFMBGHM(X) is the identity
element. If f € IFMBGHM(X), then
f ' € IFMBGHM(X). Therefore fo f *=f ™ o f= |
and so the inverse exists for each element of
IFMBGHM(X). Hence (IFMBGHM(X), 0) is a
group under the composition of maps.

Theorem 3.13: If f: (X, 1) = (Y, o) is an
IFMBGHM, then Bgcl(f * (B)) € f ™ (Bcl(B)) for
every IFS B in (Y, o).

Proof: Let B € Y. Then Bcl(B) is an IFBGCS in Y.
Since f is an IFBG irresolute mapping,
f ™ (Bel(B)) is an IFBGCS in X. This implies
Beelf & (Bel®)) = f * (Bel(B) . Now
Becl(f ™ (B)) & Bgel(f ™ (Bel(B))) = f * (Bel(B)).

Theorem 3.14: If f: (X, ) — (Y, o) is an
IFMBGHM, where (X, T) and (Y, o) are IFBgTy;
spaces, then Bel(f * (B)) = f ! (Bel(B)) for every IFS
Bin (Y, o).

Proof: Since f is an IFMBGHM, f is an IFBG
irresolute mapping. Since Pel(f(B)) is an IFBGCS in
Y, f 1 (Bcl(f(B))) is an IFBGCS in X. Since X is an
IFBgT1, space, f " (Bel(f(B))) is an IFBCS in X.
Now, f 1 (B) € f ! (Bcl(B)) € Bel(f (Bel(B))). We
have Bel(f * (B)) € Bel(f ™ (Bel(B))) =
f ' (Bcl(B)). This implies Pel(f ™ (B)) <
f 1 (Bcl(B) - (1). Again since f is an
IFMBGHM, f " is IFPG irresolute mapping. Since
Bel(f ' (B) is an [IFBGCS in X,
(F™) ~X(Bel(f ™ (B))) = f(Bel(f * (B))), is an IFBGCS
in Y. Now B ¢ (f™1 'f* B) ¢
(F Y~ YBel(f Tt (B))). Therefore Bcl(B) <
Bel(f(Bel(f * (B)))) = f(Bel(f ™ (B))), since Y is an

IFB,Ti space. Hence f ™ (Bel(B)) <
£ (f(Bel(f ™ (B)) € Bel(f ™ (B)). That is f * (Bel(B))
C Bel(f * (B)) -=--m--m- (2). Thus from (1) and (2)
we get Bel(f ! (B)) = f ™ (Bel(B)) and hence the
proof.

Theorem 3.15: Let f: X—Y be an IFMBGHM.
Then f induces an isomorphism from the group
IFMBGHM(X) onto the group IFMBGHM(Y).

Proof: Using f, we define a map ¢ : h(X) — h(Y)
by i(h) = f o h o f * for every h e IFMBGHM(X).
Then ¢f is a bijection. Also for all hy, h,
e IFMBGHM(X), ¢i(hyo hy) =f o (hyo hy)o =
(f o hyo f 4o (f ohyo f™)=glhy) o efhy). This
implies ¢f is a homeomorphism and so ¢s is an
isomorphism induced by f.

Corollary 3.16: If f: (X, ©) = (Y, o) is an
IFMBGHM, where (X, 1) and (Y, o) are IFByTy
spaces, then Bcl(f(B)) = f(Bcl(B)) for every IFS B
in X.

Proof: Since f is an IFMBGHM, f ™ is also an
IFMBGHM.  Therefore by Theorem 3.14
Bel(f ™) ~1(B)) = (F ) ~*(Bel(B)) for every B € X.
That is Bcl(f(B)) = f(Bcl(B)) for every IFS B in X.

Corollary 3.17: If f: (X, 1) = (Y, o) is an
IFMBGHM, where (X, T) and (Y, o) are IFBgTy;
spaces, then Bint(f(B)) = f(Bint(B)) for every IFS B
in X.

Proof: For any IFS B € X, Bint(B) = Bcl(B%)). By
Corollary 3.16 , f(Bint(B)) = f(Bcl(BY))° =
(fBcl(B)° = Bel(f(BY)))° = PBint(AB)° =
Bint(f(B%)°) = Bint(f(B)).

Corollary 3.18: If f: (X, ©) = (Y, o) is an
IFMBGHM, where (X, 1) and (Y, o) are IFByTy,
spaces, then Bint(f *(B)) = f *(Bint(B)) for every
IFSBinY.

Proof: Since f is an IFMBGHM, f ™ is also an
IFMBGHM, the proof directly follows from
corollary 3.17.
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