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Abstract
In this paper we introduce Differential subordination with Hadamard Product (Convolution) of Generalized k-
Mittag-Leffler function and A Class of Function in the Open Unit Disk 2= {z € C: |z| < 1}, Which are
expressed in terms of the A Class of Function. Some interesting special cases of our main results are also
considered.
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I. INTRODUCTION
In 1903, the Swedish mathematician Gosta Mittag-Leffler [13] (see also [14]) introduced and investigated the
so-called Mittag-Leffler function

E,(2) = ;m .. (1.1D)

Where z € C,a € C; Re(a) > 0, I represents well known Gamma function.

Several properties of Mittag-Leffler function and generalized Mittag-Leffler function can be found e.g. in [2],
[5]. [6]. [7]. [8]. [10], [15], [16], [17], [18], [26], [27] and [28].

The generalization of E,(z), also known as Wiman function, is given by Wiman [28]

Ea,ﬁ (Z) = ;m (12)
where a, 8 € C,; Re(a) > 0and Re(B) > 0.

Further, in 1971, Prabhakar [17] proposed the more general function Egﬁ (z) as:

v _ (N n

By =) — e .(13)
n=0

for which «,B,y € C,Re(a) > 0,Re(B) > 0and Re(y) > 0. The importance and great considerations of

Mittag-Leffler function have led many researchers in the theory of special functions for exploring the possible

generalizations and applications. Many more extensions or unifications for these functions are found in large

number of papers [4], [20], [21], [23] and [25]. A useful generalization of the Mittag-Leffler function called as

k-Muittag-Leffler function E{ra‘ﬁ (z), introduced in [6], and it is given by

_ S (]/)n,k n
Ejop(2) = Z Lt p ” . (1.4)

n=0

where a, B,y € C, k € R, {Re(a) > 0,Re(f) > 0and Re(y) > 0} and (y),, is the k-Pochhammer symbol
defined as:

Wnge =y +E)¥ +2k) ... (v + (n = 1Dk) - (1.5)
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Wherey € C, k € R,n € N.

Lately, a generalized form of k-Mittag-Leffler function was introduced and studied in [3] as:
Leta,B,y €C, k € R,{Re(a) > 0,Re(B) > 0and Re(y) > 0} and g € (0,1) UN, then

(y)nq K i

vq —
Epop(@) , Fan+p) ..(1.6)
where (y)nq i is defined as (1.5) and the generalized Pochhammer symbol is defined as (see [19]):
Iy +nq)
y = ———— . (1.7
In the integral representation, the generalized k-Gamma function is defined as:
*® __tk n—1
L,(n) = f ekt dt ..(1.8)
0
Let A denote the class of functions f(z) normalized by
f@=z+ Z a,z" ..(1.9)
n=2

which are analytic in the open unitdisc D={z € C: |z|] < 1}.

Srivastava and Tomovski [25] proved that the generalized Mittag-Leffler function is an entire function in the
complex z-plane. Using Srivastava and Tomovski [25, theorem 1, P-201], we find that, if Re(a) = 0 when
Re(q) = 0 with g # 0, Then, the power series in the defining equation (1.6) is still analytic and converges
absolutely in open unit disc D for all y € C.

Shekhawat and Goyal [22] defined that Hadamard product (Convolution) of Generalized k-Mittag-Leffler
function 37 25 (2) and A Class of Function £ (2) is

) % (a 3 B>
v.q nq .k zn
a8 N@=z+ Z I, (anq+ B) R (“ ) ( y + kq)

..(1.10)

o a,B,y€EC keR{Re(a)>0,Re(B)>0and Re(y) > 0}and q € (0,1) UN.
®  (¥)ngk isgeneralized Pochhammer symbol.
e  f(z)isanalytic in the open unitdisc D={z € C: |z| < 1}.
e B,y €C; Re(a) > max{0,Re(q) — 1},Re(q) > 0and Re(a) = 0
when Re(q) = 1 with 8,y # 0.

Let y: C2 x U - Cbe analytic in domain D, and let h(z) be univalent in U. If p(z) is analytic in U with
[p(2),zp'(2)] € D when z € U, then we say that p(z) satisfies a first order differential subordination if:

Y[p(2),2p (2); 2] < h(z) . (1.11)

The univalent function q(z) is called dominant of the differential subordination (1.11); if p(z) < q(z) forall
p(2) satisfying (1.11), if §(z) < q(z) for all dominant of (1.11), then we say that g(z) is the best dominant of
(1.12).
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Lemma-1 Let g(z) be univalent in U and let & and @ be analytic in a domain D containing q(U), with @(w) #
0, when w € q(U). Set Q(z) = zq (2).8[q(2)], h(z) = 6[q(2)] + Q(z) and suppose that either h(z) is

convex, or Q(z) is strictly In addition, assume that
Zh'(z)} >0
e —
Q@)
If p(2) is analytic in U, with p(0) = ¢(0), p(U) c D and
6[p(2)] + 20 (2). 8[p(D]q(2) < 6[q(2)] + 24 (2). 0[q(2)] = h(2),
then p(z) < q(2), and q(z) is the best dominant of (1.12).
Proof: this lemma proof by Miller and Mocanu [11],[12].

Lemma-2 If f(z) € A is analytic in the open unit disc D= {z € C: |z| < 1} then
k +
2(%0,0@) = (S (S @) = (51, @)

Proof: By using the definition of xZ:Z‘ﬁ (f)(2) which is defined by (1.10)

(Y)nq k r (%) r (a -Iic-ﬁ) aLZn

v.a
Riap N@)=z+ Z I, (an + B) RS (‘”ﬁ) r ()/ + kq)
k

Using Pochhammer symbol
KT (y +kkqn)

(1.12)

. (1.13)

()’)nq,k = F(%)
then
(1t kany r(&Hf) .
ka[;(f)()_z+z I (an + B) RETICEOR (4£) r(y—lkq)_
Differentiating
, Srt) ) W
(xz,z,ﬁ (f)(z)) =1+ z I,(an + B) RETICROR ( r (y + kq)?nz 1
Multiplying by z «
, N R
Z(NZ.Z,;; (f)(Z)> =z+ Z I,(an+ B) 1+q(1_n) (Tﬁ r (}, _qu)FnZ"
Z+z (V+kqn) F(#) aizn[y+kqn_1
B hi(an+B)  1eaa-n-(E) | (V J;(kq) n kg kq
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" y + kqn) (y +kkqn) r (05 }'{' B)

er—\

g
F
3

~ I (an + B) 1+q(1 —n)- (‘Hﬁ) ( )
o T (m) r(%) a,
I—k(an‘i'ﬁ) 1+q(1 n)— ( ﬁ) r(y+kq)FZ
k
- 2( 1)
kq kq s
o k k a
(V"‘kq) Z(y+k ). () F( K ) I,
kq e~ Ii(an + B) lra-m- (“+ﬁ) .(y -';(kq).l"(y -i;(kq) n!
F(y+knq) r(a}lc-[?) .
[]}((X‘l’l‘l‘ﬁ) 1+q(1 —n)— ( +ﬁ> r(y -|;qu> n
y+kq Z+§: y+kqn) (y+kkqn) F(a}tﬁ) a
e I (an + B) - (Tﬁ) (Y+kq).1“(]/+kq) n!
- y+knq) ( ) : k
_y Z+z %
kq & Li(an+p) e am- (Tﬁ) (y+kq)

" +
V+kq Z y+kqn+1) F(akﬁ In g
L Li(an+B) k1+q(1—n)—(“;§ﬁ) T (V ";{kq + 1) n
r (y + knq) r ( 7(' ) a

Fk(an‘l'ﬁ) 1+q(1 n)— (a B r(y+kq) n!

-(* Zq’“’)( @) - (@)

Which is the required result.

Il. MAIN RESULT
Theorem: Let
y+1m
z(xi (f)<z)) v Z(q(z))
eed D) < gt
s (@) 9(@) + 1
And
y+in
M £0(=01

f(z) € A is analytic in the open unit disc D= {z € C : |z| < 1} and q(z) is univalent in D with ¢q(0) = 1,
which satisfies the following conditions:
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Re (q(z) + %) >0

And
zq"(2) zq'(z)
Re|1+——~— >0
S Carrr
Then
z(x" () |
—< sk ) <q() .21
WG

And q(z) is the best dominant of (2.1).

Provided that:
a,B,y €C, k e€R,{Re(a) >0,Re(B) >0and Re(y) > 0}andn € (0,1) UN.

Proof: from lemma-2
, © (Y Tk 1, Y (v
2(No,(N@) = (—kn ) (N (D@) = s CRGIO)
Dividing by xzzzﬁ (f)(2), we have

z (XXZB (f)(Z))‘ _ (y + kr]) (szlﬁn % (Z)) 14

xzzg e & NZZﬁ () kn

Let

(2, 00)

p(z) = ————-
xk,a,ﬁ (f) (Z)
Then
y+1n
p(2) + L = (V + kﬁ) <xk,a,ﬁ 6] (z))
i n NZZ;; N=

’ +k ’

) (p(Z) ' %> s DO = <%) Ny (D@ . (22)

Taking differentiation

(@ + ) (¥ @)+ (7, (@) = (=) (s ) @)

'

or2(p( + 1) (N O @) +2@ (1, (@) = 2(" ) (s @)

'

() (s ©0)

or 4%AMM?@§EQ@QW@* (e + 1)
n n
, EAREO®) e

(r@ + &) (S D) (r +5)
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Using (2.2)
y+1n '
2(Np oy (D@) ')
X0 (@) (r2 +5)
k,a,B kn
Given that
y+in ' ,
2(Np oy (D@) 2(a®)
— <@+ — . (2.4)
Ry @ 12+ gn
Where q(z) is defined in theorem.
From (2.3) and (2.4) we have ,
zp'(z) z(q(2)
P@) +—— 5 <@ +%
(p(Z) + ﬁ) a\2) T 1y
By Miller and Mocanu [11] lemma
We deduce ,
2(N2,(N@)
—————<4q(2) ..(2.5)
Ry o s (@)
And q(z) is the best dominant of (2.5).
Corollary: Let
14
_—>_-5" .
Re (kn) >—8; 6€0,1)
Also, let )
+1,
2(No (H@)
T<h(2), VfEA
X @)
satisfies
+i,
GO
—r 0@ =01)
Z
then [NZ'ZM (f)(z)] € S*(6), & isthe best possible, where S*(6) is starlike function of order § and
)4
325 1+
h(z)=—1+25—1_z— ” AU
1+ﬁ+<1—26—ﬁ>2
Proof: Putting
14+ (1 -2a)z
=

therefore under the condition

Re (l> >-§; § €[0,1),
kn

We have
Re (q(z) + Iz/_n> > 0.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 240



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 50 Number 4 October 2017

After some calculation, we have

zq"(z)  zq'(2)
7@ q@) +

)4

1 1+k77

=-1+ +
11—z

Y _9s_Y
1+k77+<1 26 kTI>Z

Therefore

2q"(z)  zq'(2)

Re| 1+ -
’ Y
Q(Z) q(Z)+H

> 0.

111. CONCLUSION

In this paper we have presented differential subordination Hadamard Product (Convolution) of Generalized k-
Mittag-Leffler function and A Class of Function in the Open Unit Disk D= {z € C: |z| < 1}. The result so
established may be found useful in several interesting situation appearing in the literature on mathematical
analysis. Further many known and unknown results have been established in terms of the A Class of Function.
The results presented in this paper are easily converted in terms of the generalized Mittag-leffler function. We
are also trying to find certain possible applications of those results presented here to some other research areas.
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