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Abstract — Graph theory is a fascinating subject in
mathematics. Its Applications in many fields like
Physical Sciences, Engineering communications,
coding theory, Linguistics, Logical Algebra and
Computer networking. Let G be a simple graph with
vertex set V and edge set E and the function
f :vV —[0,1] is called a dominating function (DF)

of G, if for each VeV , the sum of the function values
over v and the elements incident to v is greater
than or equal to one. It is a minimal dominating
function (MDF), if for all g > f , g is not DF. In this

paper, we study the minimal total dominating
functions, minimal total roman dominating
functions, minimal signed total roman dominating
functions of corona product graph of a path with a
complete graph and obtain total domination
number 5 (G), total roman domination number y(G)

and signed total roman domination number y(G) of
these graphs.

Keywords — Corona Product graph, Signed total
roman dominating functions, Signed total roman
domination number.

I. INTRODUCTION

The theory of domination in graphs has a wide
range of applications. Among these applications, the
most often discussed is a communication network.
This network consists of communication links
between a fixed set of locations. The problem is to
select a smallest set of locations at which the
transmitters are placed so that every other location in
the network is joined by a direct communication link
to the location, which has a transmitter. In other
words, the problem is to find a minimum dominating
set in the graph corresponding to this network.

Generally Product of graphs occurs in discrete
mathematics. Frucht & Harary [7] introduced a new
product on two graphs G; and G,, called corona
product denoted by G, (1 G,. The corona product of a

path B, with a complete graph K,, is a graph
obtained by taking one copy of n-vertex path P, and

n copies of K, and then joining the i vertex

of P, to every vertex of i copy of K., and it is
denoted by P, [ K, where N>0 and m>0.

Allan, Laskar & Hedetniemi [6], Cockayne,
Dawes & Hedetniemi [1] and Henning & Kazemi [5]
have studied about total domination in graphs. Total
roman domination which is suggested by the article
in “Total Roman domination in graphs” by Ahangar,
Henning, Samodivkin & Yero [2]. Volkmann [3,4]
introduced the concept of signed total roman
domination in graphs.

A function f :V —[0,1] is called a total
dominating function (TDF) of G,
if f(N(v))= Z f(uy>1, for eachveV . It is a

ueN(v)
minimal total dominating function (MTDF), if for
allg>f, gisnot TDF. Let f :V —{0,1,2} be a
function having the property that for every
vertex v eV with f (V) =0, there exists a neighbor
u e N(v)with f (u) =2. Such a function is called
a total roman dominating function. The weight of a
total roman dominating function is the
sum f(v)=> f(u)>1. The minimum weight of a
ueV
total roman dominating function on G is called the
total roman domination number of G and is
denoted 7,z (G) . Let a function f :V —{-1,1, 2}is
called a signed total roman dominating function
(STRDF) of G, if f(NW))= Z f(u)>1, for each
ueN(v)
V €V and satisfying the condition that every vertex
u for which f (u) =—1 is adjacent to at least one

vertex v for which f (v) =2. A signed total roman
dominating function f of G is called a minimal
STRDF, if for allg < f, gis not a STRDF. The
weight of f , denoted f(G), is the sum of the function
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value of all vertices in G, that is f(G)=)_ f(x).

xeV
The signed total roman domination number of G,

74 (G), is the minimum weight of a signed total

roman dominating function on G.

Il. RESULTS

Theorem 1: The total domination number of a graph
G=PR, 0 K,isn.

Proof: Consider G =R, [] K,,. Let T denote a total
dominating set G = P, 0 K,,. Suppose T contains
the set of vertices of P, . By the definition of the
graphG =P, U K, , every vertex in P is adjacent to
all vertices of each copy of K, . That is, the vertices
in p, totally dominates the vertices in all copies of

K. respectively. Thus T becomes a total

dominating set of G=P, 01 K, . Also T is a
minimal total dominating set of G =P, 0 K.,. (By
the definition of minimal total dominating set).
Therefore 5, (G)=n,if G=P,0 K.

Theorem 2: Let T be a minimal total dominating
set of G =P, K., whose vertex set is V' and the

m

function f:vV —[0,1] is defined by
foy=1t TVET  pecomes a minimal
0, otherwise.

total dominating function of G and total domination
number is 3, (G) =n.

Proof: Consider G =P, ] K,,. Let T be a minimal
total dominating set of G =P, [0 K. Clearly this
set contains all vertices of P, and this set is also

minimal. Now we consider the vertices according to
its degree. Then the following cases are formed.

Case 1: Let V € P, be such that d(v):m+2 inG then
Z f(uy=1+1+0+---+0=2.
or—o—+°
ueN(v) (m)—times
Case 2: Let V € P, be such that d(v):m+1inG then
Z f(u)=1+0+———+0=1.
Jr-——+%

ueN(v) (m)—times

Case 3: Let V € Ky, be such that d(V)=MinG then
Z f(u)=1+0+-——-+0=1,

.

ueN(v) (m-1)times

Hence for all the above possibilities, we get
Z f(u)=1 weV .

ueN(v)

This implies that the function f is a total

dominating function. Now we check for minimality
of f , define g:V —[0,1]by

s, ifv=yv €T,
g(v)=4L ifveT —{v},
0, otherwise.

Where 0 <S<1 Since, strict inequality holds at the
vertexv, T, it follows that g < f.

Case 1: Let V& B, be such that d(v)=m+2inG.

(i) If
Vi € N(v), then Z gu)=s+1+0+———+0=s+1>1.

ueN(v) (m)—times

(i) If

Vi € N(v), then Z gu)=1+1+0+--—+0=2.
ueN(v) (m)—times

Case 2: Let V € B, be such that d(v)=m+1inG.
M IfveeNV)= Z gu)=s+0+-———+0=s<1.

ueN(v) (m)-times
(ii) If v 2 N(v) = Z g(u)=1+0+———+0=1.
ueN(v) (m)—times

Case 3: Let ve K, be such that d(V)= MinG.
(i) Let vy eN(v) = z gu)=s+0+-——+0=s<1.

ueN(v) (m-1)—times
(ii) Let v, £ N(v) = Z gUu)=1+0+———+0=1.
ueN(v) (m-1)—times

This implies that{ is not a total dominating function
because Z g(u) <1, forsomeveV .
ueN(v)
Hence f is a minimal total dominating function
onG=P, [ K,,.
Now Z f(uy=l+-———+1+ 0+———+0 =n.
ueV (G) n-times n—timesof (m)—zeros

Thus n is the minimum value of Z fu) ;
ueV (G)

Finally (G)=n.
Theorem 3: Let the function f:V —[0,1] is

defined by f(v):l, vveV becomes a total
q

dominating function of G=PR,[ K, if qe(0,m]
and it is minimal total dominating function if =M,
Then the total domination number

is;/(G):ln(m+1).
q
Proof: Let f be a function defined in the theorem

hypothesis. Consider G =R, 0 K, . Now we consider

the vertices according to its degree. Then the
following cases are formed.
Case-1: Suppose0 < gq<m.Here m>landgq<m.

Case 1: Let v e B, be such that d(V)=m+2inG
then
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(i) If
Vi € N(v), then Z g(u s+ + _+”7+1 <£+m_+l:m+2>1 (“)
a1 9 4q q
ueN(v) y
m-times
If
v € N(v), then Z g(u):l+l+ l+,,,+l :m+2
ueN(v) a dq L,—q/ q
m—times
Case 2: Let v e P, be such that d(v)=m+1inG.
@) If
Vi € N(v), then Z gluy=s+ 1+777+l <i+m:m+1>
ueN(v) a a a q q
m-—times
(i) If
1 1 m+1>1. Ca

VKEN(V), then Z g(u):lJr a+777+_ =
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Z f(u)=i+%+ l+———+l =(m+2).%>1.

ueN(v) Lt,—q/
m—times

Case 2: Let v e P, be such that d(v)=m+1inG then

Z f(u):1+ lJr777+1 :(m+1).i>1.
ueN (v) Lt/_q, q
m-—times

Case 3: Let veK,, be such that d(v)=minG then

Z f(u):1+ 1+———+1 :m>1_
ueN(v) g L,__q/ g
(m-1)—times
Hence for all the above possibilities, we get
Z f(uy>1 veVv.
ueN(v)
This implies that the function f is a total

dominating function. Now we check for minimality
of f , define g:V —[0,1]by

s, ifv=y eV,
V) =
9v) l otherwise.
q

1
Where 0<5< a Since, strict inequality holds at the

vertex v, eV , it follows that g < f.

Case 1: Let v e P, be such that d(v)=m+2inG.

ueN(v) q a

m—times

se 3: Let veK,,be such that d(v)=minG.

(i) Let

T
a 49

ueN () q 4 q q

(m-1)-times
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(ii) Let

Vi g N(v) = Z g(u):%Jr %Jrfferl S

ueN(v) 4 4

(m-1)-times

This implies that § is also a total dominating

function because Z guy>1 vveV.

ueN(v)
Hence f is not a minimal total dominating function
onG =P, K,.
Case-11: Suppose g =m. Substitute g =min case-l,
then we get the following results.
Case 1: Let v e P, besuchthat d(v)=m+2inG

then

Z f(u):l+l+ l+777+1 :(m+2).i>1-
qa q m

ueN(v) Lt,_q,
m-—times

Case 2: Let v e P, besuch that d(v)=m+1inG

then Z f(u):%+ %+777+1 :(m+l).%>1-

ueN(v) q

m—times

Case 3: Let veK,, be such that d(v)=minG then

D )=t ooy ljomom_y
ueN(v) g 4 g m

(m-1)—times
Hence for all the above
get z f(u=1 vveV.
ueN(v)
This implies that the function f is a total

dominating function. Now we check for minimality
of f , define g:V —[0,1] by

possibilities, we

if v=y eV,

S
9(v) = % otherwise.

Where0<s<£_ Since, strict inequality holds at the
q

vertexv, eV , it follows that g < f.
Case 1: Let v e B, be such that d(v)=m+2inG.
(i) If

Ve eN(v) = Z g=s+ialleo L L mel me2
. gl a 4 m
ueN(v)
m-—times
(ii) If
Ve gNv) = Z gu=tilfl, L me2_me2
4 a9 ql « m
ueN(v) .
m-times

Case 2: Let v e P, be such that d(v)=m+1inG.
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(i) If

v eN(V) = Z glu)=s+ £+,,,+£ <l+m:m+1>1.

ueN(v) Lv—q‘ a4 "
m-—times

(ii) If
1 1 m+1:m+1

Ve e N(v) = z G(U):lJr E+___+_ =——=—">1

q q m
ueNw) m-times

Case 3: Let ve K, besuchthat d(v)=minG.

(i) Let
Vg eNV)= Z g(u)=s+l+———+1<£+M<m<m<1.
9 ¢ g g m

ueN(v) -
(m-1)-times
(ii) Let
Ve N(v) = Z g(u):lJr l+———+1 _m_m_y
ueN(v) 4 q g m
(m-1)—times

This implies that § is not a total dominating function
because Z g(u) <1, forsome veV .

ueN(v)
Hence f is a minimal total dominating function on
G.

Thus ln(m+1) is the minimum value
q

of Z f(u); Finally »(G) :ln(m +1).
uev(G) a
Theorem 4: A function f :V —{0,1,2}is defined by
f(V):{Z’ if ve Pn. in G,
0, otherwise.

is @ minimal total roman dominating function of a
graph G=P,00 K, and total roman domination

number is yz (G) =2n  if mis either even or odd.
Proof: Consider the graph G=P,0 K, with
|V | number of vertices and | E | number of edges.
Let the function f defined in the hypothesis.

Case 1: Let V € P, be such that d(v)=m+2inG then

z f(u)=2+2+{0+———+0}=4.

ueN(v) m-—times

Case 2: Let V€ B, be such that d(v)=m+1inG then

Z fW=2+|0+-———+0|=2.

ueN(v) L m-times

Case 3: Let Ve K be such that d(v)=minG then

Z fU)=2+|0+-——+0|=2.
0+-—-—+0

ueN(v) | (m-1)-times |

Hence for all the above possibilities, we
get z f(u>1 vweV.

ueN(v)
Let u be any vertex in G such that f (u)=0.

Then Ue K, suchthatd(u)=m . LetV#Ube a
vertex in G such that f (v) =2. Then V€ P, such
that d(v)=(m+1) or (m+2), Where v any vertex
in B, . We now show that u is adjacent toV .
Ifv e P, , thenv adjacent to U . Since every vertex in

P, is adjacent to every vertex in the corresponding
copy ofK,,. This implies that the function f is a

total roman dominating function. Now we check for
minimality of f , define

1 ifv=y of B inG,
g:V —{0,1,23by 9(V) =12, ifveR —{y}inG,
0, otherwise.
Case 1: Let V € B, be such that d(v)=m+2inG.

If ve eN(V)=> Z g(u)=2+1+[0+0+———+0}=3.

ueN(v) m—times
If v e N(v) = Z g(u)—2+2+{0+0+———+0]—4.
ueN(v) m-—times

Case 2: Let V € P, be such that d(v)=m+1inG.

Ifv, eN(v)= z g(u)=1+{0+0+———+0}=1.

ueN(v) m—times
Ifv, g N(v) = Z g(u)=2+{0+0+———+0]=2.
ueN(v) m-—times

Case 3: Let ve K, be such that d(v)=minG.

If v e N(v) = Z g(u)=1+[0+0+———+oJ=1.

ueN(v) m—times

If v e N(v) = Z g(u)=2+£0+0+———+ojzz.

ueN(v) m—times
This implies that Z gu)=1 vveV . That
ueN(v)
means § is a total dominating function. But { is not

a total roman dominating function, since the total
roman dominating function definition fails in the

v, of P, in G . Because the vertex U in the
k™ copy of K, in G for which f(u)=0 is
adjacent to a vertex V| for which f (v, ) =1. Hence
f is a minimal total roman dominating function
onG.

Now Z f(u):2+———+2+[0+———+0]:2n.

ueVv (G) n—times m-times
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Finally total roman domination number is 35 (G) =2n,

if m is even or odd.
Theorem 5: A function f :V —{-11,2}is defined

by
2, |f VVI S Pn,
. . m-1 .
f(v)=9-1if ISIS(T] of each copyof K, inG,

+1, otherwise.

is a minimal signed total roman dominating function
of a graph G=P,0 K,, and signed total roman

domination number is y.(G)=3n,if m is odd.
Proof: Consider the graph G=P,0 K, with

|V | number of vertices and | E | number of edges.
Let f be a function defined in the hypothesis.

Case 1: LetV; €F, be such that d(v;)=m+2inG then
> f(u):2+2+Km_lj(—1)+(m+1j(+1)}
ueN(y;) 2

Case 2: Let Vi €P, be such that d(vi)=m+1inGthen
> f(u)=2+{[m—‘lj(—1) [m”j(ﬂ)}

ueN(;) 2

Case 3. Let VieK, be such that
d(v;)=mincandf(v;)=-1or +1.

If

f(vi)=-1= f(u)=2+[m—‘3(—1) m+l (+1)}
2 ro-ze| (T2 7

If

fv;)=+1= Z f(u)= 2+K j( 1)+( J(+1)}
ueN(v;)

Hence for all the above
get Z f(u)21 Vv, eV.
ueN(v;)
This implies that the function f is a signed total
roman dominating function. Now we check for
minimality of f , define g:VvV —{-1,1,2}by
2, if v eh,,

possibilities, we

g(v;)=4-1 if 1§is[m7+lj of each copyof K, inG,

+1, otherwise.

Case 1: LetV; €P, be such that d(vi)=m+2 in G then
> g(u):2+2+Km+1)( 1)+[ j(+1)}:
ueN(v;)

Case 2: LetV; €P, be such that d(Vi)=m+1inG then

g oo o (o5l

ueN(v;)

Case 3: Let v; e K, be such that d(Vi ) =m

ingandg(v;)=-1or +1.
If

o(vi)=-1= Y g(u)=2+[( ]( 1)+[ )(+1)}

ueN(v;)

If

g(vi)=+1= g(u)=2+[[m+1j< )+ ( j(+1)}=o
ueN(v;)

This implies that § is not a signed total roman
dominating function
because Z g(u) <1, for somev; eV .

ueN[v]
Hence f is a minimal signed total roman
dominating functionon G .

Now
RIS 2+———+2+( ]( N+ (m+1j(+1) 3n-
ueV (G) n-times

n-times
Finally signedtotal roman domination number
IS 74 (G) =3n  if mis odd.
Theorem 6: A function f :V —{-1,1, 2}is defined
by
2, if Y, eP,
fv)=4-1if 1<i S(r:j of each copyof K, inG,

+1, otherwise.

is a minimal signed total roman dominating function
of a graph G=P,0 K, and signed total roman

domination number is yz(G) =2nif mis even.
Proof: Let f be a function defined in the
hypothesis.

Case 1: Letv; € P, be such that d(v;)=m+2inG then

> f(u):2+2+[(%](-1) (%j(+l)}:4

UEN( )
Case 2: Letv; € P, be such that d

ue%;/i)f(u)=2+ﬁ j( 1)+( ](+1)}

Case 3: Let Vj €Ky, be such that d(v; ) =minG
andf(vi):—lor +1

:m+1inG then

If

f(vi)=-1= > f(u):2+[[3—1]( 1)+[ j(+1)}:
ueN(v;)

If

fvi)=+l= > f(u)=2+K%J(—l)+(%—lj(+l)}=l
ueN(v;)

Hence for all the above possibilities, we
get Z f(u)=1 vy, eV.

ueN(v;)
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This implies that the function f is a signed total

roman dominating function.
Now we check for minimality of f , define

9:V->{-112}by
2, if vy, epB,
g(v) ={-1, iflsig(m;

+1, otherwise.

Case 1: Letv; e P, be such that d(v;)=m+2inG then

> g(U)—2+2+Km+2j( 1)+[ 2j(jul)}_

ueN(v;)
Case 2: LetVv; € P, be such that d(v;)=m+1inG then

3 gw- 2{['“*2)( 1)+[”‘ 2)(+1)}

ueN(v;)
Case 3: Let V; € Ky, be such that d(Vi ) =MinG
andg(v;)=-1or +1.

If
g(vi)lsue%(;/i)g(u)%{[ )( 1)+ ( j(+1)}
If

g(vi)=+1= Z) gu)= 2+H j(—l) (——2)(+1)}

UEN(
This implies that § is not a signed total roman
dominating function because

Z g(u) <1, forsomev; eV .
ueN(v;)
Hence f is a minimal signed total roman

dominating functionon G .
Now

z f(u) = 2+———+2+( ]( 1)+( ](+1) 2n.

ueV (G) n—times

n—times
Finally signed total roman domination number
IS y4r (G) = 2n if mis even.

111.CONCLUSIONS

Here we observe that the functions of
G=PR " Kn defined in certain cases becomes total
dominating functions, total roman dominating
functions, signed total roman dominating functions.
Based on the minimality of these dominating
functions we obtained the following results.

() 7= (G) =21(G)

. B 2y,(G), if miseven.
) 74:(C) _{3;/t (G), if misodd.

2) of each copyof K, inG,

ACKNOWLEDGMENT

The research was supported by DST, New
Delhi. The corresponding author (2#) is thankful to
DST [Ref: No.SR/WOS-A/MS-07/2014 (G)] New
Delhi and management of Madanapalle Institute of
Technology & Science, Madanapalle, Andhra
Pradesh, India.

REFERENCES

[1] E.J. Cockayne, R. M. Dawes & S. T. Hedetniemi, “Total
domination in graphs”, Networks, vol. 10, pp. 211-219,
Sep. 1980.

[2] H. A Ahangar, M. A. Henning, V. Samodivkin, & I. G.
Yero, “Total Roman domination in graphs”, Applicable
Analysis and Discrete Mathematics, vol. 10, pp. 501-517,
2016.

[3] L. Volkmann, “Signed total Roman domination in graphs”,
Journal of Combinatorial Optimization, vol. 32, pp. 855-
871, Oct. 2016.

[4] L. Volkmann, “On the signed total Roman domination and
domatic numbers of graphs”, Discrete Applied
Mathematics, vol. 214, pp. 179-186, Dec. 2016.

[5] M. A. Henning & A. P. Kazemi, “k-Tuple total domination
in graphs”, Discrete Applied Mathematics, vol. 158, pp.
1006-1011, May 2010.

[6] R.B. Allan, R. Laskar, & S. Hedetniemi, “A note on total
domination”, Discrete Mathematics, vol. 49, pp. 7-13, Mar.
1984.

[71  R. Frucht and F. Harary, “On the corona of Two Graphs”,
Aequationes Mathematicae, vol. 4, pp. 322 — 325, Oct.
1970.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 297



http://www.ijmttjournal.org/

