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ABSTRACT

Recently, Raina and Srivastava [5] and Srivastava and Hussain [11] have provided closed-form expressions for a number of a general Eulerian
integrals involving multivariable H-functions. Motivated by these recent works, we aim at evaluating a general class of multiple eulerian integrals
involving a multivariable I-function defined by Prathima et al [4] with general arguments. These integrals will serve as a key formula from which one
can deduce numerous useful integrals.
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1. Introduction and preliminaries.

The well-known Eulerian Beta integral
b
/ (z—a)* Y b—1t)""1dt = (b— a)*"P 1 B(a, B)(Re(a) > 0, Re(B) > 0,b > a) (1.1)

is a basic result for evaluation of numerous other potentially useful integrals involving various special functions and
polynomials. Raina and Srivastava [5], Saigo and Saxena [8], Srivastava and Hussain [11], Srivastava and Garg [10] etc
have established a number of Eulerian integrals involving various general class of polynomials, Meijer's G-function and
Fox's H-function of one and more variables with general arguments.

The explicit form og the generalized polynomial set [7, p.71, (2.3.4)] is

SePT(@) = ) Clepuv)a®(l - rat)™ (12)

eVp‘,u!’U

where C(e, p, u,v) =

BT (=)P(=p)e(a)p(—v)u(—a — gn)e (—é - 5”)1, (=) (w) (A>b (1.3)

ulvlelp!(l — a — p)e l B

where Z :iiii andR=In+tw+p

e,p,u,n v=0u=0 p=0 e=0

We recall here the following definition of the general class of polynomials introduced and studied by Srivastava [9]

[v/U]

(=V)uqAv,
Sv(@) = ) (1.4)
n=0
where V' =0,1,--- and U is an arbitrary positive integer. The coefficients Ay, (V,n > 0) are arbitrary constants, real

or complex.

The multivariable I-function defined by Prathima et al [4] is a extension of the multivariable H-function defined by
Srivastava and Panda [12]. It is defined in term of multiple Mellin-Barnes type integral :
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| agsa, a4

. — 70,nmqy,n15 My, Ny
I(z, s2r) = Ip,q:phquw iProQr

Z.’r‘ (b]76(1)7 n 7ﬁj(‘r);Bj)l,q :

1 1 1 r T r
(C§' )v'Yj(' )303(' ))17171?"' Q(CS- )a’Yj(- )écj(' )>1,pr

(1.5)

1
— e 1.
el A H” sy -0

where ¢(s1,--+,8.),0:(s;),i=1,--- ,r are given by :

[T}, 1% (1 —aj+>_, agi)sj)
QS(Sl) e 751‘) — » A r (i) q B . r (2) (17)
Hj:n+1 4 (aj =it Q; Sj) j=1 1% (1 —bj+2 i B; 5]’)

Hnl FC< i) (1 _ C( i) _|_,yj(l) l) Hml FDU) (d§'i) . (5§i)3i)

»: (W DO @ 50
jenipr (Cj ) ) jemit1 T (1—dj +9; 51)

0i(s:) = (1.8)

For more details, see Prathima et al [4].

Following the result of Braaksma [1] the I-function of r variables is analytic if :

U, z,,: ol? ZB]ﬁ(’)+ZC(’) “ ZD(’)(S(Z) 0,i=1,---,r (1.9)

The integral (2.1) converges absolutely if

1
larg(zx)| < iAkw,k =1,---,r where

p q my Pk
S IRTLES SELEES SR ANID S AUAED S AR ST IR

j=n+1 j=1 j=1 j=mp+1 Jj=ni+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.
We will note :

A=(a;00, o aAp), (@D A DieMy e ( D A0ey, (1.11)
B= (b;; 8, 8" By)ig (@D, 60 DMy (@, Dy, (1.12)

2. Main integral

In this section, we shall establish the following Eulerian multiple integral of multivariable I-function and we shall use
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the following notations (2.1) and (2.2).

Xj = (bj — aj) + p;(tj — a;) + o;(b; — 1) @1
, (t — )1 (b — 1) X, 22)
! 7ﬁj(bj_aj)+(ﬁjpj +a; = Bj)(t; —aj) + Bjo;(b; — ;) .
for j=1,---,s
Lemma ( [2] p.287)
/ i (o Lo ¢ P VL BT W NN () 03
{b—a—i—)\t—a)—l-u( —t)}oth (b—a)T(a+p) ’
witht € [a;b] a # b, Re(a) > 0,Re(B) >0, n+ Nt —a)+ulb—1t)#0
Theorem
We have the following result
b1 /\
(t; —a;) (bj —t;)H Si(by — ;)"
/ / H XN +u]j+2 ) SU H S+T
s j=1 j=1 X;
71 Hj’:l Y'jvj A
SetT b [[Y9in,t,q, A B ksl | T ‘ ©o|dty - dt
j=1 ™ | T
s v; B
zr 1= Y57
> A UKAVK
=TT —ap) P +p) ™ Ao > M Z
j=1 K=0 e,p,un 71,
6p7u 1) {H 7Ct] +p ) KjSJ_Wszé;Tj(l+o'j)—KTj—5j<jR}aKbR
= BT
= JPj
2 [15 {81 +PJ (L)} A’
0,n4+3s:m1,n iMmy,np;l,1
IP-‘-;; (1+3€1mlrn ©iPrsqr;l,1 ) ' ™ . (24)
2 [ {8+ p) (L4 0)% |
DTy {851+ ) (14 )%}
We obtain a I-function of (r + 1)—variables
where
A/ = (1 — T — C]Ra ’U;, o 71)](‘T)a Cjt; 1)1,57 (7>‘J - KS] - ’YjCjR - Tj;’yj'U;'a e 77jU§T)arYj§jt; 1)1,57
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(7Mj - KTJ - 6j<j — T35 5jvjv o ,5j7}§7>>75j<jt; 1)1,57 (aj; a]('l)a T vaJ('T)vO; Aj)l,p

(e A0 s (7 A0 (L o 0, 151)

B = (—X; — = K(S; + 1) = G0 + G0 R = 75 = 13 (5 + ;)05 , (45 + 65)0”, (3 + 8;) G55 1o
( C] ; ]7"' ,U;T),Cjt;1)1’3,(1)]‘;6](-1),"' 3 J('r)70;Bj)1,q: (dl a6j(1)7D )) 1,15 " 7(dgr)76;T>7Dj(r))1,q77 (07171) (25)
Provided that

(l))‘J7MJ7sj7t <j7 >0ﬁ] 750 b (lj#o,pj?é_l,aj_l,
(bj —aj) +pi(t; —a;) +o;(b; —t;) #0,t; € [aj,b;] fori=1,--- ,r,j=1,---,s
() [(B; — o) (t; — aj)| < 1Bi{(bj — aj) + p;(t; —a;) +oj(bj —t;)} ;5 € [az,b] for,j=1,--- s

(i) When min(S;, T;) > 0

r 0 d(l)
(@) Re(A; + ;G (In+p)) + ) 70} Zin e ((ﬁz)) et
J

‘ 1<j<m;;
=1

~_ O 4
(b) Be(ys; +0,;(tn+p) + Y 70’ min Re <F>+1>O

1<j<m;
i=1 SIS

When max(S;,T;) <0

r (i)
(© Re(\j + S;IV/U] + 7¢I +p) + > 708" min Re (ﬁ) +1>0
J

. 1< <m;
=1

~o® 4
(d) Re(pj +t;[V/U] 4+ 9;¢(In +p)) + Z”ijj min Re Fal +1>0
i=1 7

1<j<m;

When S; > 0,7 < 0 inequalities (a) and (d) are satisfied.

When S; < 0,7; > 0 inequalities (b) and (c) are satisfied.
1
larg(z)| < EAWT, k=1,---,r Where Ay is defined by (1.10)

The multiple series of R.H.S. of (2.4) converges absolutely.
Proof

To establish the multiple integral formula (2.4), we first use the series representations for the polynomials sets SV ()
and S#7(z) respectively in its left hand side. Further, using contour integral representation for the multivariable I-
function defined by Prathima et al [4] and then interchanging the order of integration and summation suitably, which is
permissible under the conditions stated above, we find that

My UK V.K 1
KR
E E: vRCO(e. p.u. v) ————
LHS — ; ( 7p7 71]) (2 )T ./1 /T
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T by bs S 4 N EKS; 4+ \ui+KTy r (i)
& (tj —a;) i(bj —t;)H T GRA Sivj
o, &) [ [0:i6)2 / it (84T +2 j ’
i=1 al as j=1 j
In—v
1—ra [[ v Aty -+ dty dgy - - de, (2.6)
on—v
Now by writing | 1 — 7z* H ijq in terms of contour integral and changing the order of integration therein, we
obtain
[(v/Ul
_ (VukAvik wxyr
LHS= Y Y 7 vEC(erp ) G }
K=0 e,p,u,n Ly

T b] bs
O(6r - &) [0: ()28 (—b%)&* D(=€a1)D(0 — dn + &) [ / /
=1 ai a

s

(t —aj; )A +KS (bJ - t )u1+KT C R+Zl 157") +C]t§r+1
H ARG T diy---dty| €y - d&rdéran 2.7)
=1 j

Substituting the value of Y; from (2.2) and after simplifications, we get

X UKAVK 1
L.H.S = KbRC(e,p,u’U)i/ / /
Kz:() e,gu:n (QWW)TJrl Ly L, JL,q1

T

$(&1, -+ &) [[0:(C)2 (—7b) 5 T(=&a)T (v — on + & 1)

i=1

XjHit K (S5 +T5) 42+ (7546 (RG+ 307, €087 +¢ 6 41)

[/bl /’bs hd (t —a ))‘ G HESj+v5 205 151'“ +'YJCJ(R+17§T+1)
a as -
! =1 X;

+KT;+8; S1_, & Rty (G R+72y &y +¢5t6r41)
(bj —tj)" +85 7y 00§ 45 C (Rbegrgn) <1_(/Bj_aj)(tj_a/]‘)> G R Givy G +1}

B(R<j+22:1 EWJ- )£ ¢itErn) B X;
J

Aty -~ dt,|dér - dgpdEq (2.8)

< 1»tj € [ajab]] fOl‘j:]-a"' S

. (Bj — aj)(fj —aj)

BiX.
then use the binomial expansion is valid and we thus find that
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RAY ( )UKAVK KbR
Lis= Y Yy s e [T 2o
K=0 e,p,un T1, ,Ts= j=1 J:

1 - i T\Sr+1
(2w)“/L /L /me(&,m &) il;[lai(gi)zfl (=7b5) " T(=&p1)D(v — 6+ &1

i=1

ﬁ {F(Tj +RG + X0 &0l + ¢répan) g RG+EL L€l +<Jr§r+1>}
T(RG + 300, 5“{;1) +GtEy)

by t — Qs )/\ K S+ 20— 151 JF’YJCJ (Rtvérq1)+T5
/ /a j=1 X)‘ +N]+K(S +T; )+2+(’YJ+5 )(R(]J’_Z:‘ 151 +<Jt§r+1)+7'g
(by — @y oI+ Sl v 403G (e gy, dts] dg; -+ dg g,y 2.9)
Now using (2.1) and then evaluating the inner-most integral by using the lemma (2.3), we get

[(V/U]

LHS = H{ Tl p) N o) RS Y Z She

K=0 e,p,u,n 11, ,7s=0

H i — )T (14 pj)~ K_,ijfngijTj(l_I_Uj)fKijéjij SR

,p,u ’U TR
A 7 +¢;
= 718,

1 - i T\Sr+1
(2w)+1/L / me(&,'-~ &) il;[lei(gi)zfz (—=7b%) " D(—&r 1)L (0 — 0 + 1)

- { F(Tj+/\'+KS'+’YjCjR+Fszl 1& +’Yjéjtgr+1+1)
DA+ py + K(Sj +T3) + (7 + 0,) (G R+ X0y €08 + Ge6rgn) + 75 +2)

D(=&r )T (0 = 4 &) Ty + Kij + 8GR+ 65> &0l +8,65G41 + 1)}

i=1

s T, iy r_ vl s
H{(upj) L1+ ;) 53}2— I

(1+/0j)_'ijj‘1(1—|—aj)_5.1CjQ(_Tbt) Eri1 .
Bi

e dép - --dédéqr (2.10)
B

Jj=1

Finally, reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable I-function, we obtain the
result (2.4).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 6



lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 51 Number 1 November 2017


lalitha
Text Box
ISSN: 2231-5373                                   http://www.ijmttjournal.org                                      Page 6



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 51 Number 1 November 2017

3. Particular cases

The multivariable I-function occurring in the main integral can be suitably specialized to a remarkably wide variety of
special functions which are expressible in terms of E, G, H and I-function of one and several variables. Again by
suitably specializing various parameters and coefficients, the general class of polynomials and the general sequence of
functions can be reduced to a large number of orthogonal polynomials and hypergeometric polynomials. Thus using
various special cases of these special functions, we can obtain a large number of others integrals involving simpler
special functions and polynomials of one and several variables.

On taking V = 0,U = 1 and Ag g in (2.4), the general class of polynomials SV () reduces to unity an we get

Corollary 1

b s
! (t; —a)(bj — )" o pr . .
/ /a H >\+,u7+2 Sg bHY]7t>t7quaB7kal

s j=1 j=1

’
s v;
71 Hj:l Y; A

1 |dtdte= [T —a) T A )T A gy
| j=1
Zy H] 1Y vi B
oo
i — O 1—|—p) 'YJ'CJ'R_TJ(l_'_O-.)—(szR
Z Z Cle,pu,v) H 2 13TiTGR . bl
€,p,u,m T1, -, Ts=0 j=1 Tj.ﬂj
2 [y {B(L+p) (L +05)%} " o
. 1
0,n+3s: M5 i My, N1, 1 B
Ipﬁiwﬂgi :114117 T,p:tqr;l,l ) v ' (3.1)
Z"'HJ 1{ﬁ]1+p] i 1"‘0' 57} Bll
b I] ] 1{531'1‘[); )7 ( 6]} Gt
where

All = (177—] Cj ; j»"' 7{0](‘7‘)7Cjt;1)1,sa(7>‘j 7’YjCjR77_j;PYjU;7"' aWj,U](T)anCjt;l)l,sa
(7Mj - (SjCj — Tj5 5]”]7 o ’5jU§T)’ 5jCjt; 1)1,5; (aj; aj('l)a T aa§r)a 0; Aj)l,p

1 1 1 T T r
(e O s (A O (-0 b 151

B' = (=Aj = m5 — Gy +6;)R — L (5 + 65 ) (it ) () (v +95)¢T D)1 s

T r 1 I
( C] ; ]7"' ,’U; )7<]t11)1,sa(b]76§1)7 765 )70§Bj)1,q: (d§1)76§1) D( )) 1,15 " (d§ )767 7D" )) s (07171) (32)
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with the same notations and corresponding validity conditions that (2.4).
Putting s = 1 in (2.4), we arrive at the following integral form

Corollary 2

"t —a) o =" [ (E—a)% (b - )"
t/‘ porne Sy la T SePT Y s, t,q, A, B, k3]
@ J

1

nY? | A
1 ' oAt dts={(br —a) T A+ p) T A+ o)
ZTYU(T) B
[V/U] 00 T —KS—vy—1 —KT—-6(R
—a)(1+ R 1+o
Z Z Z UK LES C(eapa u, U){(B ) ( p) T|67+CR( ) }aleR

K=0 e,p,u,n 11=0

allia B0+ p) (o)} |
3 2
0,n+3:m1,n15- sme,ne;l 1 .
fpfa,q!?inﬁél -’,’L,,,Z,,.;l,l ) ) ) 3.3)
S . . —U.
Zy Hj=1 {ﬁj(l erj)%(lJrUj)é]} ! B’y

b* Hj‘:l {Bj(l +p;)(1+ Uj)(sj }_le'

where

Ay=(1—m — (R, - v (1), (A = KS — (R — ;9 ), (s 1),

—p— KT —6CR—7;80, -, 60" 8¢t 1), (az;0tM - ol 0; 4
J

7 ) b J b)
: ( i ’ 51) C,(l Jipse (e S”ﬂf) C ) ol —v+dn,1;1)
Bo=(-A=p=K(S+T) = (v +O)R =71 =L (y + 00, (v + 0, (v +6)¢e; 1),

(1= CR v, 0™ 1), (b 8, 8,0 By)ags (A, 8 DYy g5 5 (@7, 6075 D)y 405(0,151) (3.4)

7 J 7

with the same notations and corresponding validity conditions that (2.4).

Putting ¢; = b;(b; — a;j)v;;7 =1,--- ,sin (2.4), we obtain the following result.

Corollary 3

(el gl T 020 | o | T vt 4,
H X/)\ +.U’J+2 U GHW n H 60,4, A4, D, R
J

j=1 j=1
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’
s v
71 H]:] Yj A

s [V/U)]
7 . . dtl"'dtS: H{(l‘*‘p]’)i}\jil(l‘i‘a Hj— Z Z
’ (M B Jj=1 K=0 e,p,u,n
Zy HJ 1 Y; Vi
i 7(_V)UKAV’K C(e,p, u,v) H =)V (L ) TR RT (1 4 0y) KD TOGR g
| ’ i+ R
T1,,Ts=0 K j=1 Tj!ﬂ? !

71HJ {81 +PJ )% (1 +Jj)6j}_vj

0,n+3s:m1,n1;- mr,nr;l,l . .
L e A = ) 3.5)

Zr Hj:l {B_j(]. +p;) % (1 + Uj)sj }_”j o
b H}g‘:l {B; (14 p;) (14 o) }—4.11

where
X =vj(pj —0j) +p;j +1 (3.6)
and

((1— vj)*fvjj (X§)1==d
(0 + Bipj) (L —v;) + (1 + 0;)B;v;

3.7)

J =

for j=1,---,s
with the same notations and corresponding validity conditions that (2.4).
If = 2, the multivariable I-function reduces to I-function of two variables defined by Kumari et al [3]. We obtain

Corollary 4

b
! (t; —aj) (b —t;) (t; —aj)%i(b; —t;)T
/ /a H ]A +u1+2 SU H 2 S+TJ

s =1 J

’
s v;
21 Hj:l Y; A"

SetT b [[Y9in,t q, A B ksl | T : L [dtedts
j=1 2 .//
79 H] 1 Y J ]B
s /z] UKAVK
= [T —a) A+ p) ™ Aot h Y Y Z
j=1 K=0 e,p,u,n 71, ,7s=0
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Cle,p,u,v)
. i+ R
_ T]!ﬁj

allia B+ a+a)} ™ |

0,n+3s:m1,n1;ma,na;1,1 . ’
Ip+39 q+3s:p1,q1;p2,q2;1,1 (2) . (3'8)

2 Hj L 184( 1+Pj)”'(1+0j)5"}_v‘7‘ B
b*[] 7 1{/67 L+ p;) (1 +U7) : }_Cjt

where A", B A" B"" are equal to A, B, A’, B respectively for r = 2 and we have the same conditions that (2.4) with
r=2.

Corolary 5

If » = 1, the multivariable I-function reduces to I-function of one variable defined by Rathie [6]. We obtain

b be s ;
o H(tj_aj)k’(bj— H (tj —a;)% (bj — ;)"
. o T2 51T
! s g=1 J

j=1 J

,B,T : ¢ . 0,n s V] (Cla’Yl;Cl)a' ) (ap,"/pmc)
Sn bHYJ’t’t’%A’B’k’l Ip,q < “ Hj:l)/j (dlu(sl;Dl)v (d 6Q7aD)

Jj=1

s [V/U]

AL =) A o)™ a4yt 5SS 3 Z ﬂ

j=1 K=0 e,p,u,n 71,

(B = ) (L py) TSGR (1 ) KGR

Cle,p,u,v) — a
j=1 Tj!ﬂjﬁg
21 [[524 {B;(1+p) (1 +05)%} 7" | Ay
0,n+3s:1,1 . .
Ip+3s,q+35:1,1 . (39)
C /
b1 7 1{571+p7%1+0’ } ’ Bs
where

Ay =1 -1 =GRV, (s 1)1, (=X — KSj — 7GR — 7539505, 756 1s,
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(—pj — KTy — 8, R — 133050}, 8;¢50 s (47,4850 s (47,4875 081405 (L= 0+ 6m, 131)

B'3 = (=Aj — pj — K(Sj +Tj) — (v + 0) R — 75 — 15 (75 + 65)07, (v; + ;)¢50 1)as

(1= ¢GR: v} Ge D (@D, 60 DMy s 5 (d,607: D), g5 (0, 151) (3.10)

J J

we have the same conditions that (2.4) with r = 1.

5. Conclusion

Our main integral formula is unified in nature and possesses manifold generality. It acts a key formula and using various
special cases of the multivariable I-function, general class of polynomials and a general sequence of functions, one can
obtain a large number of other integrals involving simpler special functions and polynomials of one and several
variables.
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