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ABSTRACT

Recently, Raina and Srivastava [5] and Srivastava and Hussain [12] have provided closed-form expressions for a number of a general Eulerian
integrals involving multivariable H-functions. Motivated by these recent works, we aim at evaluating a general class of multiple eulerian integrals
involving a multivariable Aleph-function with general arguments. These integrals will serve as a key formula from which one can deduce numerous
useful integrals.
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1.Introduction and prerequisites

The well-known Eulerian Beta integral
b
/ (z—a)* Y b—1t)""1dt = (b— a)*" P 1 B(a, B)(Re(a) > 0, Re(B) > 0,b > a) 1.1)

is a basic result for evaluation of numerous other potentially useful integrals involving various special functions and
polynomials. Raina and Srivastava [5], Saigo and Saxena [6], Srivastava and Hussain [12], Srivastava and Garg [11] etc
have established a number of Eulerian integrals involving various general class of polynomials, Meijer's G-function and
Fox's H-function of one and more variables with general arguments.

For this study, we need the following series formula for the general sequence of functions introduced by Agrawal and
Chaubey [1] and was established by Salim [7].

Ry (B Fog. hip.g; ;e 1= Y d(wv,u b ek kp)a” (1.2)

wov,ut e,k ko

(_)t/+w+k2 (_’U)u(—t/)e(a)tln 5w+k1 F’)’nft’
wlvlultlell! ki lko! (1—a—1t).

where ¥(w, v, u,t', e, ki, ko) =

(—a—n)e(—=B —dn)y

(1.3)

qurkz h5n7v7k2 (1} _ 577)k Et/ <p€ —+ Tw + A + qu)
k ) koo
n

l
e3¢} n v n t’ oo
and > =D > > 2.0 >
w,v,u,t’ e ki,ko w=0v=0u=0t'=0 e=0 ky,k2=0
The infinite series in the right hand side of (1.2) is absolutely convergent and R = In + qu + pt’ + 7w + 7k; + kag.
We shall note R"[x; A, B, ¢, d;p, q;7,6;e°" | = RYP[x; A, B¢, d; p, q;7, 038, 7] (1.4)

We recall here the following definition of the general class of polynomials introduced and studied by Srivastava [10]

(v/U]

(=V)unAv,
SY(z) = Z #z” (1.5)
n=0
where V =0,1,--- and U is an arbitrary positive integer. The coefficients Ay ,,(V,n > 0) are arbitrary constants, real
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or complex.

The multivariable Aleph-function is an extension of the multivariable I-function recently defined by C.K. Sharma and
Ahmad [9], itself is a generalization of the multivariable H-function defined by Srivastava et al [13]. The multivariable
Aleph-function is defined by means of the multiple contour integral :

Z1
0,n:mq, M1, M, N ’
We have : N(z1,+ -+, 2,.) =R ol
(21, ) Pi,qi,TiRp, (1) 54, (1) Ty (1) 5B 55D, () 58, () 5T, () s BT
Zig-
1) (r)
1 OO € R :
[(aj;ag. ),~~~ 7O‘§'T))1,n] Amilagis o, 0 Jatip]

........................... ,[Tz‘(bji;ﬁjpa e >5‘§Z))m+1,qi] :

1)y LD (1) (1) . . r r r r
L R R LG R DI ) R (ot O TN L T At A M)

J Z
1)y (1) (1) <) AN R
(8 0 o8 b )60 i 85 )
1 T
= o ey ér ||0 Sk dgy - - de, 1.6
(2m)7”/L1 /Lfb(fl’ ’“IH k()27 A&y dg (1.6)

with w = v —1

W&, ) = [ Tt —a; + Zzzl O‘;k)g"> (1.7)
S Ty Dlagi — Sho alW ) T DL — by + S5, BV )]

me TP — 6 ) T, T(1 — ) 4 4P
and Ok (k) = R(K) H (k) ( ’ (kf)k)H (k) ( p (k) & g(k)) (k) (1.8)
D i1 [T HJI 1 L (1 dﬁ(k) + 5ﬂ(k) )Hj;nk+1 ]‘—‘(C]'i(k) ”w)fk)]

For more details, see Ayant [2]. The condition for absolute convergence of multiple Mellin-Barnes type contour can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , where

n Dpi P;(k)
(k) (k) (k) (k:)
AP =0 r 30 o) Yl Z =m0 Vi
j=1 j=n+l1 =1 j=nr+1
mi q,(k)

—I—Zéj — Tk Z j(k()k)>0,withk=1,---,T,i:1,---,R i(k):l,---,R(k) (1.9)

5

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence

conditions of the multivariable Aleph-function.
We may establish the the asymptotic expansion in the following convenient form :

N(Zl,"' ,Zr):()( |z1|°‘1,-" ,\Zr|o‘"),ma:1:( |z1|)... 7‘2T|)—>0
N(z1,- o 20) = 0( |21, o 2e|™) ymin( |z, -, 2| ) = 00

where k=1,--- ,r:ap = min[Re(d§k)/5§k))],j =1,---,mgand
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B = maz[Re((c)” = 1)/7))],j =1 my

For convenience, we will use the following notations in this paper.

V=myn - ;mp,n, (1.10)
W=p,0, ¢, T;n; R(l), D) s Qi) 5 Ti(r) R (1.11)
A={(az;0{", o)} milagiall ol e {170

i (23 1 B mr o A 1m0 (€ YT Y (112)

1 r
B ={7i(bjs; B ( ) : 5( ))m+1,qi}a{(d§'1)353(‘1))1,m1}77i<1>(d51()1)563(:()1))71%1—#1,11 a
{38571 m, b 7 (A0 8570 om0, (113)

2. Main integral

In this section, we shall establish the following Eulerian multiple integral of multivariable Aleph-function and we shall
use the following notations (2.1) and (2.2).

Xj = (bj —a;) +p;i(t; —a;) +0;(b; — ;) 2.1)

(b —a) (b — ;) X,

Y, = 2.2
T Bi(by — ag) + (Bipy + oy — Bty — a;) + B0 (b — t5) 22
for j=1,---,s
Lemma ( [4] p.287)

) ) (N1 4 )T (Q)T(B)
/{bfa+A (t—a)+ub— o = b—al(atd) (2.3)

witht € [a;b] a # b, Re(a) > 0,Re(B) >0, n+ At —a)+ub—1t) #0
Theorem

We have the following result

[ T s o e

s Jj= 1

s 2 szl}/}vj A
bHYCj;A,B,c,d;pvq;%&ﬁﬁ] N ’ C | dty e dt

j=1 () )
B
Zy H] 1Y ’

Rﬁ’ﬁ
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s [V/U] oo
_ L L VIvkAv,k
ok 8 | RO E N (R AR D DD DY D Ko on)
=1 K=0 1=0 w,v,u,t’',e,k1,ka T1,""* ,Ts= 0

a;)™(1 +pj)*Kij*7]‘CjR*Tj(1 _|_gj)*KTj*5jCjR SR
Tj!B]TJJerR

¢(W,U,u,t/,€,k1,k2) H (ﬁj

Ty {80+ o) (1405}

0,n+3s:V;(1,1) ) .
pi+3s,qi+2s,m; R:W;(1,1) RO (2.4)

2 [l {851 +0)7 (1 +a‘)‘}_2 B
% ] 1{53 1+pj)%(]-+0]) } 7

We obtain a Aleph-function of (r + 1)—variables

where

A= <1 —Tj = CJ ; 37' o av‘gr)vng)l,sv (_)‘] - KS] _WJCJR - T],’YJU;, e afij;r)a,yjch)l,sa
i — KT: — §:C:R 50,80 8. s T(ag; D, al 0)1 )
(=1 = 0GR = 70505, 0507, 65Ga)1ss {(ag5057 e, 0)in

1 r 1 1
{rilajs ol ol 0ngrp b LA b (0 sy s

{075 i 1o T (50390 maet .5 (1 = 0 4 0, 1)

= (1= GRvp 0 Ga)re (2A =y = K(S+T3) = Gy + )R =75 = L (35 + )0, (35 + 6500 (35 + 7))
Amibyss B B 0mgra A3 05 ) m, b (03800 s 1.0,y 5
{(d§r)7 5] NV, } Tico (d_g()ﬂ ; 5;;% Jme+1,,0 5 (05 1) (2.5)

(w,v,u,t’, e, ki, ks) is defined by (1.3)

and

R=lIn+qu+pt + 71w+ 71k + kog (2.6)
Provided that

() Ao 117, 87,5, G 0S) > 0,85 # 0,05 — a3 #0,p; # —1,05 — 1,

(b; —aj)+pi(t; —a;) +oi(bj —t;) #0,t; € [aj,bj]fori=1,-+- ,r,j=1,--+ s

(D) [(Bj — ay)(t; — ay)| < [Bi{(bj — a;) + p;(t; —aj) +oj(bj —t;)} |5t € [ag,b5] for,j=1,---,s
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(iii)When min(S;, T;) > 0

e
(@ Re(Nj +7;GR) + § sy min Re (ﬁ) +1>0
i—1 IJIMG

4
(b) Re(pj +6;¢R) + Z’y vj | Juin Re ((&) +1>0

<J<my;

When max(S;,T;) < 0

0 4
() Re(\j + S;[V/U] +;¢R) +Z’yj | Jnin Re 0 +1>0
J

<JsSm;

) d(7)
(d) Re(pj +t;[V/U] 4+ 0;¢R) +Z% min Re (6 >>+1>0

1< <m; (
J

When S; > 0,7T; < 0 inequalities (a) and (d) are satisfied.

When S; < 0,T; > 0 inequalities (b) and (c) are satisfied.
. 1 AR here A® i given in (1.9
(1v)|argzk|<§ ;7. k=1,---,r where A;" is given in (1.9).

Proof

To establish the multiple integral formula (2.4), we first use the series representations for the polynomials sets S¥ ()
and R®P[z; A, B, ¢,d;p, q;7, 6;s,7] respectively and the expansion serie of the exponential function in its left hand
side. Further, using contour integral representation for the multivariable Aleph-function and then interchanging the
order of integration and summation suitably, which is permissible under the conditions stated above, we find that

[(V/U]

A
LHS = Z Z Z (= )[I(J'K' V.K a® bR smp(w, v, u,t', e, ki, ko) 27_‘_w ~/L1 /

K=0 n=0 w,v,u,t’ ek, ko

by t — . )\ +KS (b — . )/J,j-ﬁ-KTj . r L (3)
57 ] J GRAY2_ &iv;
V(€6 Hg (&)= / / XN +uJ+K(S IT;)+2 Y; ’
as j=1
n—v
c S v
1+ aquYf” Aty ---dt, déy - - dg, 2.7)
j=1
on—uv
Now by writing [ 1+ gbq H Yf-’q in terms of contour integral and changing the order of integration therein,
j=1
we obtain
[V/U] o

B (—VukAv.k WK PR / / /
LS = Z Z Z 7 'F( 6n) b s p(w, v, u,t’ e, ki, ka) (2n wr—‘,—l L Lo

K=0 n=0 w,v,u,t’ e,k ko
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¢(§1,...,£r)ﬁ 0:(&)z _<CZ(1)§’“+1 D(=&41)T(v = dn+&41) l/bl /

=1
(tj — ag)MHR5 (b — )T RTs LGRS 6ol ¢80
H NG TR (84T +2 Yy ' dty - dtg|déy -+ - d§pdErp (2.8)
i=1 j

Substituting the value of Y; from (2.2) and after simplifications, we get

- [Vzﬂf]i (Vv Avik af s ( t ek k)é
LHS= Z KWL (v — on) o Rt 6 R (2mw)™ 1t Jp, Ly

K=0 n=0 w,v,u,t’,e,kq,ks

g\ &r1
(LCSPEERISY 1_[(9 (&)= (Cb ) (=& )T (0 = 0n + &41)

b1 t — a~)AJ+KSJ'+’Yj i 1£LU +'YJ<J (R+q€r+1)
/ /a >\ +N3+K(S HT5) 42+ (95 +85) (RG A+ &iv8 +¢5a6r11)

r (s r NN
(bj — s )M]+KT +5 >0 151 +’Y;C;(R+q€7+1) <1 B (5] . aj)(tj _aj)> (GG R+, €ivj +(qur+1)}

ﬁ(RCJJ”ZT 1 £7. +<]q£r+l) /BJXJ
g

dty -~ dty|der - dépdésn (2.9)

< 17t] € [ajybj] for.j:17“' » S

. (Bj — %‘)(fj —ay)

BiX

then use the binomial expansion is valid and we thus find that

[V/U] 00

(=V)vxA —
LS = ZZ Z Z ﬁ KbRsn¢(wvut e, k1, ko) H{TZJ)}

K=0 n=0 w,v,u,t’e,k1,ka T1,"*,Ts= =1

g L v o T () Pt on s 6

f[ {F(Tj +RG+ Y gl + §Q§r+1)57<R<]+2; L& +<]qsr+1)}
rwg+z;£@-+@@m

=1

by t . )/\ GRS+ 2 fvﬂq’,('i)"""/jqj(R""‘Ifr-%—l)J"Tj
/ / >\ Gt +K(S +T )+2+<'Yj+6 )(RCJJ’_Z: 1 51'“ +§]qgr+1)+77
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(b; — zj)upLKTjJréj > fm,y(_iﬂréjc_’/(R+q57-+l)dt1 - dts] dé; ---dédé g (2.10)

Now using (2.1) and then evaluating the inner-most integral by using the lemma (2.3), we get

[V/U] oo

. I —V)ukAv,k
LHS = H{ )T AT e Y Y Y > 02!7,!%[(1;;5@)

K=0 1=0 w,v,u,t’,e,k1,ka T1,"* ,Ts=

a;)%(1+ pj)*stj*ijR*Tj(l 4 gj)*KTj*%CjR KpR

s (B
1/)(w7v,u,t/,€,k1,k2) H : 1gTi TG
Tj.ﬁj

el ARy B AR TCHE 13 (@ () e ot )

f[ { F(Tj-i-)\j-‘rKSj +’Yj<jR+’7j ZZ 1& +7jqu£,«+1+1)

21 DOy + gy + K(S;+T5) + (5 + 5)(GR+ X0y 608 + €5q€041) + 75 +2)

D(pj + Kij + 8GR+ 05 Z&-v]@ +0;€qGr+1 + 1)}F(—§r+1)r(v —on+&41)

i=1

s _T. Yy i vl s
H{(1+pj) Y1 +0y) 5”}2 Y I

Eri1
1 N—vi€ia(1 N—8iCia0pha
5 {( -H’g) ( +UJ) ¢ } dép ---d&dé (2.11)
J j=1

g7

Finally, reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable Aleph-function, we obtain
the result (2.4).

3. Particular cases

The multivariable Aleph-function occurring in the main integral can be suitably specialized to a remarkably wide
variety of special functions which are expressible in terms of E, G, H and I-function of one and several variables. Again
by suitably specializing various parameters and coefficients, the general class of polynomials and the general sequence
of functions can be reduced to a large number of orthogonal polynomials and hypergeometric polynomials. Thus using
various special cases of these special functions, we can obtain a large number of others integrals involving simpler
special functions and polynomials of one and several variables.

On taking V' = 0,U = 1 and Ay ¢ in (2.4), the general class of polynomials SY () reduces to unity an we get

Corollary 1

by Aj . s

(t; —a;) (by — t)" |

/ / H );A +,u7j+2 : Rn,ﬁ b I | YCJ;Avaca d;paq;775;577—
as i =1

Z1 Hj‘:l 1/J‘Uj A
N : ©odty - dt= H{(bj —a)) r (14 p) VT A o)

o™
i B
Zy H_] 1Y
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f: Z Z Y(w,v,u,t’, e ki, ko) H —a;) (L4 pj) SR (1 4 o) %GR
niT(v — on) Tj!ﬂ;j+CjR

n=0 w,v,u,t’ eky,ko 71, Ts=0 Jj=1

21 [Ty {85 (1 + pj) 7 (L4 05)% A
. 1
R 5 a0.n+3s:V3(1,1) )
ISR g qits, s RW(1,1) ' o | (3.1)
ZT’H] 1{/3j1+pj)%(1+0) } 2 B,
% 31{/831+p3% } "
where
Ay =1 -1 =GRV, - ,U;T),CjCI)Ls, (=X = WG R = 759505, - - a'YjU;T)a'YjCjQ)l,Sa
(_/J“] - 6]<J — Tj3 5JUJ? o 76jU.§T)7 6jCjQ)1,sv {(a_]7 (l)a o ’a;’r), O)l,n}v
1 r 1 1 1
{rilajiol) 0l 0ngrp - )10 b (i r 8 gy
{2 1 700 (€530 375500 Yt (L= 0 48, 1)
By = (17CjR;U;,"' avg‘r)aqu)l,sa(*)‘j C](Fy] +5 ) (rY] +5 ) ! a(’Yj+5j)v]('r)>(7j+5j)4ﬂ)1,s

1 1 1 1 1
i B B Ot g} (@585 s} i (A0 180 Ym0
(@36 ) 1m, 3o i (A7)0 Ym, 1,0, (0, 1) (3.2)

with the same notations and corresponding validity conditions that (2.4).

Putting s = 1 in (2.4), we arrive at the following integral formula

Corollary 2

blt* Ab*t“ t* Sjb*tT
/ Eoa) 20 gyl )}Rﬁ’ﬁ[bYC;A,B,c,d;p,q;%&sﬁ]

X>\+H+2 XS+T
1 J
Z1Y A V/U o
R e (e a Y S
” Y,U(r) B K=0 n=0

o Avix ey o (B= )7 (14 p) K577 (1 4 ) -KT-5¢R
Z Z Klp 'F (v _5n)w(w,v u e k1, ka)ambs 7187 HCR

w,v,u,t’ ek ky T1=0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 23



lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 51 Number 1 November 2017


lalitha
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 23



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 51 Number 1 November 2017

’
—v

n{B(1+p)(1+0)°} A,

0,n+3:V;(1,1) .
Pit+3,qi+2,m; RW;5(1,1) ' . (3.3)

¢

2 {B0+p (1400} | 5,
LB+ p) (L +0)}

where

Ap=(1 -7 — (R -+ 0" (), (=X = KS = (R — ;70 -+ 30" ¢q),

{(ag;a, ol 0)a}(~p = KT — 6CR — 1080/, 50", 8¢q),

{rilajisaly al? 0hnrp b L) b i (s Y g,

{75 1, i (€09 b, (L= 0+ 6, 1)

By = (1—(R;v',- - 0", Cq), (A= p— K(S+T) = ((y+ R =71 = L; (y+ 60/, (v + 6)v™), (v + 6)¢q)
ATibiis B3+ B3 O} (5505 ) 1 ms b 7o (0038300 Dm0,y

(@50 1, b i (5038570 Y1,y (0,1) (3.4)
with the same notations and corresponding validity conditions that (2.4).

Putting ¢; = b;(b; — aj)v;;7 =1,--- ,sin (2.4), we obtain the following result.

Corollary 3

(1 —vj)hivk “7 (1 —v;)Siv)
/ /H X//\+,LJ+2 H X/S+T

’
s v;
2l Y7 | A

S
Ry? b [ Y/95 A, B, d;p,q;v, 68,7 | R ' | dte-dts
j=1 L | T
o | B
ZTH] 1 Y;
s [V/U] o o0 V)oxAv
=S TI{a+p) M a+a) Y > > Z lrv_an)
j=1 K=0 n=0 w,v,u,t’,ek1,ks T1,*,Ts= 0

w(w’ v, U, t,a €, klv k?)

f[ (Bj —a;)(1+ pj)—Kij—'ijR—Tj(l + Uj)—KT7—5_jC.7R KPR
Tj!/B;'j+CjR
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allio B+ ) M re)} ™ |
0,n+3s:V;(1,1) ' ,
pi+3s,q;i+2s,7;;R:W;(1,1) ) ’ L ) (3.5)
ZTH] 1{51'1"'93)%(1““7)‘} JC B
cb? q
% j=1 {ﬂj (L4 p;)7( } ’
where
Xj=vi(pj —oj) +p;+1 (3.6)
and

((1— vj)x_w;?j (X))
(o + Bipi)(1 —vj) + (14 05)B;v;

(3.7)

Jj=

for j=1,---,s
with the same notations and corresponding validity conditions that (2.4).

Putting r =1,n=p;, = ¢, =0(: =1) in (2.4), the multivariable Aleph-function in the L.H.S. reduces to Aleph-
function of one variable defined by Sudland [14] and we have

Corollary 4

b )\
! t —CLJ (bj 7 b —t; )
/ /a H A +MJ+2 H S +T

s j 1

S
Rﬁ’ﬁ b H ySi i A, B, c,d;p,q;,0;8,7 N%IQNIT”< 21 H;:1 Yjvj
j=1

(aj, Aj) 1, [eilazi, Aji)lnsip., )
( bj, Bj)1,ms [ei(bjis Bji)lma1,q0r

o0

JukAv, K

[V/U] ~
dty - dty = { T4y — ) (1 o) > Ao ST Y ;(v T(o —on)
K=0 =0

n=0 w,v,u,t’ ek ko T1=

_ (1 =K S —vi¢i R=75 (] N—KT;—6;GR
H a;)% (1 + pj) (1+0)) oK pRgn

(w,v,u,t', e, ki, k) —
Tj!/@;ﬁ+CJR

Z1 szl {Bi(L+p;)5 (1 + ;)% }wj Az
]\/Il,N1+352(1,1) . .
NPi+35,Qi+2$,T;:(1,1) i ) (3.8)
cb? s i G
LT {Bi (L +p) 7 (1 +0y)% ) | Bs

We obtain a Aleph-function of two variables defined by Sharma [8], where

Az = (1 =75 — RV}, (q)1,s, (= Nj — KSj — %GR — 7537505, 756 1s
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(== KT — 06CR — 713,00}, 0;¢q)1,5, ( 5, Aj)1m, [€i(@i, Aji)]ngi,pi,s (1 — v +0n,1)

By = (1 — G R; v}, Giq)s, (=N — iy — K(Sj +T5) — G (v + 05) R — 75 — 15 (5 + 0;)v5, (75 4+ 65)Ci@)1,

( bJ’a Bj)l,vm [Ci(bjiv Bji)]m-&-l,qa:r ) (0: 1) (3-9)

Remark : If the multivariable Aleph-function reduces to multivariable H-function [13] , we obtain the recents results of
Bhargava et al [3].

5. Conclusion
Our main integral formula is unified in nature and possesses manifold generality. It acts a key formula and using various
special cases of the multivariable Aleph-function, general class of polynomials and a general sequence of functions, one

can obtain a large number of other integrals involving simpler special functions and polynomials of one and several
variables.
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