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ABSTRACT

In the present paper we evaluate an infinite integral involving the product of generalized multivariable Zeta-function, multivariable Aleph-functions
and general class of polynomials of several variables. The importance of the result established in this paper lies in the fact they involve the Aleph-
function of several variables which is sufficiently general in nature and capable to yielding a large of results merely by specializating the parameters
their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [3], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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and Ok (si) = (1.3)
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Suppose , as usual , that the parameters
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dg )7.] = 17 7mk7d§Z()k)aj :mk+1a y 4i(k) 5

with k=1---,ri=1,---,R ,i(k) =1, ,R(k)

are complex numbers , and the O/S, 15} /S, ’yls and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for ¢ = 1 to 2 , T,(x) are positives for i) =1 to R(k)

The contour L is in the Sp-p lane and run from ¢ — 400 to 0 + 400 where O is a real number with loop , if

d(k)

k . .
necessary ,ensure that the poles of F( i 5; )Sk) with § =1 to my are separated from those of
T

'l —a; + Zagk)sk) with 7 =1 to n and I'(1 — (k) —i—”)/( ) 1) with 5 =1 to ny to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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] j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
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where, withk = 1,--- | r:qp = min[Re(d§k)/5.§k))],j =1,---,myand

By, = maz[Re((c") — 1)/7")),j =1, ny,
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Serie representation of Aleph-function of several variables is given by
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Where (., -+ ,.),0;(.),i =1,-- |7 are given respectively in (1.2), (1.3) and
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Suppose , as usual , that the parameters
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(k)a] - 1 Nk? (Z()k) 7] =ng + 1 7P7;(k);
D g =i 1 Que b G =1, My

with k:l ’S’i:17... ’r/’i(k):17... 7r(k)

are complex numbers , and the O/S, 5/8, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that
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Q, k)
k
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The reals numbers 7; are positives forz = 1,--- |7 , ;) are positives for i =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if
necessary ensure that the poles of F(b(k) B(k)tk) with 7 =1 to M} are separated from those of

'l —wu; + Zu )tk with 7 =1 to N and I'(1 — a;k) + Oz‘g-k)tk) with 7 =1 to INj, to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where

2
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Jj=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
N(Zb T 728) = 0( |lea’1, B ‘z5|0/S ) ,maw( ‘Z1|7 T ’ZS| ) —0
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where, with k = 1,--+ ,z:a) = min[Re(bg-k)/ﬁj(-k))],j =1,--+, Mgand

k k .
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We will use these following notations in this paper

Uzpi,Qi,Li;’l“l; V:Ml,Nl;'-';MS,NS (1.15)
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W= Py, Qiy, tiy; 7 Pitry, Qi Licer; 7 (1.16)
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The multivariable Aleph-function write :

A C
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B:D

Zg

The generalized polynomials defined by Srivastava [6], is given in the following manner :

[N1/Mi] [N /M,]

My, M Nl M1K1 (_Nt)Mth
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Where My, -+, My are arbitrary positive integers and the coefficients A[Ny, K1;--- ; Ny, K¢] are arbitrary

constants, real or complex. In the present paper, we use the following notation

(=ND)mk,  (=Ne)m,x
— AN, Ky N K 1.23
a1 K1' Kf' [ 1,11, y LVt t] ( )
In the document , we note :
G(nthw T 7T]GT‘797‘) = ¢(77G1,g17 T 777Gr,gr)‘91 (nG1,91) te er(nGr,gr) (1.24)

where ¢(nG17g17 T 777Gr7gr), 01 (77G1,g1 ), cer HT(nGr,gr) are given respectively in (1.2) and (1.3)

2. Generalized multiple Zeta-function

Bin Saad et al [1] have defined the generalized multiple Zeta-function QS;(LS)/M o (x1,++ ,xs,2,a) by

oo P1 Ds
(s) (1)py+-tpsT1 - 2
X1, ,Tg,2,Q)=
P n P Z,; o Pl psl(at Mpr - Aeps)® @D

where|:L’Z-| <l,t=1--- ,S,S€Z+,M€C\{O;—1,_2a"'}and
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a€C \ {—()\i,pi),pi e NU {0}}, R6(2> >0

3. Required integral

We have the following integral, see (Marichev et [2] ,2.6.16, Eq.35, page 519)

Lemme
o0 x 24yt Y22
n dz= B(p—1,p—1 3.1
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4. Main integral
1
X =
We have the following formula
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where Uy = P + 2; Q; + 1: 05317
Provided that

a) min{piv;,cn,m}t>0,i=1,--- s, j=1,-- - t,k=1,--- ,rl=1--- R, Re(y) >0,Re(z) >0

s r d(l) b(l)
o . 1 J
b)Re | p+ Z piPi | + Zl Q; lgrglgn Re Zm 1<r§1in Re 5@ > 1
— 1= J
1
o |argzi| < EAEk)T(' , where Agk) is defined by (1.5) ;2 = 1,--- ,r
d) largZy| < B( )71' where B( ) is defined by (1.13);2=1,--- , R

e) The multiple serie occuring on the right-hand side of (3.1) is absolutely and uniformly convergent.

f|lo;|<1l,i=1---,8,s€Z ,pcC\{0,-1,-2,---}and a € C\ {—(\i,p;),p; € N U{0}}

Proof

First, expressing the generalized multiple Zeta-function in multiple serie with the help of equation (2.1), the Aleph-
function of r variables in series with the help of equation (1.6), the general class of polynomial of several variables

S%l,’.'_""’]]\}ft with the help of equation (1.22) and the Aleph-function of s variables in Mellin-Barnes contour integral

with the help of equation (1.9), changing the order of integration ans summation (which is easily seen to be justified due
to the absolute convergence of the integral and the summations involved in the process) and then evaluating the
resulting integral with the help of equation (3.1). Finally interpreting the result thus obtained with the Mellin-barnes
contour integral, we arrive at the desired result.

5. Multivariable I-function

If L, L;(1), -+ 4 Li(s) — 1, the Aleph-function of several variables degenere to the I-function of several variables. The
simple integral have been derived in this section for multivariable I-functions defined by Sharma et al [3].

Corollary 1

71
0o . - le
/ X ln (LQ +y2 +~T gb(S) ( X e Xps P a/)SMl"H’Mt
S, As ySLts 0y Ny, ,N
0 (ZIZ’2 + yQ)P /a2 4+ y2 — A1 f : YtX,yt
ZlXal Z]_an 00 00 m,
OnU O,NZV . 2-2
Nu w coe e IU:W e d:l,_y p Z Z Z
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T S sl PR
@ FAPL - Aeps)70g, Gl -0, Gy e G
Kl— Kf_O . gr
A
y2n1
P1 s JGy.g nGr r K, -2 S iDi t K T Ca.oa;) TON+2:V .
gt gPe g0 L ayl yKey (pH22i 1 pipi+20ioy Kt 221 MG, g5 )IU21:W B
ZRr
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(2':0 - Zf:l pPiPi — 2221 Ky — Z?:l Gi,g: ¥is T, 777R)7

(320 p+ 3 pipi + > Kivi + 3 Gigi); 20, 21R)

(3'p - Zj:l PiPi — le?:l Ki’)/i - Z?:l Gi,g: Qa5 T, >77R>7A :C
o e e (5.1)

B:D
under the same notationa and conditions that (4.1) with ¢;, ¢;(1), *** , Li(s) — 1

6. Aleph-function of two variables

If s = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following simple
integrals.

o0 T 1.2 + ,y + T ( ) le’h
In (@ XD XPe 2 a) S C
/0 (22 + y2)P [\/m oy | A ,As( shs ) Ny, N, e
le"“ Zle
: oO,N:V _
Nyt C Nifow Co dr=y*~* Z Z Z Z
Zp X T Lo X2 1, 5ps=0 G1,+,Gr=0¢1=0  gr=0
[N1/My]  [Ni/M]
12 ' tz ‘ (,U«)p1—|— +Ps (_)Gl+ +Gr G(nG g )al

o = sl(a+ Aip1 + - +)\Sps)z<591G1!---6gTGr! LI i
Zy
y2n1

xfl e xé)s Z;]legl . 7707" g’"yl N yg(t y72(9+2f:1 Pz'piJng:l Ki"/i+2::1 NG;,9; az)N?}ﬁ—;& 14 :
.Z.2.
y2n2

t
(2-p = i1 piDi — Doiy Kirvi — D) G Qi T 12),
(3-2( p+ X;_1 pipi + 22:1 Kivi 42001 Gi.g:); 201, 212)
(3'/) - Zle Pibi — Zﬁzl Ky — Z?Zl Gi,giai§7717772)a A:C
. . . (6.1)
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under the same notation and conditions that (4.1) with § = 2
6. I-function of two variables

If ¢4, L;, L;/ — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [4] and we obtain the same formula with the I-function of two variables.

Corollary 3
X
> €T .CEQ + y2 +x (s) M M Y1
n [0) T X0 2 XP 2 a) St N C
/0 (22 4 y2)P \/m —a | ’/\S( ' ° ) N e v X
le(va1 Zanl my
0O,n: 0,N:V . 2-2
N Iyw dr=y*= =" Z Z ZZ
7 X O 2o X2 1,ps=0 Gi1,,Gr=001=0  g,=0
[N1/M;] [Nt /M:]
12 ' tz ' (M)pl-f— “+ps (_)G1+ O G('UG G )al
= = a+)\1p1+ +)\sps)z591G1!'”6ngr! 1,917 rgr
21
y2n1
x:lljl . e xgs Z;’/Gl,m .o nGT g'ryl N ytI(t y 2(p+21 1 plp?-"_Zz 1 Kz’YH‘ZZ 1 77(’ y94 al)IOgjy—iv—VQ 14 . : .
Zo
y2n2
t
(2'/0 - Zf:1 PiPi — Zi:l Kivi — Z?:l Gi,g: %> M1, 772)7
(3-2( p+ Z::l piPi + Zz 1 K %+ Zz 1 Girgs @i); 21, 21m2)
t
(B-p =0 1 piPi — 2oy Kivi — Doty Girgi iz, m2), A C
(6.1)

B:D

1

under the same notationa and conditions that (4.1) with $ = 2 and ¢4, ¢}, t; — 1

8. Conclusion

In this paper we have evaluated a finite integral involving the multivariable Aleph-functions, a class of polynomials of
several variables and the general of sequence of functions.The integral established in this paper is of very general nature
as it contains Multivariable Aleph-function, which is a general function of several variables studied so far. Thus, the
integral established in this research work would serve as a key formula from which, upon specializing the parameters,
as many as desired results involving the special functions of one and several variables can be obtained.
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