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. INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh.
L.A, [18] in 1965. After the introduction of fuzzy
sets several researchers explored on the
generalization of the concept of fuzzy sets. In
Ayyappan,M., and Natarajan,R., [3] have introduced
Lattice ordered near rings. In Dudek. W.A., and Jun.
Y.B., [9] introduced Fuzzy subquasigroups over a
t-norm. In 1971, Liu. W., [10] studied fuzzy ideals in
rings. In Satyanarayana, Bh., and Syam Prasad, K.
[12] introduced Gamma near-rings. In Srinivas, T.,
Nagaiah, T., and Narasimha Swamy, P., [14] studied
anti fuzzy ideals of I"—near-rings. Dheena. P., and
Mohanraaj. G., [8] have studied several properties of
T —fuzzy ideals of rings and Akram, M., [2] have
studied some results of T — fuzzy ideals of near-
rings. We extended the results of T —fuzzy ideals of
a (—near-rings.

In this paper we define, homomorphism and study
the /—near-ring homomorphism. Wang, Z.D., [15]
introduced the basic concepts of TL-ideals and
Fuzzy invariant subgroups and fuzzy ideals. We
introduced homomorphism in T — fuzzy ideals of
¢ —near- ring. We discuss some of its properties. We
have shown that homomorphism, homomorphic
image of T —fuzzy ideal, homomorphic pre-image
T —fuzzy ideal and product of T —fuzzy ideal of
£ — near-ring

Il. DEFINITIONS AND EXAMPLES

Definition: 1
A mapping T:[0, 1]x[0, 1]—[0, 1] is called a

triangular norm [t —norm] if and only if it satisfies
the following conditions:
(i). T(x1)=T(Lx)=x forallxe[0, 1]

(i). if x> x', y>y thenT(x,y)>T (x*, y*)
(iii). T(x, y)=T(y, x), forallx,y €[0, 1].

(iv). T(x T(y.2))=T(T(xy).2).

Definition: 2

A fuzzy subset 4 of a ring R is called T —fuzzy
right (resp. left) ideal if

(@) p(x=y) =T (u(x),1(y))=min{pu(x), u(y)}

(i) 22(xy) = {u(x)} (resp. left u(xy) = {u(y)} ).
forall X,y in R

Definition: 3
A fuzzy subset ¢ of a /—near-ring R is called a

T — fuzzy ideal, if the following conditions are
satisfied,

()  u(x=y)=T(u(x), u(y)), forall x,yeR

(i) u(y+x-y)=(u(x)), forall x,yin R

(i) p(xy)2u(y); u(xy)=u(x), forall x, yeR
(iv) wu((x+2)y-xy)=(u(z)) forall x,y,zeR
V) u(xvy)=T(u(x

Vi) u(xAy)=T(u(x), u(y

Example: 1

Now (R={a, b, c},+,-,v, A) is a £ near-ring.
Consider the fuzzy subset g of the ¢—near-ring R

0.6 if x=a
u(x)=405 if x=Db
0.7 if x=c

Then u isa T —fuzzy ideal of /—near-ring R
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Definition: 4
Let R, and R, be two ¢—near rings. Then the
function f:R, > R, is called a ¢— near ring

homomorphism if satisfies the following conditions

(i  f(x+y)=f(x)+f(y)

(i) fOy)=Tf(x)f(y)

(i) f(xvy)=f(x)vi(y)

(iv) f(xay)=f(x)af(y), forall x,yin R
Example: 2

LetR={m+n 2, forall m,neZ}, R is a £—ring
under usual addition and multiplication. Define
f:R—>R by f(m+n\/§):m—
ring homomorphism, where Z is set of all integer

nv2 is /- near

Definition: 5

A fuzzy set p of a ¢— near ring R has the
supremum property if for any subset N of R, there
existsa a,eN such that x(a,) = iugy(a)
Definition: 6

Let u,A betwo fuzzy ideals of a /—nearring R,
then the sum x+ A is afuzzy set of R defined by

(y+l)(x)={sup(min(y(y),/1(2))), ifx=y+z,
0, otherwise, forall x, y, ze R.

Definition: 7

Let R, and R, be two ¢—near rings. A mapping
f:R, =R, iscalled a ¢—near ring isomorphism if
(i) f isone-to-one

(i) f isonto, forall x,y in R

Definition: 8

Let M and N beanytwosetsandlet f:M — N
be any function. A fuzzy subset 4 of a M is
called f-invariant if f(x)=f(y) = u(x)=u(y).
forall x, yeM

Definition: 9

Let R be a /—near ring. Let u be a fuzzy set of a
T —fuzzy ideals of a /—near ring R and f be a
function defined on R, then the fuzzy set u' in

f(R) is defined by u'(y)= sup w(x), for all
nef(y)

ye f (R)and is called the image of 4 under f

Definition: 10
Let R be a /—near ring. Let x4 be a fuzzy set of a
T —fuzzy ideals of a /—near ring R and f be a

function defined on R, if v is a fuzzy setin f(R),

v(F(x)),

for all xeRand is called the pre-image of vunder f .

then u=vof in R is defined by x(x)=

I11. THEOREMS

Theorem: 1
Every fuzzy ideal of a ¢/— near ring R is a
T —fuzzy ideal of a ¢—nearringR .

Theorem: 2

An onto homomorphism image of a T —fuzzy ideal
of a ¢— near ring R with sup property is a
T —fuzzy ideal of a /—nearring R .

Proof:

LetR and S bea ¢— near rings

Let f:R—S be an epimorphism and A be a
S — fuzzy ideal of a ¢— near ring R with sup
property. Let x,ye S

Let x,e f(x), yoe f(y)and z,e f(z) be
such that

H(%) = sup #(n), #(Yo)= sup u(n)and

nef(x) nef(y)

1(zy)= sup € u(n) respectively, then

nef?(z)

M) wu'(x=y)= s u(2)
zef_l(x—y)

> ,U(Xo _yo)
zmin(y(xo), ﬂ(yo))
=T (a(x). #(5))

>T| sup u(n),
nef1(x)

sup  u(n)
nefL(y)

(4" (%), 1" (v))

Therefore u" (x—y) ZT(y

"(x), 4’ (y)),forall
X,ye S

(i) Since u(y+x—y)= u(x)

a (yrx=y)= s u(2)
2ef_l(y+x—y)

> u((Yo +% —Yo))
> u(x,) = sup u(n)

nef1(x)
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= ' (x)

Therefore 1f (y+x-y)= u' (x), forall x,yeS

(iii) Letx bea T —fuzzy ideals of R and
let x,yeR

Since w(xy) > u(x)and A(xy) = A(y)
we have u' (xy)= sup u(2)

2et7(xy)
> u(%q o)
> u(X,) = sup  u(n)
net1(x)
= p' (%)

Therefore " (xy) > " (x), forall x,yeS
(iv) Since u((x+2)y-xy)= u(z)

p' ((x+2)y—xy) = sup u(z)
zeffl((x+z)y—x y)

2/“((Xo"'zo)yo_xo yo)

> ,u(zo)

= sup u(n)

)

= u'(2)
Therefore 4" ((x+2)y—xy)> ' (z), forall
X,yeS$S
V) w'(xvy)= sup  u(z)

zefY(xvy)
Z,u(xovyo)

Zmin(y(xo), N(YO))
=T(y(XO), /l(yo))

>T| sup u(n), sup p(n)
nef1(x) nef1(y)

=T(u' (%), 4" (v))

Therefore 4" (xvy) zT(yf (x), 1’ (y)) for all

X,yeS

i) u'(xay)= sup  u(2)
zeffl(XAy)

,u(xo/\yo) > min(,u(xo), ,u(yo))
=T (ua(xo). #(¥o))

>T| sup w(n), sup u(n)
net 1(x) nefL(y)

=T(u" (%), u"(v))
Therefore 4" (xAY) zT(yf (x), 1’ (y)),for all

X,yeS

Thus an onto homomorphic image of a T — fuzzy
ideal of a /—near ring R with sup property is a
T —fuzzy ideal of a /—near-ring R .

Theorem: 3

An epimorphic pre-image of a T —fuzzy ideal of a
¢—near ring is a T —fuzzy ideal of a ¢—near ring
R.

Proof:

Let R and S be a ¢/—near rings. Let f:R—Sbe

an epimorphism. Let v be a T — fuzzy ideal of a
¢—near ring S and u be the pre-image of v under

f forany x,y, zeR.
(i) wehave u(x—y)=(veof)(x-y)

Therefore s(x—y) 2T (u(x), u(y)), forall
X,yeR

(i) Since p(y+x-y) = u(x)
u(y+x=y)=(vef)(y+x-y)
=v(f(y+x-y))
=v(f(x)

(v(t ()
((veF)(x)

v

.
.

(vof)(x)
= u(x)

[\

Therefore x(y+x-y) = u(x),forall x,ye$s

(iii) Since p(xy)= u(x)

u(xy)=(vef)(xy)
= v(f(x )
=v(f(x)1(y))
=T(v (1))
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=T((vef)(x)
=(vef)(x)
= u(x)
Therefore x(xy) >u(x), forall x,yeR
(iv) Since u((x+2)y—xy)= u(z)
ul(x+2)y-xy) =(v o F)((x+2)y-x )

=v(f((x+z)y—x y)) =v(f(y2))
> T(v(f(y), f(z))) 2v(f(z))

2T ((vof)(2)

=(vef)(z)

= u(2)
Therefore y((x+z)y—xy)2y(z),for all x,yeS
(v) wehave p(xvy)=(vef)(xvy)

=V((wi)

=v(f( )

>T(v(f (f(v)

ZTKV D). (ve F)(y)

=T (u(x), u y)
Therefore z(xvy) =T (u(x), u(y)), forall
X,yeR

(vi) wehave p(xAy)=(vef)(xay)
=V((XAW)
=v(f()rf(y)

(V( ) v(T(v)))

T((ve ) (x), (vef)(y))

=T (u(x), u()

Therefore s(xAy) =T (u(X),

X,yeR

IV

IV

‘t

u(y)), forall

Thus an epimorphic pre-image of a T —fuzzy ideal
of a ¢—near ring is a T —fuzzy ideal of a ¢—near-
ring R.

Proposition: 1

Let Rand S be /—nearrings R andlet f:R—>S
be a homomorphism. Let x4 be f —invariant fuzzy

ideal of a ¢— near-ring R . If x="f(a), then

f(a)(x)=u(a),forall acR.
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Theorem: 4

Let f:R—S be an epimorphism of /—near rings
RandS . If x is f—invariant fuzzy ideal of a
¢—near-ring R, then f(u)is a T —fuzzy ideal of

S.
Proof:
Let a,b,ceS then there exists x,y, ze R such

that f(x)=a, f(y)=band f(z)=c

Suppose u is f — invariant fuzzy ideal of a
¢—near-ring R, then by Proposition 1

(i) wehave f(u)(a=b)="f(u)(f(x)-f(y))

= F(a)(f(x=y))

#(x=y)

T (u(x) y)
(f (u

_T

\%

f(u)(b))
Therefore f (u )(a b)z (f(m)(a), f(u)(b)),
forall a,beSand x,yeR

(i) Since u(y+x—y)= u(x)

We have

f(u)(b+a—b) = f(u)(f (y)+f(x)+f(y))
= f(u)(f(y+x-y))
H(y+x-y)
#(x)
= f(u)(a)

Therefore f(u)(b+a—b)> f(u)(a), forall
a,beSand x,yeR
(iii) Since u(xy)=
We have f(u)(ab)=

vl

u(x)and A(xy) = A(y)

P (F () ()

Therefore f(u)(ab)> f(u)(a),forall a,bes
andx,yeR

(iv) Since u((x+2)y—xy)= p(z)
f (u)((a+c)b—ab)
)+

= H()((T(9+ F @) ()~ T (1 (¥)
= 1 ()(F((x+2)y-9))
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= u((x+2)y-xy)
> u(2) = 1(4)(0)
Therefore f(u)((a+c)b—ab)= f(u)(c), forall
a,beSand x,yeR
(v) wehave f(u)(avb)=
= f(u)(f(xvy))
X\/y)

= u(
T (n(x )
=T(f(u

F)(F (v ()

\%

(2)(b))
Therefore f(y)(avb)zT(f(y)(a), f(u)(b)),
forall a,beSand x,yeR

(vi) wehave f(u)(anb)=f(u)(f(x)Af(y))
= F(a)(f (xAY))

X/\y)

= p(
T (ae( )
=T(f(u

v

(4)(b))

Therefore f (y)(a/\b) >T(f(u)(a), f(u)(b)),
forall a,beSand x,yeR

Hence, f (x) is a T —fuzzy ideal of a ¢—near ring
S.

Theorem: 5
Let f:R; >R, be an onto homomorphism of a

¢—near rings. If g is T —fuzzy ideal of R, then
f(u) isa T —fuzzy ideal of R,.

Proof:
Let x bea T —fuzzy ideal of a ¢—nearring R,

Let u,= f’l(yl) and u,= f’l(yz),where

Y., Y, € R, are non-empty subsets of R,

Similarly, ;= f’l(yl—yz)

Consider the set 4 — 1, ={a,—a,/a, € 14,8, € u }

If Xeu, —u,, then x=x,—x,, for some x, € y,,
X, € u,and so,
f(x)= f(xl xz) = f(xl)—f(xz) =y,- Y,

= xef 71(y1_y2):/‘
Thus g, — 1,  p,that is {x/x«s f ‘l(yl—yz)}

;{xl—lex1 et *(y,) x, € fﬁl(yz)}

Let y; €R,, then
(i) we have
=sup{u(x)/xe (- ¥2)}

fu
>sup{y(x1—x2)/ ( )Xzef (yz)}
>sup{m|n{ (%),
T (n(x

2sup T (u(x), (%)) % € (1) % € F7H(v2)}

=T (sup (%, >}/xlefl )50 (1)} % < 17(y,))

(v
=T(f (). F()(y2))
Therefore f () (y1—¥2)2T (f (#) (%), F ()(¥2)),
forall y,,y,€R,

(i) Since u(y+x—y)= u(x)
We have

f(,u)(yz+y1—y2):sup{y(x)IXG f(y, +y1—y2)}
23up{,u(x2+xl—x2)/xl € f‘l(yl), X, € f‘l(yz)}
> sup{y(xl) I X, € f’l(yl)}

= (u)(:)

Therefore f(u)(y,+Yy:1—Y2)>
Y1 Y2 €R,

(iii) We have u(xy) >
We have

f(#)(xlxz) ZSUp{”(y)/ yef 71(X1X2)}
>sup{ (x Xz)/ y,ef *1(x1), Y, € f*l(xz)}
> sup{y(xz)/ y, € f-l(xz)}

f(u)(x2)

(#)
Therefore f (u)(x;x;) >

f()(ys), forall

u(x)and A(xy) = A(y)

f(u)(xz), forall

y..Y,€R,

(iv) Since u((x+2)y—xy)= pu(z)

We have f(y)((a+c b—ab)
f

= £ (u)((F(x)+ £ (2)) F (y)- F(x) T (y))
We have f(y)((y1+y3)y2 Y1Y2)
sup{(x)/x < £ ((1+3) Yo - vava )|
>Sup{ (
X e T (n) e F(y,) o e T4 (y,))

> sup{ u(xa) /x5 € £ (ya)}

Yi+ Y)Y = WiYa)/
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-ty
Therefore f (4)((Y1+Ys)Y2=Y1Y2) = f(#)(ya),
forall y,,y,,y; €R,
) ()% o) =sup{u(x)/xe (v v y,))
2 SUP{N(Xl\/Xz)/Xl efl(n)xe f_l(yz)}
- sufin ) v |

xpe 2 (ya)xp e £ 3(v))
= sun{T (o) 1)

xpe f 7 (yy) % e 3 (y,))
:T(sup{y(xl)} Ix €7 (ys),

suplu(xz)} 12 € £7(y2))

:T(f(ﬂ)(yl)’ f(ﬂ)()’z))

Therefore

F(a)(Yovy2) 2 T(F(a) (o). f (#)(y2)), forall
Y., ¥,€R,

(vi) f(#)(ylxxyg):sup{y(x)IXE f‘l(ylAyz)}

> sup{,u(xlxxxz)/x1 ef () xe f‘l(yz)}
Zsup{min{,u(xl),y(xz)}/xl e f ()% e F2(y,)
Zsup{T(y(xl),y( Xo))Ixye £ (ys)xp e f -1(y2)}
=T (sup{u(x)} /3 & T () sup{u( )} % € £7(v,))

=T(f(#)(v1): F(2)(y.))

Therefore

f (,u)(yl A yz) = T(f (ﬂ)(yl), f (,u)(yz)) , for all
Y. Y, €R,

Hence f(u)is aT —fuzzy ideal of a /—near ring
R,.

Theorem: 6
Let 4 and u be T —fuzzy ideal of a /—near ring

R.Then u+A isthe smallest T —fuzzy ideal of R
containing both x and 1.

Proof:
Let 4 and u be T —fuzzy ideal of a /—near ring

Rand Let x,y,zeR
Then (x- y)= (a+b)- (c- d)
= (a+b)- c- d

= (b+a- b)- c+(c+b-c)- d
=e+ f,

where e= (b+a- b)- ¢ f=(c+b-c)-d
() (e A)x-y)= v [aE)vA(1)]

x—y=e+f
[T(y(b+afb),y(c))vT(A(c+bfc),/1(d))J

[T (#(2), () VT (4(b),A(d))]
[T(#(2),4(0)vT (u(c). A(d))]

zZ Vv

x=a+b, y=c+d

= V

x=a+b, y=c+d

= Vv

x=a+b, y=c+d

:T{ v (u(a), 2(b))v v (ﬂ(c)’/l(d))]

=T((u+2)(%).(u+2)(y))
Therefore

(u+2)(x=y) =T ((u+A)(x),(u+2)(y)), forall
X,yeR
Forany x=a+b,
We have y+ x- y=y+a+b-y
= (y+a- y)+(y+b- y),foreach
y+a- y=c+d
Wehave x = - y+c+d+y
= (y+tcty)r(y+d+y)
= (b+a- b)- c+(c+b-c)-d
(i) Since
u(y+x—y)= p(x)and A(y+x-y) = A(x)
v [u(e).A(d)]

y+z—-y=c+d

We have (u+2)(y+x-y)=

= v [y(y+a—y), /1(Y+b—Y)]

x=a+b

> v [u(@)vab)] = (u+2)(x)

x=a+b
Therefore (u+A)(y+x-y) = (u+21)(x), forall
X,yeR

(iii) Since u(xy)=u(x)and 2(xy)2A(y)
(1+ 2)(x) = (1+ 2) (393 )

= v [#(xn)valy,)]

> [u(yi)vA(ys)]
Zy_y\l{yz[u(yl)vﬂ(yz)]

=(u+2)(y)
Therefore (u+24)(xy) = (u+4)(y), forall
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X, yeR

If » is a fuzzy ideal of R such that 77(x)>x(x)and
n(x)=A(x), forall xeR

(iv) Since

u((x+2)y—xy)= pu(z)and A((x+2)y—xy) = A(z)
Wehave (u+2)(x)= v/ [u(a)va(b)]

x=a+b

> v [n(a)vn(b)]

x=a-+b

= v [n(a+b)]

x=a+bh
=7(2)
Therefore (u+24)(x)27(z), forall x,y,zeR
(v) We have

(ar)xvy)= v [ae)va(1)]
>\ [T(u(b+a=b),u(c))vT(A(c+b-c),A(d))]

x=a-+b, y=c+d

= V

x=a+b, y=c+d

[T (#(a), u(c))vT (2(b),2(d))]
[T(u(a),2(0))vT (u(c),A(d))]

= V

x=a+b, y=c+d

:T( v (#@).2(b)v v (ﬂ(c)’l(d))]

=T ((u+2)(%).(1+2)(y))
Therefore
(u+2)(xvy) 2T ((u+2)(x), (u+2)(y)), for
all x,yeR
(vi) We have

(ar2)xry)= v [ule)v2(1)]
2X:a+t}’/y:c+d[T(y(b+a—b),,u(c))vT(ﬂ(c+b—c),ﬂ(d))}
= v [T(#(@).u(©)vT(4(b).4(d))]

x=a+b, y=c+d
= V

x=a+b,y=c+d

[y )y w46

[T(u(a),2(0))vT (u(c),A(d))]

=T((u+2)(%), (+2)(y))
Therefore

(u+2)(xAy) 2T ((u+2)(x).(u+2)(y)), for all
X, yeR

Thus u+A is a T —fuzzy ideal of a ¢/— near-ring
R.
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