International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 51 Number 2 November 2017

On Some identities for Generalized (k, r)
Fibonacci Numbers

Ashwini Panwar™, Kiran Sisodiya™, G.P.S. Rathore™
#school of Studies in Mathematics, Vikram University Ujjain, India

“2School of Studies in Mathematics, Vikram University Ujjain, India
“Department of Mathematical Sciences, College of Horticulture, Mandsaur, India

Abstract — We have formulated Binet's
formula for Generalized (k, r) Fibonacci numbers.
Also we have obtained some identities, including
generating function for (k, r) Fibonacci sequence.

Keywords — (k, r) Fibonacci numbers, Binet's
formula, Generating function, recurrence relation

1. INTRODUCTION

The Fibonacci number is crowd pleasing topic
for mathematical enhancement and popularization.
It is notable to many for locking up wondrous and
astonishing properties. Fibonacci strikes one as in
voluminous  mathematical problems.  Many
researchers have done worthwhile work on this
absorbing topic.

The k-Fibonacci number defined by Falcon and
Plaza [3] depends only on one integer parameter k
which is as follows:
For any positive real number k, the k-Fibonacci
sequence, say {F; » ey is defined recurrently by
Fro=0,F1=1,

Fk:n+1 = ka,n + Fkan»l,
(1)
Falcon [6] applied the definition of r-distance to
the k- Fibonacci numbers in such a way that it
generalized earlier results [1, 2]. Generalized (k, r)
Fibonacci numbers are defined as,
The Generalized (k, r) Fibonacci numbers
Fenlrlforkz=lnz0r=1is

Ec_r!{"'":] = kFFc_r!—r{T:l + Fic_r!—: (r) for nzr,
(2)

With the initial condition
Fo=1n=012..r-1 except
F;l._L{l:l =k.

The characteristic equation, associated to the
recurrence relation (2)
e —ka —1=0,

3)
with two distinct roots ey and @, , we get
E+vk2+4 kE—wki+4
o= = T,
oy + oy =k,
ﬂlu ﬂ: = _1.

2. Properties of Generalized (k, r) Fibonacci
Numbers

2.1. First Explicit Formula for Generalized (k, r)
Fibonacci Numbers

The French mathematician Binet concocted two
conspicuous analytical formulas for the Fibonacci
and Lucas numbers, in 19" century. In our context,
we can articulate the Binet's formula for (k, r)
Fibonacci numbers from the equation (3) with two
distinct roots &y and 5.

Proposition 1. (Binet's formula)

The n™® (k, r) Fibonacci number is given by

n+l_ _n=+l
Fyalr) = %-
4)
Proof.

Since the equation (3) has two distinct roots,
the sequence

FR_n':'-"':] = Ci(n)" + Ci(n)" &)

is the solution of equation (2). By giving to n the
valuesn=0and n=1, and r = 1 and solving linear
equation, we obtain a unique values

H+ % K* o H* —H
C,;= = L= = )
4 E°+4 4R +4
Using (5), we get
m+i m+1
&, —
F (p)= % "%
k_.n[: j 0y —Op

In this paper, we present properties of (k, r)
Fibonacci numbers like Catalan’s identity,
Cassini’s identity and d’ocagnes’s Identity.

2.2. Catalan’s Identity

A Belgian mathematician Eugene Charles Catalan
who worked for science Belgian academy of
formed catalan’s identity for Fibonacci number,
now we are acquainting the Catalan’s identity for
(k, r) Fibonacci number.

Proposition 2. (Catalan’s Identity)

Finm(r).Fypom(r) -
Finl) = (CDF L, (9(6)

Proof.
Using the Binet's formula (4) and we get
Fic_r!—m{r:]'ﬁc_rwm{r:] *F;E_n':'i'":] =

I:.';:—m—i_c:r::—m—i I:.';:—m—i_n.?—m—i E‘;-:—i_c.?—i 7
Gy =Gz :]{ Gy—Gz :Ii{ Gy =Gz :I
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n+1l n+1
. Fealr) N oy —
lim ———— = lim (— =
- tmsz  ames  ames np=fpnoa(r)  ne=l |y —ag oy —ay
ginti_ gl pidmil_pnomid gpimil pintd_gntd_pdnddgpT g ‘ gpHi_gmtt N
(g - r3)? =limy ... {ﬁ)
1 2
. . ]
since m, < a,, then lim (=)™ =0,
n—== 41
_ _I:.';:-m-iIE.E:-m-i_n.?-m-ilﬂ:;.:-m-i+:n:;:-1ln:r::-1
- (zy —zz)2 . Frnlt)
we get, lim, .. ——— = ;.
J'i\:;r:—:.'.i'd:I
_ { &l _m_i.n'?_m_i—c?_m_i.cf_m_1+:n’f_i.n'?_i :]
= — .
by e Proposition 6.
i Fenmam) 1
2m+1 2+l L, M+l Ml - - .
:—I:ﬂ a":]ﬂ{lfi +a3 — 4G4 ] :I === fknlffj o
E oy —@5)? (10)
e i
=- (-0 (=) Proof.

5 Rl

= (1) R (7).

2.3. Cassini’s ldentity
Here is Cassini Identity devised by a French
astronomer Jean Dominique Cassini in 1680:

Proposition 3. (Cassini's Identity)
Fino1r) Fy g r) -
Fi o) = (—1™1F ) ()

Proof.

In Catalan’s identity, taking m = 1, the proof is
accomplished.

2.4. d Ocagne’s Identity

Proposition 4. ( d’Ocagne’s ldentity )

If m = n, then

Fk_m{"":] 'Fi.:_n+1{7':] - Fi.:_m+1{7':|'Fk_n (r)=
{_1:]H+1Fk_m—ﬂ—l{r:]'

(8)
Proof.
Using the Binet's formula (4) and m = n, we get

Ec_m{r:]'ﬁc_n+1{r:] - Ec_rr.+1{"'":]'FR_r!{T:] =

(n’f"'i—n‘?'ij (cf':—n"':":) (n‘}“':—n‘?':) (n‘f'i—n‘?'i
Gy —ip Gy —fp Gy—iz I Gy —ip

=(ery o) (ery )" (Ei t'-'i—Z; )
={_1:]n+l-Fk_rr.—r!—1{T:]'

2.5. Limit of the Quotient of Two Consecutive
Terms

From these sequences we get the limit of the
quotient of two consecutive terms, which is equal
to the positive root of corresponding characteristic
equation.

Proposition 5.

l. fl;n':'r':' _
My ftn—l':r:' = .
©)
Proof.
We have

)

We can also show this like Proposition 5.

2.7. Generating function for the (k, r)-Generalized
Fibonacci Number:

The following paragraph explains the generating
function for (k, r) Fibonacci numbers.

Proposition 7.

Generating function of sequence
of F(r) = {Fy,(r)}isgiven by
G(Finlr):x) = -

1-x2-ka™’

(11)
Proof.

GFnlr)ix) = B3 R 02"

Feo(r)x® + Ry (r)xt + 5
B )t 4 o) 4 -

=1+ X+ B By ) 2™

=1+x+
:::[kﬁc.n—r{ﬂ +Fic.r!—:{"'":]]xﬂ
=1+x+
k™ m=1 'R:Ec.r!—r{?:]xn_r +x? E;::ﬁ.ﬂ—:{ﬂxﬂ_:
=1+x+

k" EFLg kFy  (r) 2P
+xt Yo P (r)xd

wherep=n-r,n=0,1,2,
3,...and r=1,2,3,...andj=n-2
S0 (1-kx" —x%) E5 o Fen(r)x™ = 1 + x
we have F,(r) = —=— .

1-x*—fkx"

3. Conclusion
In this paper we have knocked down the Binet's
formula for (k, r) Generalized Fibonacci numbers.
Finally we have opened gets to view the properties
like Catalan’s identity, Cassini’s identity or
Simpson’s identity and d’ocagnes’s identity for
generalized (k, r) Fibonacci numbers.
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