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Abstract - We consider L-Fuzzy Sets where the
membership values do not necessarily form a
chain. In our previous paper, the concept of L-
Fuzzy Almost Ideal was introduced where L is not
necessarily distributive. In this paper, we define
and discuss the concept of primality in LFAI .
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1. INTRODUCTION

Soon after the inception of concept of
fuzzy sets [11] and L-Fuzzy sets [1] interest arose
in fuzzy and L-fuzzy algebraic structures. Fuzzy
subgroups and fuzzy ideals were studied [10]. The
concept of primeness or primality was extended to
fuzzy and L-fuzzy ideals ([2],[7],[8].[11], [12], [5],
[6]). F.J.Lobillo, O.Cortadellas and G.Navarro [4]
have given an excellent and extensive review of the
several definitions of prime fuzzy ideal and
semiprime fuzzy ideal and extended the concepts to
non commutative rings.

In our previous paper [14], the concept of
L-Fuzzy Almost Ideal was introduced.So far L-
Fuzzy Ideals have been studied in the case where L
is a distributive lattice. L- Fuzzy Almost Ideal is a
generalisation of L-fuzzy ideal and L-Fuzzy
Almost Ideal is defined even when the lattice L-is
not necessarily distributive.

The aim of this current paper is to extend
the concept of primality to L-Fuzzy Almost Ideal.

Il. PRELIMINARIES

Let X be a nonempty subset, (L,
<,V,A) be a complete distributive lattice, which
has least and greatest elements, say 0 and 1
respectively. Relevant definitions are recalled in
this section.
Definition 2.1 Let X be a nonempty set. A mapping
p: X— [0,1] is called a fuzzy subset of X.
Definition 2.2 Let X be a nonempty set. A mapping
u: X—L is called a L-fuzzy subset of X.
Definition 2.3 A fuzzy subset p of a ring R is called

a fuzzy ideal of R if for all X, y € R,

H(x-y) = p(x) A p(y) and p(xy) = p(x) v p(y).
Definition 2.4 let u be any fuzzy subset of a set X, t
€ [0,1]. Then the set

e ={x € X/ pux) >t} is called a level set of p.
More generally if p is L- fuzzy set defined by p:
X—L then the set
e = {XeX /u(x) >t} is called a level set of p.
Definition 2.5 If A, B are L-fuzzy sets their
product is defined as follows;

Ao B(x) = A(y) AB(2)

{0 2)|x=yz}

Note Several definitions have been given for fuzzy
prime ideals.To distinguish between the various
definitions we adopt the notation suggested by
F.J.Lobillo, O.Cortadellas and G.Navarro[4].
Definition 2.6 (Dy- prime) A non-constant fuzzy
ideal P: R— [0,1] is said to be prime if, whenever
Xt Ys < P for any singletons x; and ys ,then x; < P or
ys< P.
Definition 2.7 (D4- prime) A non-constant fuzzy
ideal P: R— [0,1] is said to be prime if, whenever |
0 J <P for some fuzzy ideal 1 and J, <P or J<P.
Definition 2.8 (D,- prime) A non-constant fuzzy
ideal P: R— [0,1] is said to be prime if the level
ideal P, is prime for any
P(0) > a > P(1).
Definition 2.9 (D3- prime) A non-constant fuzzy
ideal P: R— [0,1] is said to be prime if, for any
X,YER, whenever P(xy) = P(0),then P(x) = P(0) or
P(y) = P(0).
Definition 2.10 (D4- prime) A non-constant fuzzy
ideal P:R— [0,1] is said to be prime if, for any x,y
€ R, whenever P(xy) = P(x) or P(xy) = P(y).
Note The relationship between the various
definitions of primes in case of commutative rings
is summarized in the figure-I.
Definition 2.11 A fuzzy ideal p of a ring R is called
a fuzzy primary ideal if for all X,y € R, either p(xy)
= w(x") or else p(xy) < u(y™) for some nmez,.
Definition 2.12 A fuzzy ideal p of a ring R is called
a fuzzy semiprime ideal if for all
X € R, u(x") = w(x) for alln € Z,.
Definition 2.13 A fuzzy ideal p of a ring R is called
a fuzzy semi primary ideal if for all X,y € R, either
u(xy) < p(x") or else
u(xy) < u(y™) for some n,m € Z..
Definition 2.14 A L-fuzzy subset p of a ring R is
called a L-fuzzy ideal of R if,

(D (x-y) Z w(x) A p(y) forall x,y € R,
(i) p (xy) > u(x) v w(y) for all x,y € R.
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Figure- |
Relationship between the various definitions of
fuzzy prime ideals in commutative rings

Definition 2.15 A L-fuzzy ideal p of a ring R is
called a L-fuzzy primary ideal, if for all X,y € R,
either pu(xy) = p(x) or else p(xy) < u(x") for some n
€ Z.

Notation Consider u: X—L. If L is totally ordered
then for all x,y € R, uw(x) and p(y) are comparable.
That is either pu(x) > pw(y) or w(x) = p(y) or u(x) <
u(y). But if L is not totally ordered then are four
possibilities

w(x) > u(y) or p(x) = p(y) or p(x) < pu(y) or u(x)
and p(y) are not comparable. We use the notation
p(x) ¢ p(y) to mean , " u(x) > p(y) or p(x) = u(y)
or pu(x) and p(y) are not comparable”.

Definition 2.16 Let R be a ring with unity. Let L be
a lattice ( L, <,V,A) not necessarily distributive
with least and greatest element 0 and 1
respectively. p: R—L with p(0)=1 and p(1)=0 is
said to be L-fuzzy almost ideal if ,

(i) ux-y) £ ux) A w(y) forall x,y € R.

(i) p(xy) # p(x) and p(xy) « p(y) for all

X,y €R.

Note If u is a L-fuzzy almost ideal, then y;is an
ideal. But the other level sets need not be ideals.

111 Prime L-fuzzy Almost Ideal

Definition 3.1 A non-constant L-fuzzy almost Ideal
w:R—L is said to be D, —Prime L-Fuzzy Almost
Ideal if, whenever x; ys < p for any singletons x;
and y;, then X; <por ys< p.

Definition 3.2 A non-constant L-fuzzy almost Ideal
w:R—L is said to be D; —Prime L-Fuzzy Almost
Ideal if, whenever T o J < p for some L-fuzzy
almost Ideal land J, I<p or J< p.

Definition 3.3 A non-constant L-fuzzy almost Ideal
w:R—L is said to be D, —Prime L-Fuzzy Almost
Ideal if, the level set p,, is prime ideal for any p (0)
> a>p(l).

Definition 3.4 A L-fuzzy almost Ideal

wR—L is said to be D3 —Prime L-Fuzzy Almost

Ideal if it is non-constant and for all x,yeR
whenever p(xy) = p(0) then

n(x) = pu(0) or p(y) = w(0) .
Definition 3.5 Let u: R—L be a L-fuzzy almost

ideal is said to be D,- Prime L —fuzzy almost ideal
if for all x,y € R,

H(XY) = p(x) or p(y).

Example 3.6 An example of a D3 —Prime

L-Fuzzy Almost Ideal of the ring of integers.

Let R=Z. Let L be a lattice ( L, <,V, A, ) defined
by above Hasse diagram. Let p be a prime.
Define p: Z—L as follows.

0 if ptx
ux =4 q if p'lx,p"*tt x
1 ifx=0

To show that p is a L-fuzzy almost ideal it is
enough to verify

Axiom 1: p (x-y) « w(x) A w(y) for all x,ye R
Axiom2: p(xy) ¢ p(x) and p(xy) ¢ w(y) for all x,y
ER.

The Table-I summarises the verification.

S0 p defines a L-Fuzzy Almost Ideal. Also p(xy) =
1 only if xy = 0.Hence x or y = 0.Therefore p(x) =
1 or w(y) = 1.So p defines a D3 —Prime L-Fuzzy
Almost Ideal.

Theorem 3.7 Any D; —Prime L-Fuzzy Ideal is an
D; —Prime L-Fuzzy Almost Ideal.

The proof is obvious.

Theorem 3.8 Let i: R — L be a L-fuzzy almost
ideal. p is D3—Prime if and only if p={x € R| p
(x) =pn (0) =1} is a prime ideal.

Proof: Assume p: R — L is a D3 —Prime L-fuzzy
almost ideal. Suppose xy€ p;which implies that
u(xy) = 1. So p(x) =1 or p(y) =1 SOX € p ory €
u,-Thus p4 is a prime ideal.

Conversely, Suppose wq is a prime ideal. Take
u(xy) = p(0) = 1 which implies xy € p,. Since 4
is a prime ideal either X € p, or y € p,then
therefore w(x) =1 or u(y) =1.Hence p is D3 —Prime
L-Fuzzy Almost Ideal.
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Table - 1

D; —Prime L-fuzzy Almost Ideal

px) | ny) | mxy) R(Xy) n(x)Ap(y) Axiom 1 Axiom 2
O a; 0 a; 0 0{0 ai<0andai< ai
a; q Aomin (i) | Fi+j 0 A min (i,j) % 0 Qv *and a;y; £ @
1 al' a; M(O)Zl ai al‘ < ai 1 <1 and 1 < a;
Table - 11
Primary L-fuzzy Almost Ideal

u(x) u(y) ulx—y) ulxy) n(x) A p(y) | Axiom1l | Axiom Condition for

2 primary LFAI
ao a 0 a 0 yes yes H(xy) = w(y)
ap 0 0 0 0 yes yes nxy) = u(x)
a a, or a, a a, or ag 0 yes yes u(xy) # w(y?)
a as a as a yes yes nxy) # p(y)
a, a, or a, a, or a as Oor a, yes yes u(xy) = w(y?)
a; a a as a yes yes u(xy) = p(x)
as a; a; as a, yes yes u(xy) = p(x)
as as as as as yes yes H(xy) = w(x)

Theorem 3.9 Let R be a commutative ring with
unity. If p: R — L is a D;- Prime L-fuzzy almost
ideal then it is D; —Prime.

Proof: Suppose pu: R — L is a D;- Prime L-fuzzy
almost ideal and u(xy) =1 .Let | and J be the
characteristic maps of the ideals <x> and <y>
respectively. It is clear I o] < u. Since u is D;-
Prime either

I<porj<uSayl <.

Then1 =1(x) < u(x).

So u(x) = 1. If J < u one may similarly deduce
that u(y) = 1.

Hence if u(xy) =1 eitheru(x) =1 or u(y) = 1.
So pis D3 —Prime.

Theorem 3.10 Let R be a commutative ring with
unity. If p: R — L is a D4~ Prime L-fuzzy almost
ideal then it is D3 —Prime.

Proof: Let p is a L-fuzzy almost ideal. Let u: R —
L is a D4~ Prime L-fuzzy almost ideal which
implies that p (xy) = u (x) or u(y). Since p; is a
prime ideal iff p is Ds- Prime [3.8]. Therefore p
(xy)=p(0)=1.

If p(xy) = p(x) or p(y)

then p(xy)=1=pu(x) =1oruy)=1.

Hence p is D3 —Prime.

Theorem 3.11 Let R be a commutative ring with
unity. If p: R — L is a D,- Prime L-fuzzy almost
ideal then it is D3 —Prime.

Proof: Let p is a L-fuzzy almost ideal. Let u: R —
L is a D,- Prime L-fuzzy almost ideal which
implies that the level setp , is a prime L-fuzzy
almost ideal for any p(0) = a > p. Since py is a

prime ideal iff p is Ds- Prime [ Theorem 3.8 ].
Hence p is D3 —Prime.

Note In the case of commutative ring the relation
between the various definitions are summarized in
the figure-11.

Figure- 11
The relationship between the various definitions of
primality of LFAI in commutative rings

Remark 3.12

Mukerjee and Sen [5] have stated that “ Let P
be a non-null (i.e. Py =+ (0)) fuzzy prime ideal on
Z. Then P has two distinct values. Conversely, if P
be a fuzzy subset of Z such that P(n) = a; whenp |
nand P(n) = a, when p 4 n ,where P is a fixed
prime and a; > a; , then p is a non-null fuzzy
prime ideal on Z *.

The example 3.6 shows this theorem is not
true for D; —Prime L-Fuzzy Almost Ideal. Indeed
in this case p takes an infinite range of values
0,1,a¢, ay, az, Ag,.ccenev..
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IV Semiprime L-fuzzy Almost Ideal

Definition 4.1 A L-fuzzy almost ideal u: R—L is
said to be semiprime L —fuzzy almost ideal if for

allx e R, p(x™) » wx) foralln € Z,.

Example 4.2 The following is an example of a
Semiprime L-fuzzy Almost Ideal of the ring of
integers.

o

Let R=Z. Let p,q be primes. Let (L, <,V, A)bea
lattice defined by above Hasse diagram. Note that
L is not distributive.

Define p: Z—L as follows.

(0 if ptx,qtx
a if rlx,qt x

ulx) =< az if pqlx
as if ptx,qlx

k 1 ifx=0

If u(x) = 0 then p f x,q t x. Thus, it follows that
ptx™,qtx™ =uxm")=0.

Hence p (x™) # u(x).

If W(x)= aythen p| x,q t x. Thus p|x™, q|x™
=u(x™) = a;. Hence u(x™)* pu(x).

If u(x) = a, then pq| x. Thus pq|x™

= wx") = a,. Hence w(x™) # u(x).

If u(x)=as thenp + x,q|x .Thus p + x™, q[x™

= w(x")= asz.Hence p(x") # u(x).

If w(x) = 1 then p| x, q|x .Thus p|x™, q|x™

=u(x™) =1.Hence pw(x™) # w(x). Thus we have p is
semiprime L-fuzzy Almost Ideal .

Theorem 4.3 Any semiprime L-fuzzy Ideal is a
semiprime L-fuzzy Almost Ideal.

The proof is obvious.

Theorem 4.4 Any D,-Prime L-fuzzy Almost ldeal
is a semiprime L-fuzzy Almost Ideal.

Proof: If u: R—L is a D,-Prime L-fuzzy Almost
Ideal then p(xy) = u(x) or u(y),for all x,y € R. To
prove that p is semiprime

L-fuzzy Almost Ideal, it is enough to prove that p
(x™) # wx), for alln € Z,.

Suppose p is not semiprime L-fuzzy almost ideal,
that is p (x™) # u(x) is not satisfied for some n,
which implies that

u(x") > w(x), forsomen € Z, .......... (2).

But p (xx™ 1) = u(x) or u (x™1), because p is Dy-
Prime L-fuzzy almost ideal. Thus p (x™) = u(x) or
px™)=p ",

Case 1: If p (x™) = u(x),

it is contradiction to (1).

Case 2: If u(x™) = p(x™1).

By (1),we have p(x™™1) > p(x).......... ).

Then p(x™ ") = p(xx™~2) = p(x) or p(x"~2).

If u(x"1) = w(x),it is contradiction to (2).

So u(x™1) = p(x"2).Proceeding like this, we get
pOM)=p( 1) = %) = = p(e?)= p(x)
=u(x™) = u(x),which is a contradiction to(1).

It follows that u(x™) # p(x).Hence p is semiprime
L-fuzzy Almost Ideal.

V Primary L-fuzzy Almost Ideal

Definition 5.1 A L-fuzzy almost ideal defined by
p: R—L is a Primary L-fuzzy almost ideal if for all

X,y € R either p(xy) = w(x) or else w(xy) » wy™)
for some m € Z..

Example 5.2 The following is an example of a
Primary L-fuzzy Almost Ideal.
!

3

Let R = Z. Let (L, <,V,A) be defined by above
Hasse diagram.
Define p: Z—L as follows.

0 if ptx
u(x) = a if plx,p?t x
az if pPPIx,pdt x
1 if p®lx

The Table - 11 shows that both axioms for L-fuzzy
almost ideal and also the condition for " primary "
L-fuzzy almost ideal are satisfied.

Theorem 5.3 Any D,-Prime L-fuzzy Almost Ideal
is a primary L-fuzzy Almost Ideal.

The proof is obvious.

VI CONCLUSION

Swamy and Swamy [9] and many others
have studied prime L-fuzzy ideals but under the
assumption that L is distributive. We have
extended the study to a more general case where L
is not necessarily distributive. As noted in remark
4.12 there is a significant difference between the
two cases.
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In this paper we have extended the various
definitions of prime L-fuzzy ideals to L-fuzzy
almost ideals .The relationship between the
different definitions has been investigated. The
concepts of Semiprime L-fuzzy Almost Ideal and
Primary L-fuzzy Almost Ideal have been
introduced.
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