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Abstract: The graceful labeling of a graph G with g
edges means that there is an injection g : V(G) to {
0,1, 2, ..., q} such that, when each edge uv is assigned
the label |g(u)-g(v)|, the resulting edge labels are {1,
2, 3, ...q}. A graph which admits an graceful labeling
is called an graceful graph. In this paper we will
prove alternate quadrilateral snakes A(QS,), double
quadrilateral snakes D(QS,), double alternate
quadrilateral snakes DA(QS,) are graceful.
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1 INTRODUCTION
One of the most interesting problem in
graph theory deals with labeling the vertices of a
graph subject to certain constraints. A vertex
labeling of a graph G=(V,E) is an assignment f of
labels to the vertices of G that induces for each edge

uv € E(G) a label depending on the vertex labels f(u)
and f(v). Graceful labeling was introduced by Rosa
[7] in 1967. A graceful labeling of a graph G with n-
edges is an injection g : V(G) —{0, 1, 2, ..., n} with
the property that the resulting edge labels are also
distinct where an edge incident with vertices u and v
is assigned the label | g(u)-g(v) |. A graph which
admits graceful labeling is called a graceful graph.

A triangular cactus is a connected graph all
of whose blocks are triangles. A triangular snake is a
triangular cactus whose block-cut-vertex graph is a
path. By a block-cut-vertex graph of a graph G we
mean the graph whose vertices are the blocks and
cut-vertices of G where two vertices are adjacent if
and only if one vertex is a block and the other is a
cut-vertex belonging to the block. In 2001 Barrientos
[1] introduced kC, -snake graph as a generalization
of the concept of triangular snake introduced by Rosa
[8] and he proves that kC, -snakes are graceful. A kC,
-snake is a connected graph with k blocks, each of the
block is isomorphic to the cycle C,, such that the
block-cut-vertex graph is a path. Let ug, Uy, Us, ..., Uc1
be the consecutive cut-vertices of G and d; be the
distance between u;and uj.qin G for 1< i<k - 2 the
string (dy,dy, . . . d¢ ) of integers characterizes the
graph G in the class of n-cyclic snakes. If the string

of given kC, -snake is (H , H , lEJ  eeens H), we say
that kC, -snake is linear. A quadrialteral snake is a
kC, -snake graph with string (1, 1, 1, ... , 1) and
Gnanajothi [4] had shown quadrilateral snakes are
graceful. In this paper, we will prove alternate
quadrilateral snakes A(QS,), double quadrilateral
snakes D(QS,) and double alternate quadrilateral
snakes DA(QS,) are graceful.

Definition 1.1

A quadrilateral snake QS, is obtained from a
path uy, U,, Us, ..., U, by joining u;, U;+1 to new vertices
v; and w; respectively and adding edges v; w; for i = 1,
2, ..., n-1. That is every edge of a path is replaced by
acycle Cy,

Definition 1.2

An alternate quadrilateral snake A(QS,) is
obtained from a path uy, U,, Us, ..., U, by joining u;,
Ui+1 (alternatively) to new wvertices v; and w;
respectively and adding edges v; w;, where 1<i<n-1
for even n and 1< i < n-2 for odd n. That is every
alternate edge of a path is replaced by a cycle Cy,

Definition 1.3

A double quadrilateral snake D(QSy) is
obtained from two quadrilateral snakes that have a
common path.

Definition 1.4

An alternate double quadrilateral snake
DA(QSy) is obtained from two alternative
quadrilateral snakes that have a common path.

2 MAIN RESULTS
Theorem 2.1.
Alternate quadrilateral snakes A(QS,) is
graceful.

Proof:

Let A(QS,) be an alternate quadrilateral
snake obtained from a path uy, uy, Us, ..., U, by joining
Ui, Uig (alternatively) to new vertices v; and w;
respectively and adding edges v; w; where 1< i <n-1
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for even n and 1< i < n-2 for odd n. Then, |E(G)|=
22 on= 0(mod2)

5n-5

, n=1(mod2)

Case (i) : n =0 (mod2)
Define g : V(G) — {0, 1,2, ... 2" — 1} by

ouzs) = 20-DI=is

g(uz) = 5711 —-3i 1<i S’Z—l
g(Vai1) = 57” —3i+2 1<i<t
g(Wai) = 2i—1 l<i<?

Let S={ g(uzi1) | 1<i<n/2,g(uy) | 1<1<n/2, o(

1) | 1< i < n/2, g(WZi—l) | 1< i < n/2}

={ 9(uy), g(Ua), -, 9(Un-1), 9(U2), 9(Ua), ..., G(Un), G(Va),

g(Vg), R ] g(vn-1)1 g(Wl)1 g(W3)1 reey g(Wn-l)}

={0,2,4,.,n2,2—-32 6 .. n=_12>"_4
2 2 2 2

., n+2,1,3,5,...,n1}

={0.1,2, .02, n-L,n, .., 2 = 1}

(1)

To prove edge labels are distinct and even

The vertices U,y and uy, 1< i < n/2 induces the edge

labels {2 — 5i + 2, 1< i <n/2}= {& 3,2 -8, .,

2}

The vertices Uy and Uy, 1< i < (n/2)-1 induces the

edge labels {2 —5i, 1< i < (/2)-1}= {2 -5,

2-10, ... 5}

The vertices Uy and Vyi.1, 1< i < n/2 induces the edge

labels {> — 5i + 4, 1< i <n/2}= {5 - 1,2~ 6, ..,

4}

The vertices w,;; and uy;, 1< i < n/2 induces the edge

labels {- - 50+ 1, 1< i <n/2}= {&— 4,2 -9, .,

1}

The vertices V,.1 and Wy, 1<i < n/2 induces the edge

labels {2 — 5i + 3, 1< i <n/2}= {5 - 2,2~ 7, .,

3}

So we obtain all the edge labels {1, 2, ..., 57'1 -

2,2 -1} ()

Therefore, from (1) and (2) it is clear that Alternate

quadrilateral snakes A(QS,) is graceful for even n.

<

Case (ii) n =1 (mod2)
5(n—1)

Defineg: V(G) — {0, 1,2, ..., T} by
g(uzia) = 2(i—1) 1< i<
2
g(uz) = 202D 3541 < i <

B

2i-

9(Vaia) = @—3143 1< i <
n
5
g(WZi-l) = 2i —1 15 | <

n

]

Proof same as previous theorem. Therefore, Alternate
quadrilateral snakes A(QS,) is graceful for odd n.
Hence, Alternate quadrilateral snakes A(QS,) is
graceful.

20 1 17 3 14 5 1

0 8 2 15 4 1 6
Figure 1 : Graceful labeling of A(QSy)

Theorem 2.2.
Double quadrilateral snakes D(QS,) is
graceful.

Proof:

Let D(QS,) be an double quadrilateral
snake obtained from a path uy, uy, Us, ..., U, by joining
Ui and Uj+; to new vertices v, X; and wj, V;
respectively and adding edges v; w; and X; y; where 1<
i <n-1.Then, [E(G)|=7(n-1)

Defineg: V(G) — {0, 1, 2, ..., 7(n-1)} by

g(Uzi1) = 7(i-1) < i <
gz(uzi) = 7(n-1)-3-7(i-1) 1< i <
92(W2i-1) = 7(i-1)+1 < i <
gz(Wzi) = 7(n-1)-4-7(i-1) 1< i <
AE
92(V2i-1) = 7(n-1)-7(i-1) 1< i <
92(V2i) = 7(i-1)+4 < i <
HE
(X)) = 7(n-1)-7(i-1)-2 1< i <
]
g = 7(i-1)+6 < i <
3
g(Y2i) = 7(i-1)+3 < i <

B
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7(n-1)-7(i-1)-6 1< i

IA

g(y2) =
HE

Case(i) : nis even

Let S:{ g(UZi—l) ‘ 1< i < n/2 s g(UZi) | 1< i <
N2, g(Wai1) | 1< 1< n/2, g(Vaig) | 1S 1 < 0/2, 9(Xaia) |
1< i < n/2, g(yZi—l) | 1< i < n/2}
:{ g(ul)r g(US)! ey g(un-l)a g(UZ)r g(U4), ey g(Un),
g(Wl)’ g(WS)! ey g(Wn-l)v g(WZ)l g(W4), ey g(Wn—Z):
9(v1), 9(va), .y 9(Vi-1), 9(V2), 9(Va), .., 9(Vn2), 9(Xa),
9(Xa), - 9(*n-1), 9(X2), G(Xa), -+ G(Xn2),9(Y1), 9(Y3), -,
9(Yn-1), 9(y2), 9(Ya), -, 9(¥n-2)}
{0, 7,14, .., 2n-7, 010, 7017, .., 2n—3,1, 8, ..,
Zn -6, 7n-11, 7n-18, ..., 2n +3, -7, 7n-14, .., Zn, 4,
11, ., zn -10, 7n-9, 7n-16, ..., 1. -2, 6, 13, ..., 21 -8,
3,10, .., 2n -4, 7n-13, 7n-20, ..., 2n +1}={0, 1, 3, 4,
oI 3,202, ., TN-T} (3)
To prove edge labels are distinct
The vertices U,y and uy, 1< i < n/2 induces the edge
labels {7n-14i+4 1<i<n/2}={7n-10, 7n-24, ..., 4}
The vertices Uy and Uy.q, 1< i < (n/2)-1 induces the
edge labels {7n-14i-3, 1< i < (n/2)-1}={7n-17, 7n-
31,.., 11}
The vertices Uyi; and Vyi.q, 1< i < n/2 induces the edge
labels {7n-14i+7, 1<i<n/2}={7n-7, Tn-21, ..., 7}
The vertices Uyi; and X1, 1< 1 < n/2 induces the edge
labels {7n-14i+5, 1<i<n/2}={7n-9, 7n-13, ..., 5}
The vertices Ui+ and Wi, 1< i < (n/2)-1 induces the
edge labels {7n-14i-4, 1< i < (n/2)-1}= {7n-18, 7n-
32, ..., 10}
The vertices Uyirg and Yy, 1< i < (n/2)-1 induces the
edge labels {7n-14i-6, 1< i < (n/2)-1}= {7n-20, 7n-
34,..,8}
The vertices uy and w1 1<i < n/2 induces the edge
labels {7n-14i +3, 1<i<n/2}= {7n-11, 7n-25, ..., 3}
The vertices uy and Yy 1< i < n/2 induces the edge
labels {7n-14i +1, 1<i<n/2}={7n-13, 7n-27, ..., 1}
The vertices Uy and vy, 1< i < (n/2)-1 induces the
edge labels {7n-14i, 1< i < (n/2)-1}= {7n-14, 7n-28,
.., 14}
The vertices Uy and Xy, 1< i < (n/2)-1 induces the
edge labels {7n-14i-21, 1<i < (n/2)-1}= {7n-16, 7n-
30, ..., 12}
The vertices vyi.; and Wyi.g, 1<i < n/2 induces the edge
labels {7n-14i +6, 1<i<n/2}={7n-8, Tn-22, ..., 6}
The vertices vy and wy;, 1< i < (n/2)-1 induces the
edge labels {4n-8i+6, 1< i < (n/2)-1}= {7n-15, 7n-29,
.y 13}
The vertices X,.1 and i1, 1< i < n/2 induces the edge
labels {7n-14i+2, 1<i<n/2}= {7n-12, Tn-26, ..., 2}
The vertices xy and Yy, 1< i < (n/2)-1 induces the
edge labels {7n-14i-5, 1< i < (n/2)-1}= {7n-19, 7n-
33,..,9}

So we obtain all the edge labels {1, 2, 3, ..., 7n-6,
-7} (4)

Hence, from (3) and (4) it is clear that double
quadrilateral snakes D(QS,) is graceful for even n.

Case(ii): nis odd

The proof is similar to the proof in case(i) as
the change is only in the range of values.
Hence, Double quadrilateral snakes D(QS,) is
graceful.

Figure 2 : Graceful labeling of D(QS-)

Theorem 2.3.
Double alternate quadrilateral  snakes
DA(QS,) is graceful.

Proof:

Let DA(QS,) be an double alternate
quadrilateral snake obtained from a path uy, u,, Us, ...,
u, by joining u; and u;.4 (alternatively) to new vertices
v; X; and w; y; respectively and adding edges v; w; and
X; Vi where 1< i < n-1 for even n and 1< i < n-2 for

4n—1, n=0(mod2
odd n. Then, E(G)|= {4n —4 n= 1Em0d23

Case (i) : n =0 (mod2)
Defineg: V(G) — {0, 1, 2, ..., 4n-1} by

9(Uzia) = 4(i-1) I 1 <
n/2
gluy) = 4n-4i I< i <
n/2
g(Wai1) = 4i—3 I< i <
n/2
g(Vgi_l) = 4n-4i+3 I< i <
n/2
g(Xsi1) = 4n-4i+1 I i <
n/2
9(Yai1) = 4i-1 I i <
n/2

Let S={ g(Uzin) |1<i<n/2,g(ux) | I<i<n/2, g(Wai
) | 11012, g(vain) | 1S 1012, g(Xai0) | 1S 1= 1/2,
9(Yzi0) | 1= i<n/2}

={ g(u1), g(us), .., g(Una), 9(U2), 9(ua), ..., g(uy),
g(wi), g(ws), ..., 9(Wn-1), 9(v1), 9(Va), .., 9(Vn-1), 9(Xa),
9(Xa), -y 9(Xn-1), 9(Y1), 9(Va), -y 9(Yn-1) }

={0, 4, ..., 2n-4, 4n-4, 4n-8, ..., 2n, 1, 5, .., 2n-3, 4n-
1, 4n-5, ..., 2n+3,4n-3, 4n-7, ..., 2n+1, 3, 7, ..., 2n-1}
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={0, 1, 3,4,5,7, .., 2n-1, 2n, 2n+1, ..., 4n-3, 4n-1}
(5)

To prove edge labels are distinct

The vertices Uyi.; and uy, 1< i < n/2 induces the edge
labels {4n — 8i + 4 1<i<n/2}= {4n-4,4n-12, ..., 4}
The vertices Uy and Uy.q, 1< i < (n/2)-1 induces the
edge labels {4n-8i, 1< i < (n/2)-1}={4n-8, 4n-16, ...,
8}

The vertices U,y and V,iq, 1< i < n/2 induces the edge
labels {4n-8i+7, 1<i<n/2}={4n-1, 4n-9, ..., 7}

The vertices U,y and X,i.1, 1< i < n/2 induces the edge
labels {4n-8i+5, 1<i<n/2}={4n-3, 4n-11, ..., 5}
The vertices Uy and w1 1<i < n/2 induces the edge
labels {4n-8i+3, 1< i< n/2}={4n-5, 4n-13, .., 3}

The vertices uy and Y1, 1< i < n/2 induces the edge
labels {4n-8i+1, 1<i<n/2}={4n-7, 4n-15, .., 1}

The vertices vyi.; and Wyi.g, 1<i < n/2 induces the edge
labels {4n-8i+6, 1< i< n/2}= {4n-2, 4n-10, .., 6}

The vertices X,;.1 and 5.1, 1< i < n/2 induces the edge
labels {4n-8i+2, 1< i< n/2}= {4n-6, 4n-14, .., 2}

So we obtain all the edge labels {1, 2, 3, ..., 4n-2,
4n-1} (6)

Hence, from (5) and (6 ) it is clear that double
alternate quadrilateral snakes DA(QS,) is graceful for
evenn.

Case (ii): n =1 (mod2)
Defineg: V(G) — {0, 1, 2, ..., 4n-4} by

O(Uzi1) = 4(i-1) 1<i <
2
g(uz) = 4n-4i-3 1< i <
B
g(Waig) = 4i -3 < i <
n
B
9(Vzi1) 4n-4i 1< i <
B
9(Xai-1) 4n-4i-2 1< i <
n
B
9(yzi1) = 4i-1 1< i <

n
]
Proof same as previous theorem. Therefore, Double
alternate quadrilateral snakes DA(QS,) is graceful for

odd n.

16

Hence, Double alternate quadrilateral snakes
DA(QS,) is graceful.

31 1 27 5 23 9 1S

0 28 3 24 8 20 12

29 3 25 7 21 1m 1

Figure 3 : Graceful labeling of DA(QSg)
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