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Lie’s Symmetries of (241)dim PDE
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Abstract: In this paper we apply Lie’s Classical Method to a (24+1) dimensional PDE equation
to identify all possible solution for which this equation admits an exact solution and we obtain Lie
algebra of infinitesimal symmetries is spanned by the six vector fields. We conclude that there is
an infinite group of point transformations are invariant using invariant form method.We obtained
local symmetry classifications.
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1. Introduction

In recent years there have been so many research to find symmetries for system of nonlinear (2+1)
dimensional PDEs. In this paper we consider the (241) dimensional PDE

wy —v = 0,
w; —u = 0,
Ly
wt+§u +v, = 0. (1)
The above system (1) is equivalent to
L
wy + JWa + w,, = 0. (2)

In the present work we first apply Lie classical method (Bluman and Cole!, Bluman and Kumei?,
George M.Murphy 3, Olver*, Bluman and Anco®, Olver P.J%8 | Ibragimov’, Daniel Zwillinger?,
Sachdev.P. L.1%!1 and Tesdall M. and Hunter.K'?) to the second order PDE(2) and show that this
system is invariant under a group containing six parameters using invariant form method.
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We consider a scalar second order PDE in three variables

F(x1, 9, T3, u, Uy, Uz, Us, U1, U12, U3, U2, Uss, Ugsz) = 0.

ou

— Ou _ Ou — Ou _ %u _ _P%u _ 0% — Q%u —
Here u; = oz U2 = U3 = Bggr U1 = 5525 W12 = Gp a5 W13 = Gaiogsr Y22 = g2y Y23 =

zo

2 . .
Uzz = g—;g. The one-parameter Lie group of transformations

vt = 1+ & (T, w0, 13,u,) + O(2),
ry = my+ €&y, 19, 13, u,) + O(2),
rh = a3+ e&3(T1, T, T3, U, ) + O(€2),
u* = u+en(ry, o, 23,u) + O(?),

leaves PDE (2) invariant if and only if its second extension also leaves (2) invariant.

Let

3 0 0

X = 7 ) ) ; a_ ) ) ) a
Zzzlf (1,9, T3, 1) o + n(zy, T2, T3 u)au

be the infinitesimal generator of (4). Let

3 0 0 3 0
2) _ (1)
X( ) - Zéi('x17 X2, T3, u)a ] + n(:clu X2, T3, u)? + Z nz (SE17 X2, T3, U, U1, U2, U‘3>8 ]
i=1 Li i3 Ui
3
() 9
R Z Niyio (1171, T2, T3, U, U1, U2, U3, U1, U12, U13, U22, U23, 1633)(9
i=1 Uiy ig
. L 1) . .
be the second extended infinitesimal generator of (5)where 771'( ) is given by
O = U+ Uiy, — € = = - =
™ - T ulzy 2,:clu:62 51,:01 Uy 53,.@1 Ugq gl,uuzf §2,uu$1u$2
_53,uum1um37
1
77§ ) = UJL“Q + Uuuﬂw - 63,362“963 - fQ,IQUIQ - 51712uu’61 - flﬂtumuwz - 527uu9202
_53,’11,”332 uxg )
(1)
ny" = Ury + Unlzy — §125Uz; — 305U — §2,25Uzy — E1,ulay Usy — 2,0 Uay Uy
_53,uum§7

and 77@(f 22 by

(2 _ 2
7711 - U:rzlxl + 2Uu362u902 + Uuuuxz + Uuuxgxg - gl,xgxguxl - 251,u502ua:1ua:2 - 251,12“11962

2 2
_Sl,uuu;wuacl - gl,uuacgmguml - 251,uuz2uz1:c2 - 52@2:52”:53;2 - 252,11302“@;2 - 252,x2ux2z2

2
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3
_52,1”1“3:2 - 352,uu$2332u332 - 53@2332”333 - 2§37u$2uf63uf€2 - 253,362“1312

2
_£3,uuux2ua¢3 - fS,uu:rgxguzg - 252,uux2ux2x37
(2 _

7712 — U:L‘lxg + Uu:r:gu:rfl + quluxg + Uuuu:rfluacg + Uuuamxz - 51,271932“931 51 uxguxl 51 :L‘Qu:rflx1

fl uuuacguzl 51 uxlu:muacg 51 uumlmzuml - fl uuaczuaclarl - 52 3313?2“3?2
_£Q,u:p2uw2u:p1 - 52,:1:2”9:1:@ 52 uuuzluzQ 52 ury UxQ 2&2 uwlzizoUzy — 53,1122 Ugs
_63,ux2ua:3ua:1 - 53,902”9039% - 53,uuu:(:1u:r;2ur3 - 63,ux1ux2ux3 - SS,uuxlxguxg
_53,uu:v2u:v1z3 - gl,:vluzvlzg - §2,x1u:v2z2 - §3,x1u$3z2 - gl,uuzluzlxg - 52,uum1ux2$2

_§3,uux1 Uggzy,

(10)

(11)

(2 _
7713 — lemg + qugu:rl + Uuazluazg + Uuuu:pluxg + Uuuxla:g - gl,xlxguazl - ’Sl,uxlu:tlumg - 51,:1:3”:1:111
_51 uuuazgu;yl 61 UI3U 251,uux1z3ux1 - 52,x1z3ux2 - 52,ua:3ua:2ua:1 - 62,1:3”:51:1:2
_52,uuuzl uzguz3 - 52,712:1 umgumg - 52 uuxlxguxg - 52 uuxguxlmg, - 53 x1333u3:3

_63,1”:3 uxg uxl - 53,903 ungt 53 uuuacl ug;3 63 ury ux3 53 uuuazl ui3

_263,uuac3uac1m3 - gl,xluacla:g - 52,x1ux2m3 - 53,x1ux3m3 - 52,uucc1ucc2x3
_53,uugc1 Ugszs,
ﬂg) = U:EQZL‘Q + 2Uuwgumg + Uuuuxg + Uuuzgxg - gl,zgwguxl - 251,u1‘2u1‘1 Ugy — 2&1 o Uy o
_gl,uuuiZILzl - gl,uumzmguxl - 261,uux2ux1932 - 52,372121%:2 252 uxo U g;2 252 o Uzoxsy
_52,uuu22 - 352,uux2x2ux2 - 53,x2x2ux3 - 253,1@2”13”12
_2§S,x2ux2:c3 - gS,uuug;%uxg - f3,uux2x2ux3 - 2£3,uux2ua§2x3a
77%) = U:rgzg + quguxg + Uu:pguwg + Uuuuxguxg + Uuu:vzwg - gl,xzwguwl - 51,u1‘2u1‘1
_51,x2ux1£1)3 - Slur2ur3u1‘1 - gl,uuuxguxluxg - Sla ux?)uxluxg - Sl,uuxzxguxl
_fl uua:gumm - 52 x2x3u12 - §Q,U$2u$2u$3 - 52,172“13@
_§2 uuuxg UIQ 52 umguiz 252 uu:pgxguxg - 52 uuxguxgxg - 53,1213'“13
53 uzg x3 53 zoUgsxs — 63 uuUzy ug;3 53 ,UT3 UgzUgy — 53,uuz2 Ugszs
_253,uuz3 Ugpas — §1,13 Ugyzy — §2 w3Uzgms — §3,z3 Ugpzy — 52,uum3um2ﬂi1a

2 _
N33 = U$39E3 + 2Uu£3uﬂ63 + Uuuu +U, ulgzzs — gl,msmsuﬂ?l - 251,1&3“961“963 - 251@3“%1%3

2
_fl,uuuxguxl - fl,uuxsxsuzl — 281 ulas Ugy s — 2,0505 Uy — E2,uasUaoUzy — 282 25 Uryas

2 2
_52,ux3ux2:53 - §2 uuuxguxz - 52 uuw3x3ux2 - EQ,UUZ‘3UZ‘2$3 - 53,:53:53 uacg - 253,ux3ux3

_253,x3ux3x3 53 uuum3 353 uu:rgmgumgy

We then have

2
X! )F($1>$2,1’37Ua1¢1,U2>U3,Ull,ulz,ul3,u2z,u23>u33) =0

(12)

(14)

If u = ©(x1, x2, r3) is an invariant solution of (3) corresponding to (5) admitted by PDE (3) then

3
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u = S(xy, xe, x3) is an invariant surface of (5) if X (u — &(x1,z2,23)) =0 when u = &(z1, 22, 23)
or

3

0
Z&(Iv 6($17 Za, I3)) ©

a. ) ) ) ) ) ) ]-6
2 oz, n(w1, T2, 13, O(71, T2, T3)) (16)

And u = ©(z1, 22, x3) solves (3) if F'(z1, z2, T3, u, U1, g, U3, Ut1, U2, Uts, Uz, Usz, Usg) = 0.

Equation (16) is known as the invariant surface condition for an invariant solutions corresponding
to (5). We obtain the invariant solutions using the invariant form method described below:

Lie’s Classical Method is applied to a single PDE (2) and we obtain Lie algebra of infinitesimal
symmetries is spanned by the six vector fields.

2. Lie’s Classical Method to single PDE

We now seek the following group of infinitesimal transformations
w* = w4+ eW(t,x,u),
= t+eT(t,z,y,u),
= :L’—i—eX(t,a:,y,u),
y' o= yt+eY(tzyu) (17)

under which (2) is invariant. Then

Wy + Wwe — Tywy — Twwf — Xyw, — Xpwewy — Yyw, — Y,ww,
+w, [Wx + Wyw, — Tow, — Tywaw, — Xpw, — wafc - Yyw, — Yyw,w,
+Wyy + 2Wyw,, + Wwwwi + Wywyy — Tyywe — 2T wiw, — 2T wy,, — Twwwiwt
—Tpwyywy — Tywywyy — Xyywy — XypyWaWy — 2XyWay — XopyWey — wawzwx
=X Wyy Wy — Xy WyWay — YWy — 2waw§ — wawz — 2YpWyWyy — Topwywy,
— XpWyWyy — 2Y wy, — Yywyw, = 0. (18)

Now replacing the highest derivative term w,, using (2), equation (18) becomes

W, + Wywy — Trwy — Twwt2 - Xyw, — Xypwewy — Yw, — Y, waw,
+W, [Wx + Wow, — Trywy — Tpywiw, — X,w, — wai - Y,w, — waxwy}

+Wyy + 2Wyyw, + Wwwwj — Tyywe — 2T ywew, — 2T wyy — Ty

yWt

4
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2
—Twwyywy — Tpwywey — Xyywy — XypyWaWy — 2XyWey — XopyWey — wawywx

2 3
= XpWyWey — Yyywy — 2Yywy — Yiw, — Tywywy, — Xy,

1
— [Ww — waa: — 2way — 2}/;/ — way] <wt + 2?1]3:) = 0. (19)

Equating the coefficients of w?, w,wy, wyw,, Wy, Wy, to zero, we obtain

T, = 0
X, = 0
Y, = 0
T, = 0
Y, = 0
T, = 0
X, = 0

A ain equating the derivativess of U}2 w w2 wy, W, to zero, we obtain the six linear partial differ-
yr Wy, Wy Wi, Wy )
ential equations,

Weow = 0, (20)
W,—X, = 0, (21)
1
Wy+W,, = 0, (23)
oW, — YV, —Y,, = 0. (25)
Integrating equation (20), we obtain
Wy = ki(z,t,y). (26)
Again integrating equation (26),
W = ki(z, t, y)w + ka(z, 1, y). (27)
Integrating with respect to y, equation (24) yields
1

2

Putting equation (28) into equation(25) and integrating with respect to y, we arrive at

171
ky = 3 ZZJZTtt + Ry + ks(x, )| . (29)
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Substituting (27) in (28) and integrating with respect to x we get

1

171
X =3 gt + 1) o+

1
1E wm+1/@@om+Xﬁy (30)

Inserting equations (30) and (27) into equation (21), we obtain wk; , + ko, = X:. But we find that
X = X (z,t). Therefore
kl,x = 07 Xt = k?,x- (31)

Using (30) and integrating with respect to z, equation (31) becomes

x? 11
ko = 1 [Tttty2 + Ty

8

Ty

3

1
hflf+Z/kgdt+:cX1(t)+H1(y7t)a (32)

where H;(y,t) is a constant of integration. Substituting (27), (31) and (32) in equation (23) we get
wkl,t + k27t + wkl,yy + kQ,yy = 0. (33)

Now collecting the different powers of w, we get two equations,

kl,t + kl,yy = O, (34>
kop+ koyy = 0, (35)
Using (32) equation (35) reduces to
2?11 x? 1 x?
1 [8Ttt“y2 + Tm] + ?yh’l” + Z/~c3(1t) + Xy (tt) + Hip + ETM + Hyyy = 0. (36)

Now equating the different powers of = to zero , we get

1 5
372Ettty2 + %hllﬂ + ETttt = 0, (37)
Xigw = 0, (38)
k
S+ Hy+Hyy = 0. (39)

4

Solving equations (37) and (38) we obtain that

T = gt2+bt+c,

h
hy = ;ﬂ + hst + ha,
Xl == d1t+d2 (40)
6
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Substituting equations (29) and (40) in equation (34) we get
1 a
—h k - =0.
512y + R3¢+ 1

Clearly we conclude that

h2:0

a
kg = _Zt + agp.

Putting (40), (42) into equations (30) and (32), we find that

1 h 1

X = 2[§y2~l—at+b}x—l—Z:)sy+4{—Zt+ao x + dit + dy + as,
a o 17 a,

k?g = ZZE —|—1 —gt +CLOt+CL1 —f—dle—f—Hl(y,t)

Substituting (43)-(44) in equation (31), we conclude that a must be zero.

(41)

(42)

Inserting a = 0 and equations (44), (42)into equations (43), (40), (28) and (27) , finally we get

T = bt+ec,
b
= §y+h3t—|—h4,

4

hs a 1
— [43ij 2)] w + Z(aot +a) +diw + Hi(y, 1),

Y
X = gx+%xy+d1t+d2+ci;)x+a4,
w
with 9 + Hyy + Hyyy = 0.
Special Case :
For Hy = k3 = 0 from (45)-(48), we obtain
T = bt+c,
Y = gy+h3t+h4,
X = ;)x+z3xy+d1t+d2,
w

h
= Z?’yw + dyx.
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Consequently,

0 0 0 0

b hs 9]
= [2x+4xy+d1t+d2] %—i-[bt—i-c]—

b 0 0
+|zy+hst+hy| —+ | —yw + diz ,
2 Y 4 w

ow
x 0 0 wyo xy O 0 yw 0
b[zagﬁ o Qay] h?’l ) ]

0
+d; [t + x] +do— +c— + hy—. (53)
ox w x Y

M= 5o et 2oy
_ryd 0 ywd
X2 = Far eyt D aw
9 0 9 B 9
3 tax +xaw7 4 axu 5 875’ 6 ay? (5 )

The commutation relations between these vector fields are given by the following table. The entry
in row ¢ and column j representing [X;, X]:

Table

Xi X X5 Xy X5 X
Xi] 0 0 0 —iXy —X5 —3Xg
Xo| 0 0 0 0 0 0
X5 0 0 0 0 0 0
X, ix, 00 0 0 0
Xs| X5 0 0 0 0 0
Xe|3Xe 0 0 0 0 0

The corresponding local one parameter groups are the following :
1 x Y
Gr : (u,z,y,t) (o5) — (2 exp s,texps,gexp s) :

8
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x w
(y exp s, texp s, y7 exp s> ,

G2 (U,l‘,y,t) (Ug) - 4

GS (U,l‘,y,t) (Ug) - (texps,xexp S) )

Gy (u,z,y.t) (09) = (w,z+s,9,t),

G (u,z,y,t) (ag’) - (w,z,y,t+5s),

Gs :  (wzyt) (00)— (wz,y+s,t). (55)

where 0/ = exp(sX;), 1 < j < 6. Since each local Lie group G, is a symmetry group, exponentiation
shows that if w = w(x,y,t) is a solution of (2) then so are

2
xy yw ))

T,y —s,t). (56)

3. CONCLUSION : In this paper we found new symmeries for the equation(2) and the infinite
group of point transformations are invariant. And also we found the corresponding local one pa-
rameter groups (55). The Lie algebra of infinitesimal symmetries of (2) is spanned by the six vector
fields eqn (54). The corresponding local one parameter groups are obtained eqn (55). And also each
local Lie group G; is a symmetry group, exponentiation shows that if w = w(x,y,t) is a solution of

(2) then so are eqn(56).
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