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Abstract: In this paper we apply Lie’s Classical Method to a (2+1) dimensional PDE equation
to identify all possible solution for which this equation admits an exact solution and we obtain Lie
algebra of infinitesimal symmetries is spanned by the six vector fields. We conclude that there is
an infinite group of point transformations are invariant using invariant form method.We obtained
local symmetry classifications.
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1. Introduction

In recent years there have been so many research to find symmetries for system of nonlinear (2+1)
dimensional PDEs. In this paper we consider the (2+1) dimensional PDE

wy − v = 0,

wx − u = 0,

wt +
1

2
u2 + vy = 0. (1)

The above system (1) is equivalent to

wt +
1

2
w2

x + wyy = 0. (2)

In the present work we first apply Lie classical method (Bluman and Cole1, Bluman and Kumei2,
George M.Murphy 3, Olver4, Bluman and Anco5, Olver P.J6,8 , Ibragimov7, Daniel Zwillinger9,
Sachdev.P. L.10,11, and Tesdall M. and Hunter.K12) to the second order PDE(2) and show that this
system is invariant under a group containing six parameters using invariant form method.
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We consider a scalar second order PDE in three variables

F (x1, x2, x3, u, u1, u2, u3, u11, u12, u13, u22, u23, u33) = 0. (3)

Here u1 = ∂u
∂x1

, u2 = ∂u
∂x2

, u3 = ∂u
∂x3

, u11 = ∂2u
∂x2

1
, u12 = ∂2u

∂x1∂x2
, u13 = ∂2u

∂x1∂x3
, u22 = ∂2u

∂x2
2
, u23 = ∂2u

∂x2∂x3
,

u33 = ∂2u
∂x2

3
. The one-parameter Lie group of transformations

x∗1 = x1 + εξ1(x1, x2, x3, u, ) +O(ε2),

x∗2 = x2 + εξ2(x1, x2, x3, u, ) +O(ε2),

x∗3 = x3 + εξ3(x1, x2, x3, u, ) +O(ε2),

u∗ = u+ εη(x1, x2, x3, u) +O(ε2), (4)

leaves PDE (2) invariant if and only if its second extension also leaves (2) invariant.

Let

X =
3∑

i=1

ξi(x1, x2, x3, u)
∂

∂xi

+ η(x1, x2, x3, u)
∂

∂u
(5)

be the infinitesimal generator of (4). Let

X(2) =
3∑

i=1

ξi(x1, x2, x3, u)
∂

∂xi

+ η(x1, x2, x3, u)
∂

∂u
+

3∑
i=1

η
(1)
i (x1, x2, x3, u, u1, u2, u3)

∂

∂ui

+ · · ·+
3∑

i=1

η
(2)
i1i2(x1, x2, x3, u, u1, u2, u3, u11, u12, u13, u22, u23, u33)

∂

∂ui1i2

(6)

be the second extended infinitesimal generator of (5)where η
(1)
i is given by

η
(1)
1 = Ux1 + Uuux1 − ξ2,x1ux2 − ξ1,x1ux1 − ξ3,x1ux3 − ξ1,uux2

1
− ξ2,uux1ux2

−ξ3,uux1ux3 , (7)

η
(1)
2 = Ux2 + Uuux2 − ξ3,x2ux3 − ξ2,x2ux2 − ξ1,x2ux1 − ξ1,uux1ux2 − ξ2,uu

2
x2

−ξ3,uux2ux3 , (8)

η
(1)
3 = Ux3 + Uuux3 − ξ1,x3ux1 − ξ3,x3ux3 − ξ2,x3ux2 − ξ1,uux1ux3 − ξ2,uux3ux2

−ξ3,uux2
3
, (9)

and η
(j)
i1i2 by

η
(2)
11 = Ux1x1 + 2Uux2ux2 + Uuuu

2
x2

+ Uuux2x2 − ξ1,x2x2ux1 − 2ξ1,ux2ux1ux2 − 2ξ1,x2ux1x2

−ξ1,uuu
2
x2
ux1 − ξ1,uux2x2ux1 − 2ξ1,uux2ux1x2 − ξ2,x2x2uxx2 − 2ξ2,ux2u

2
x2
− 2ξ2,x2ux2x2

2
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−ξ2,uuu
3
x2
− 3ξ2,uux2x2ux2 − ξ3,x2x2ux3 − 2ξ3,ux2ux3ux2 − 2ξ3,x2ux3x2

−ξ3,uuu
2
x2
ux3 − ξ3,uux2x2ux3 − 2ξ2,uux2ux2x3 , (10)

η
(2)
12 = Ux1x2 + Uux2ux1 + Uux1ux2 + Uuuux1ux2 + Uuux1x2 − ξ1,x1x2ux1 − ξ1,ux2u

2
x1
− ξ1,x2ux1x1

−ξ1,uuux2u
2
x1
− ξ1, ux1ux1ux2 − ξ1,uux1x2ux1 − ξ1,uux2ux1x1 − ξ2,x1x2ux2

−ξ2,ux2ux2ux1 − ξ2,x2ux1x2 − ξ2,uuux1u
2
x2
− ξ2,ux1u

2
x2
− 2ξ2,uux1x2ux2 − ξ3,x1x2ux3

−ξ3,ux2ux3ux1 − ξ3,x2ux3xt − ξ3,uuux1ux2ux3 − ξ3,ux1ux2ux3 − ξ3,uux1x2ux3

−ξ3,uux2ux1x3 − ξ1,x1ux1x2 − ξ2,x1ux2x2 − ξ3,x1ux3x2 − ξ1,uux1ux1x2 − ξ2,uux1ux2x2

−ξ3,uux1ux3x2 , (11)

η
(2)
13 = Ux1x3 + Uux3ux1 + Uux1ux3 + Uuuux1ux3 + Uuux1x3 − ξ1,x1x3ux1 − ξ1,ux1ux1ux3 − ξ1,x3ux1x1

−ξ1,uuux3u
2
x1
− ξ1, ux3u

2
x1
− 2ξ1,uux1x3ux1 − ξ2,x1x3ux2 − ξ2,ux3ux2ux1 − ξ2,x3ux1x2

−ξ2,uuux1ux2ux3 − ξ2,ux1ux2ux3 − ξ2,uux1x2ux3 − ξ2,uux2ux1x3 − ξ3,x1x3ux3

−ξ3,ux3ux3ux1 − ξ3,x3ux3xt − ξ3,uuux1u
2
x3
− ξ3,ux1u

2
x3
− ξ3,uuux1u

2
x3

−2ξ3,uux3ux1x3 − ξ1,x1ux1x3 − ξ2,x1ux2x3 − ξ3,x1ux3x3 − ξ2,uux1ux2x3

−ξ3,uux1ux3x3 , (12)

η
(2)
22 = Ux2x2 + 2Uux2ux2 + Uuuux2

2
+ Uuux2x2 − ξ1,x2x2ux1 − 2ξ1,ux2ux1ux2 − 2ξ1,x2ux1x2

−ξ1,uuu
2
x2
ux1 − ξ1,uux2x2ux1 − 2ξ1,uux2ux1x2 − ξ2,x2x2ux2 − 2ξ2,ux2u

2
x2
− 2ξ2,x2ux2x2

−ξ2,uuu
3
x2
− 3ξ2,uux2x2ux2 − ξ3,x2x2ux3 − 2ξ3,ux2ux3ux2

−2ξ3,x2ux2x3 − ξ3,uuux2
2
ux3 − ξ3,uux2x2ux3 − 2ξ3,uux2ux2x3 , (13)

η
(2)
23 = Ux2x3 + Uux2ux3 + Uux3ux2 + Uuuux2ux3 + Uuux2x3 − ξ1,x2x3ux1 − ξ1,ux2ux1

−ξ1,x2ux1x3 − ξ1ux2ux3ux1 − ξ1,uuux3ux1ux2 − ξ1, ux3ux1ux2 − ξ1,uux2x3ux1

−ξ1,uux2ux1x3 − ξ2,x2x3ux2 − ξ2,ux2ux2ux3 − ξ2,x2ux3x2

−ξ2,uuux3u
2
x2
− ξ2,ux3u

2
x2
− 2ξ2,uux3x2ux2 − ξ2,uux3ux2x2 − ξ3,x2x3ux3

−ξ3,ux2u
2
x3
− ξ3,x2ux3x3 − ξ3,uuux2u

2
x3
− ξ3,ux3ux3ux2 − ξ3,uux2ux3x3

−2ξ3,uux3ux2x3 − ξ1,x3ux1x2 − ξ2,x3ux2x2 − ξ3,x3ux2x3 − ξ2,uux3ux2x1 , (14)

η
(2)
33 = Ux3x3 + 2Uux3ux3 + Uuuu

2
x3

+ Uuux3x3 − ξ1,x3x3ux1 − 2ξ1,ux3ux1ux3 − 2ξ1,x3ux1x3

−ξ1,uuu
2
x3
ux1 − ξ1,uux3x3ux1 − 2ξ1,uux3ux1x3 − ξ2,x3x3ux2 − ξ2,ux3ux2ux3 − 2ξ2,x3ux2x3

−ξ2,ux3ux2x3 − ξ2,uuu
2
x3
ux2 − ξ2,uux3x3ux2 − ξ2,uux3ux2x3 − ξ3,x3x3ux3 − 2ξ3,ux3u

2
x3

−2ξ3,x3ux3x3 − ξ3,uuu
3
x3
− 3ξ3,uux3x3ux3 , (15)

We then have

X(2)F (x1, x2, x3, u, u1, u2, u3, u11, u12, u13, u22, u23, u33) = 0

If u = 	(x1, x2, x3) is an invariant solution of (3) corresponding to (5) admitted by PDE (3) then
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u = 	(x1, x2, x3) is an invariant surface of (5) if X(u−	(x1, x2, x3)) = 0 when u = 	(x1, x2, x3)
or

3∑
i=1

ξi(x,	(x1, x2, x3))
∂	
∂xi

= η(x1, x2, x3,	(x1, x2, x3)), (16)

And u = 	(x1, x2, x3) solves (3) if F (x1, x2, x3, u, u1, u2, u3, u11, u12, u13, u22, u23, u33) = 0.

Equation (16) is known as the invariant surface condition for an invariant solutions corresponding
to (5). We obtain the invariant solutions using the invariant form method described below:

Lie’s Classical Method is applied to a single PDE (2) and we obtain Lie algebra of infinitesimal
symmetries is spanned by the six vector fields.

2. Lie’s Classical Method to single PDE

We now seek the following group of infinitesimal transformations

w∗ = w + εW (t, x, u),

t∗ = t+ εT (t, x, y, u),

x∗ = x+ εX(t, x, y, u),

y∗ = y + εY (t, x, y, u) (17)

under which (2) is invariant. Then

Wt +Wwwt − Ttwt − Tww
2
t −Xtwx −Xwwxwt − Ytwy − Ywwtwy

+wx

[
Wx +Wwwx − Txwt − Twwtwx −Xxwx −Xww

2
x − Yxwy − Ywwxwy

]
+Wyy + 2Wwywy +Wwww

2
y +Wwwyy − Tyywt − 2Twywtwy − 2Tywty − Twww

2
ywt

−Twwyywt − Twwywty −Xyywx −Xwywxwy − 2Xywxy −Xwywxy −Xwww
2
ywx

−Xwwyywx −Xwwywxy − Yyywy − 2Ywyw
2
y − Ywww

3
y − 2Ywwywyy − Twwywty

−Xwwywxy − 2Yywyy − Ywwywyy = 0. (18)

Now replacing the highest derivative term wyy using (2), equation (18) becomes

Wt +Wwwt − Ttwt − Tww
2
t −Xtwx −Xwwxwt − Ytwy − Ywwtwy

+wx

[
Wx +Wwwx − Txwt − Twwtwx −Xxwx −Xww

2
x − Yxwy − Ywwxwy

]
+Wyy + 2Wwywy +Wwww

2
y − Tyywt − 2Twywtwy − 2Tywty − Twww

2
ywt

4
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−Twwyywt − Twwywty −Xyywx −Xwywxwy − 2Xywxy −Xwywxy −Xwww
2
ywx

−Xwwywxy − Yyywy − 2Ywyw
2
y − Ywww

3
y − Twwywty −Xwwywxy

− [Ww −Xwwx − 2Ywwy − 2Yy − Ywwy]
(
wt +

1

2
w2

x

)
= 0. (19)

Equating the coefficients of w2
t , wxwt, wtwy, wty, wxy to zero, we obtain

Tw = 0

Xw = 0

Yw = 0

Tx = 0

Yx = 0

Ty = 0

Xy = 0.

Again equating the derivativess of w2
y, wx, w

2
x, wt, wy to zero, we obtain the six linear partial differ-

ential equations,

Www = 0, (20)

Wx −Xt = 0, (21)
1

2
Ww −Xx + Yy = 0, (22)

Wt +Wyy = 0, (23)

2Yy − Tt = 0, (24)

2Wwy − Yt − Yyy = 0. (25)

Integrating equation (20), we obtain
Ww = k1(x, t, y). (26)

Again integrating equation (26),

W = k1(x, t, y)w + k2(x, t, y). (27)

Integrating with respect to y, equation (24) yields

Y =
1

2
Tty + h1(t). (28)

Putting equation (28) into equation(25) and integrating with respect to y, we arrive at

k1 =
1

2

[
1

4
y2Ttt + h′1y + k3(x, t)

]
. (29)

5
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Substituting (27) in (28) and integrating with respect to x we get

X =
1

2

[
1

8
Ttty

2 + Tt

]
x+

1

4
xyh′1 +

1

4

∫
k3(x, t)dx+X1(t). (30)

Inserting equations (30) and (27) into equation (21), we obtain wk1,x + k2,x = Xt. But we find that
X = X(x, t). Therefore

k1,x = 0, Xt = k2,x. (31)

Using (30) and integrating with respect to x, equation (31) becomes

k2 =
x2

4

[
1

8
Tttty

2 + Ttt

]
+
xy

4
h′′1 +

1

4

∫
k3dt+ xX1(t) +H1(y, t), (32)

where H1(y, t) is a constant of integration. Substituting (27), (31) and (32) in equation (23) we get

wk1,t + k2,t + wk1,yy + k2,yy = 0. (33)

Now collecting the different powers of w, we get two equations,

k1,t + k1,yy = 0, (34)

k2,t + k2,yy = 0, (35)

Using (32) equation (35) reduces to

x2

4

[
1

8
Ttttty

2 + Tttt

]
+
x2y

8
h′′′1 +

1

4
k3(t) + xX1(tt) +H1,t +

x2

16
Tttt +H1,yy = 0. (36)

Now equating the different powers of x to zero , we get

1

32
Ttttty

2 +
y

8
h′′′1 +

5

16
Tttt = 0, (37)

X1,tt = 0, (38)

k3

4
+H1,t +H1,yy = 0. (39)

Solving equations (37) and (38) we obtain that

T =
a

2
t2 + bt+ c,

h1 =
h2

2
t2 + h3t+ h4,

X1 = d1t+ d2. (40)

6
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Substituting equations (29) and (40) in equation (34) we get

1

2
h2y + k3,t +

a

4
= 0. (41)

Clearly we conclude that

h2 = 0

k3 = −a
4
t+ a0. (42)

Putting (40), (42) into equations (30) and (32), we find that

X =
1

2

[
a

8
y2 + at+ b

]
x+

h3

4
xy +

1

4

[
−a

4
t+ a0

]
x+ d1t+ d2 + a2, (43)

k2 =
a

4
x2 +

1

4

[
−a

8
t2 + a0t+ a1

]
+ d1x+H1(y, t). (44)

Substituting (43)-(44) in equation (31), we conclude that a must be zero.

Inserting a = 0 and equations (44), (42)into equations (43), (40), (28) and (27) , finally we get

T = bt+ c, (45)

Y =
b

2
y + h3t+ h4, (46)

X =
b

2
x+

h3

4
xy + d1t+ d2 +

a0

4
x+ a4, (47)

W =

[
h3

4
y +

a)

2

]
w +

1

4
(a0t+ a1) + d1x+H1(y, t), (48)

with a0

4
+H1,t +H1,yy = 0.

Special Case :

For H1 = k3 = 0 from (45)-(48), we obtain

T = bt+ c, (49)

Y =
b

2
y + h3t+ h4, (50)

X =
b

2
x+

h3

4
xy + d1t+ d2, (51)

W =
h3

4
yw + d1x. (52)

7
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Consequently,

X = X
∂

∂x
+ T

∂

∂t
+ Y

∂

∂y
+W

∂

∂w
,

=

[
b

2
x+

h3

4
xy + d1t+ d2

]
∂

∂x
+ [bt+ c]

∂

∂t

+

[
b

2
y + h3t+ h4

]
∂

∂y
+

[
h3

4
yw + d1x

]
∂

∂w
,

= b

[
x

2

∂

∂x
+ t

∂

∂t
+
y

2

∂

∂y

]
+ h3

[
xy

4

∂

∂x
+ t

∂

∂y
+
yw

2

∂

∂w

]

+d1

[
t
∂

∂x
+ x

∂

∂w

]
+ d2

∂

∂x
+ c

∂

∂t
+ h4

∂

∂y
. (53)

Thus the Lie algebra of infinitesimal symmetries of (2) is spanned by the six vector fields.

X1 =
x

2

∂

∂x
+ t

∂

∂t
+
y

2

∂

∂y
,

X2 =
xy

4

∂

∂x
+ t

∂

∂y
+
yw

2

∂

∂w
,

X3 = t
∂

∂x
+ x

∂

∂w
, X4 =

∂

∂x
, X5 =

∂

∂t
, X6 =

∂

∂y
, (54)

The commutation relations between these vector fields are given by the following table. The entry
in row i and column j representing [Xi, Xj]:

Table

X1 X2 X3 X4 X5 X6

X1 0 0 0 −1
2
X4 −X5 −1

2
X6

X2 0 0 0 0 0 0
X3 0 0 0 0 0 0
X4

1
4
X4 0 0 0 0 0

X5 X5 0 0 0 0 0
X6

1
2
X6 0 0 0 0 0

The corresponding local one parameter groups are the following :

G1 : (u, x, y, t) (σ1
s)→

(
x

2
exp s, t exp s,

y

2
exp s

)
,

8
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G2 : (u, x, y, t) (σ2
s)→

(
xy

4
exp s, t exp s,

yw

2
exp s

)
,

G3 : (u, x, y, t) (σ3
s)→ (t exp s, x exp s) ,

G4 : (u, x, y, t) (σ4
s)→ (w, x+ s, y, t) ,

G5 : (u, x, y, t) (σ5
s)→ (w, x, y, t+ s) ,

G6 : (u, x, y, t) (σ6
s)→ (w, x, y + s, t) . (55)

where σj
s = exp(sXj), 1 ≤ j ≤ 6. Since each local Lie group Gj is a symmetry group, exponentiation

shows that if w = w(x, y, t) is a solution of (2) then so are

w1(x, y, t) = w
(
−x

2
exp(−s), t exp(−s), y

2
exp(−s)

)
,

w2(x, y, t) = w
(
xy

4
exp(−s), t exp(−s), yw

2
exp(−s)

)
,

w3(x, y, t) = w (t exp(−s), x exp(−s)) ,
w4(x, y, t) = w (x− s, y, t) ,
w5(x, y, t) = w (x, y, t− s) ,
w6(x, y, t) = w (x, y − s, t) . (56)

3. CONCLUSION : In this paper we found new symmeries for the equation(2) and the infinite
group of point transformations are invariant. And also we found the corresponding local one pa-
rameter groups (55). The Lie algebra of infinitesimal symmetries of (2) is spanned by the six vector
fields eqn (54). The corresponding local one parameter groups are obtained eqn (55). And also each
local Lie group Gj is a symmetry group, exponentiation shows that if w = w(x, y, t) is a solution of
(2) then so are eqn(56).

Acknowledgements:
This research work was supported by the University Grants Commission - Special Assistance
Programme (UGC-SAP), New Delhi, India, through the letter No.F.510/7/DRS − 1/2016
(SAP − 1), dated Sept.14, 2016.

References

[1] G. W. Bluman and J. D. Cole, The general similarity solution of the heat equation, J. Math.
Mech. 18 (1969), 1035-1047.

[2] G. W. Bluman and S. Kumei, Symmetries and Differential Equations, Springer-Verlag, New
York, 1989.

9

lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 51 Number 6 November 2017

lalitha
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                   Page 389



[3] George M. Murphy, Ordinary Differential Equations and their Solutions, D. Van Nostrand
Company, Inc, New Jersey, 1960.

[4] P. J. Olver, Equivalance, Invariants and Symmetry (Berlin, Springer-Verlag, 1986).

[5] G. W. Bluman and S. C. Anco, Symmetries and Integration methods for Differential Equations
(New York, Springer-Verlag, 2002).

[6] Olver, P. J. Applications of Lie Groups to Differential Equations, Springer-Verlag, New York
1986.

[7] Ibragimov, N. H. CRC Hand Book of Analysis of Differential Equations, Exact Solutions and
Conservation Laws, CRC Press, New York, 1994 .

[8] Olver, P. J. Equivalence, Invariants and Symmetry, Cambridge University Press, Cambridge,
1996.

[9] Daniel Zwillinger, Handbook of Differential Equations, Academic Press, New York, 1992.

[10] Sachdev, P. L. A Compendium on Nonlinear Ordinary Differential Equations, John-Wiley &
Sons Inc, New York, 1997.

[11] Sachdev, P. L. and Mayil Vaganan, B. Exact free surface flows for shallow water equations,
Stud. Appl. Math. 94: 57 - 76 (1995).

[12] Tesdall, M. and Hunter, K. Self-similar solutions for weak shock reflection, Siam J. Appl.
Math. 63: 42 (2002).

10

lalitha
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 51 Number 6 November 2017

lalitha
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                   Page 390




