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Abstract — Square difference prime labeling of a graph is the labeling of the vertices with {0,1,2-----,p-1} and
the edges with absolute difference of the squares of the labels of the incident vertices .The greatest common
incidence number of a vertex (gcin) of degree greater than one is defined as the greatest common divisor of the
labels of the incident edges. If the gcin of each vertex of degree greater than one is one, then the graph admits
square difference prime labeling. Here we investigate some star related graphs for square difference prime
labeling.
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l. INTRODUCTION

All graphs in this paper are finite and undirected. The symbol V(G) and E(G) denotes the vertex set and edge set
of a graph G. The graph whose cardinality of the vertex set is called the order of G, denoted by p and the
cardinality of the edge set is called the size of the graph G, denoted by g. A graph with p vertices and q edges is
called a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and definitions are
taken from [1], [2],[3], [4] and [5] . Some basic concepts are taken from Frank Harary [1]. In [6], we introduced
the concept, square difference prime labeling and proved that some shake graphs admit this kind of labeling. In
[71, [8], 9], [10] and [11] ,we extended our study and proved that the result is true for some path related graphs,
some planar graphs, some tree graphs, some cycle related graphs, fan graph, helm graph, umbrella graph, gear
graph, friendship and wheel graph. Here we investigate some star related graphs for square difference prime
labeling.

Definition: 1.1 Let G be a graph with p vertices and q edges. The greatest common incidence number (gcin) of
a vertex of degree greater than or equal to 2, is the greatest common divisor (gcd) of the labels of the incident
edges.

1. MAIN RESULTS

Definition 2.1 Let G = (V(G),E(G)) be a graph with p vertices and q edges . Define a bijection
f:V(G) - {0,1,2,---, p-1} by f(v;) =i — 1 , for every i from 1 to p and define a 1-1 mapping
fsap + E(G) — set of natural numbers N by fg,, (uv) = | f(u)? - f(v)? |. The induced function fsap 15 SaId to be a
square difference prime labeling, if for each vertex of degree at least 2, the gcin of the labels of the incident
edges is 1.
Definition 2.2 A graph which admits square difference prime labeling is called a square difference prime graph.
Definition 2.3 The Lilly graph L,, n > 2 can be constructed by two star graphs K; ,and two path graphs P,
sharing a common vertex.
Theorem 2.1 Splitting graph of star graph Ky, (n is a natural number greater than 3) admits square difference
prime labeling.
Proof: Let G =S'(Ky,) and let a,b,vy,Vz,----,Vy, Ug,Up,---,U, are the vertices of G.
Here [V(G)| = 2n+2and |[E(G)| =3n
Define a function f: V — {0,1,2,---,2n+1 } by
fv)) =i+1, i=12,--n
f(u) = n+i+l, i=12,--n
f(a) = 0, f(b) = 1.
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;, is defined as follows

fsap (@) = (i+1), i=12--n.
foap (@) = (n+i+1)?, i=1,2,--n.
fsap (b vy) = (i+1)*-1, i=12--n.
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Clearly f, isan injection.

gein of (a) = ged of {fy, (av1), fogp(avy)}
= gcd of {4, 9}
=1

gein of (v)) = ged of {fy, (@ vy), faap (bvi) }

=ged of { (i+1)? (i+1)* -1}
1, i=12--n.
ged of {foq, (b V1), fogp (D v2) }
ged of {3, 8}
1

gcin of (b)

So, gcin of each vertex of degree greater than one is 1.

Hence S'(Ky,) , admits square difference prime labeling.
Example 2.1 G = S'(Ky4)

U u; Us Ua

a
Fig—-2.1
Theorem 2.2 Double graph of star graph Ky, (n is a natural number greater than 3) admits square difference
prime labeling.

Proof: Let G =D(Ky,)) and let a,b,vy,V,---,Vy, Uy, U,,---,U, are the vertices of G.
Here |[V(G)| = 2n+2and |E(G)| =4n
Define a function f: V - {0,1,2,---,2n+1 } by
f(v;) = i+1, i=12,--n
f(u;) = n+i+l, i=12,--n
f(a) =0, f(b) = 1.
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;, is defined as follows

fop (@) = (i+1)% i=1,2---n.

foap (@) = (n+i+1)? i=12---n.

fop (D) = (i+1)*-1, i=12---n.

foap (b ;) = (n+i+1)? -1, i=12--n.
Clearly f., isan injection.

gcin of (a) = ged of {foy, (@ v1), fiap (@ v2) }

ged of {4, 9}
1.

geinof (vi) = ged of {£y, (@ v,), figp (bv) }
= ged of { (i+1), (i+1)° -1}
=1, i=12--n.

gein of (b) = ged of {fp, (b v1), fuap (b v2) }
= ged of {3, 8}
=1

geinof (u) = ged of {£, (aw,), fi, (bu)}

= ged of { (n+i+1)?% (n+i+1)° — 1}
=1, i=12--n.
So, gcin of each vertex of degree greater than one is 1.
Hence D(Ky,) , admits square difference prime labeling.
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Example 2.2 Let G = D(K; 4)

Vi vz Vs Va

Fig-2.2

Theorem 2.3 Let G be the graph obtained by duplicating each pendant vertex of star K, , by an edge. G admits
square difference prime labeling.
Proof: Let G be the graph and let v;,v,,---,V3n4 are the vertices of G.
Here [V(G)| = 3n+land |[E(G)| =4n
Define a function f: V - {0,1,2,---,3n } by

f(v) =i-1,i=1,2,--,3n+1
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;, is defined as follows

feap (V312 V31-1) = 61-5, i=12,--n.
faap (V321 v3;) = 613, i=12,--n.
feap W3i2 v3) = 12i-8, i=12--n.
foap (V311 V3n41)= on?—(3i-2)°, i=12,-n.

Clearly f., isan injection.
gein of (vsi) ged of {fap (V3i-2 V3i-1), foap (V3i-2 v3:) }
ged of {6i-5, 12i-8}
ged of {2,6i-5}=1, i=1,2,---,n.
ged of {fp (V312 V3i-1), foap (V3i-1 v3:) }
ged of {6i-5, 6i-3}
ged of {2,6i-5}=1,i=1,2,---,n.
gein of (v3) = ged of {foy, (V352 v30), foap (V311 v30) }
= gcd of {12i-8, 6i-3}
= gcd of {6i-3,6i-5}=1, i=1,2,---n.
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits square difference prime labeling.
Example 2.3 Let G be the duplication of each pendant vertex of K, 4

gcin of (vsi.1)

Fig-2.3

Theorem 2.4 Let G be the graph obtained by duplicating the central vertex of star K;, by an edge. G admits
square difference prime labeling.
Proof: Let G be the graph and let vy,v,,---,vp.3 are the vertices of G.
Here [V(G)| = n+3and |[E(G)| =n+3
Define a function f: V — {0,1,2,---n+2 } by

flv) =i-1,i=1,2,--n+3
Clearly f is a bijection.
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For the vertex labeling f, the induced edge labeling £, is defined as follows

f;:ip W Vigq) = 2i-1, i=1.23.

Jfsap (V1 V3) = 4.

fsap (V3 Viga) = i2+6i+5, i=1,2,--n-1.
Clearly f, isan injection.

geinof (vi) = ged of {f, (01 v2), fig (V1 v3) }

ged of {1, 4}=1.

gcin of (v,) ged of {fa, (V1 v2), foap (V2 v3) }
= ged of {1, 3}=1.
gcin of (v3) = ged of {f5, (v, v3), foap (V3 v4) }

ged of {3, 5}=1.
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits square difference prime labeling.
Theorem 2.5 Lilly graph admits square difference prime labeling.
Proof: Let G =L, and let vy,v,,---,v4,.1 are the vertices of G.
Here [V(G)| = 4n-l1and |E(G)| = 4n-2
Define a function f: V - {0,1,2,---,4n-2 } by

f(v)=i-1,i=12,--,4n-1
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,;, is defined as follows
fsap Wi Vig1) = 2i-1, i=1,2,--2n-1.
f;ip (vn v3n+i—1) = (3n+i'2)2 - (n'l)zr i=12--n.
f;:ip (vn v2n+i—1) = (2n+i'2)2 - (n'l)zv i= 112!‘"!”'
Clearly f., isan injection.
gcin of (Vi) = ged of {f4, (Vi visa), fiap (Vi1 vis2) 3

= gcd of {2i-1, 2i+1}
=1, i=12,--2n-3.

So, gcin of each vertex of degree greater than one is 1.
Hence L,, admits square difference prime labeling.
Theorem 2.6 Let G; be the first copy of star K;, and G, be the second copy of star K;,. Let a be the central
vertex and let vi,v,,---,v, are the pendant vertices of Gj. Let b be the central vertex and let uy, U,,---,u, are the
pendant vertices of G,. Let G be the graph obtained by replacing the vertices u;, v; by w; and joining a to w; and
b to w; , for every i. G admits square difference prime labeling.
Proof: Let G be the graph and let a,b,w;,w,,---,w,, are the vertices of G.
Here [V(G)| = n+2and |[E(G)| =2n
Define a function f: V - {0,1,2,---,n+1 } by

f(w) =i+1,i=1,2,--n

f(a) = 0, f(b) = 1.
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;, is defined as follows

fop (@wy) = (i+1)% i=12--n.

fop (D W) = (i+1)*-1, i=12---n.

Clearly f., isan injection.

gein of (w) = ged of {fu, (awy), fsap (b W)}
= ged of {(i+1)% (i+1)*-1}
=1, i=12--n.

gein of (a) = ged of {f, (@ wy), fea, (@ w2) }
= gcd of {4, 9}=1.

gein of (b) = ged of {f, (bwy), fea, (bw,) }

= ged of {3, 8}=1.
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits square difference prime labeling.
Example 2.4 G be the graph obtained by joining two copies of star Ky s.
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Fig — 2.4

Theorem 2.7 Strong Double graph of star graph K;, (n is a natural number greater than 3) admits square

difference prime labeling.
Proof: Let G =S{D(Kj )} and let a,b,vy,V,----,Vy, Ug,Up,---,U, are the vertices of G.
Here [V(G)| = 2n+2and |E(G)| =5n+1
Define a function f: V - {0,1,2,---,2n-1 } by

f(v;) = i+1, i=12,---n

f(u;) = n+i+l, i=12--n

f(a) =0, f(b) = 1.

Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;, is defined as follows

foip (@ V) = (i+1)% i=12,--n.

foap (@) = (n+i+1)? i=12,--n.

foip (D V2) = (i+1)° -1, i=12,--n.

foip (D) = (n+i+1)? -1, i=1,2,--n.

foip (U v7) = (n+i+1)? — (i+1)% i =1,2,—n.

foap (@) = 1.

Clearly f., isan injection.

gcin of (a) = ged of {foy, (@ v1), foap (@ v2) }
= gcd of {4, 9}=1.

gcin of (v = ged of {fo, (@ vi), fgp (b i) }
= ged of { (i+1)% (i+1)>—1}
=1, i=12--n.

gcin of (b) = ged of {foy, (b 1), fogp (bv2) }
= gcd of {3, 8}=1.

gcin of (u)) = ged of {fo, (@ w;), foap (buy) }

ged of { (n+i+1)?, (n+i+1)* -1}

=1, i=1,2,--,n.
So, gcin of each vertex of degree greater than one is 1.
Hence S{D(Ky,)} , admits square difference prime labeling.
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