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Abstract: In this paper, we define the total degree of
a vertex in the Cartesian product of two interval —
valued fuzzy graphs (IVFG) and investigate the total
regularity of the Cartesian product. In general, the
Cartesian product of two totally regular interval —
valued fuzzy graphs need not be a totally regular
interval — valued fuzzy graph (TRIVFG). The
necessary and sufficient conditions for the Cartesian
product of two TRIVFGs to be totally regular under

some restrictions are obtained.
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l. INTRODUCTION

Graph theory has so many applications in
almost all real world problems. But since the world
is full of uncertainty, fuzzy graph has a separate
importance in many real life applications. Fuzzy
graph theory is finding an increasing number of
applications in modeling real time systems where the
level of information inherent in the system varies
with different levels of precision. In the applied field,
the success of the use of fuzzy set theory depends on
the choice of the membership function that we make.
However, there are applications in which experts do
not have precise knowledge of the function that
should be taken. In these cases, it is appropriate to
represent the membership degree of each element of
the fuzzy set by means of an interval. From these
considerations arises the extension of fuzzy sets
called the theory of interval- valued fuzzy sets, that
is fuzzy sets such that the membership degree of
each element of the fuzzy set is given by a closed
subinterval of the interval [0,1]. Replacing the
membership functions of vertices and edges in fuzzy
graphs by interval valued fuzzy sets such that they
satisfy some particular condition, interval — valued
fuzzy graphs were defined. Thus IVFG provide a
more description of vagueness and uncertainty
within the specific interval than the traditional fuzzy
graph. The basic concepts of fuzzy sets and interval
— valued fuzzy sets can be found in [43] and [44].

The first definition of fuzzy graph was by
Kaufmann [14] in 1973. But it was Azriel Rosenfeld
[34] who considered fuzzy relations on fuzzy sets
and developed the theory of fuzzy graphs as a
generalization of Eulers graph theory in 1975. The
works of Bhattacharya[7], Bhutani [8], Bhutani and
Battou [9], Bhutani and Rosenfeld [10]-[12],
Mordeson [15], Mordeson and Nair [16],[17],

Mordeson and Peng [18], Sunitha and
Vijayakumar[37]-[40], Nagoor Gani and Basheer
Ahmed [19], Nagoor Gani and Malarvizhi[20],
Nagoor Gani and Radha[21],[22] form the
foundation of all researches in fuzzy graph theory.

In 2009, Hongmei and Lianhua [13] introduced
IVFG as an extension of fuzzy graphs. Since then, a
lot of research work is being done in this area.
Muhammad Akram and Wieslaw A. Dudek [3]
defined the operations of Cartesian product,
composition, union and join of IVFGS and
investigated some properties. They also introduced
the notion of interval valued fuzzy complete graphs
and presented some  properties of self
complementary and self weak complementary
interval valued fuzzy complete graphs. Now IVFG is
growing fast and has wide applications in many
fields. The various works done in this area can be
seen in [1] — [6],[25] — [33], [35] — [36] and [41] —
[42]. H. Rashmanlou and Madhumangal Pal [25]
defined regular and totally regular IVFGs. Total
regularity of the join of two IVFGs was discussed
by the author in [35]. The author also studied about
regular and edge regular IVFGs [36]. Totally regular
property of the Cartesian Product of two
intuitionistic fuzzy graphs were studied by A.
Nagoor Gani and H. Sheik  Mujibur
Rahman[23],[24].

In this paper, we introduce and analyse the
notion of total degree of a vertex in the Cartesian
Product of two IVFGs. Also we obtain the necessary
and sufficient conditions for the Cartesian product of
two TRIVFG to be totally regular under some
restrictions.

1. BAsic CONCEPTS

Graph theoretic terms and results used in this
work are either standard or are explained as and
when they first appear. We consider only simple
graphs. That is, graphs with multiple edges and
loops are not considered.

Definition 2.1[34].

Let V be a non empty set. A fuzzy graph is
a pair of functions G:(o,u) where o is a fuzzy
subset of V and u is a symmetric fuzzy relation on
o. That is, a:V - [0,1] and p:V x V — [0,1] such
that u(u,v) < o(u) A o(v) for all u, v in V where
o(u) A o(v) denotes minimum of o(u) and o(v).
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Definition 2.2[3]. Definition 2.7 [25].
An interval number D is an interval The negative degree of a vertex u € V is
[a7,at]with0<a < at <1 defined by d~(w) =Y. er g @v). Similarly,
positive degree of a vertex u €V is defined by
Remark 2.1. dt(u) = Yuyep uf(uv). Then the degree of the
(i) The interval number [a, a] is identified vertex u € V is defined as d(u) = [d~(w),dt(w)].
with the number a € [0,1].
(ii) D[0,1] denotes the set of all interval Definition 2.8 [25].
numbers. If d(u) =k, d*(w) =k, for all uev
where kq, k, are real numbers, then the graph G is
Definition 2.3[3]. called [kq,k,] - regular interval — valued fuzzy
For interval numbers D; = [ai,b{] and graph(RIVFG) or regular interval — valued fuzzy
D, = [a;, b¥] graph of degree [ky,k;].
e rmin(D{,D,) =
[minf{a7, a3}, min{b;, b}] Definition 2.9[25].
e rmax(Dy,D,) = The total degree of the vertex u € V is defined
[max{a7, a7}, max{b], bd}] astd(uw) = [td~(w),td™ (u)] where,
e D;+D, =[a;+a;—aj.a;, bf + td” (W) =X, eqHp V) + pz (W)

b3 — bi .bd] d~(u) + py(u) and

e D, <D, ©aj <ajandbf < bj td*(w) = Zuwer g W) + ui @)
e D,=D, © aj = a; andbf = b} = d"(w) + pi ().
e D,<D, &D,<D,andD; # D,
e kD =Kk[a7,bf] = [ka7, kbj] where Definition 2.10[25].
0< k <1. Let G = (4, B) be an IVFG. If each vertex
Then (D[0,1], <,V,A) is a complete lattice with [0,0] of G has the same total degree [k;,k,] then the
as the least element and [1,1] as the greatest. Here v graph G is called a [k, k,] totally regular interval
denotes maximum and A denotes minimum. \[/ZWid]fUZZy graph (TRIVFG) or TRIVFG of degree
1,121
Definition 2.4[3].
The interval — valued fuzzy set (IVFS) A in Definition 2.11[36].
V is defined by 4 = {(x, [uz (), ui()]):x € V) If the underlying graph G* is regular, then
where uz (x) and p} (x) are fuzzy subsets of V such G is said to be a partially regular interval — valued
that p;(x) < uf(x) for all x eV . We shall fuzzy graph (PRIVFG).

sometimes denote the IVFS A by [, (x), wf (x)]. o

For any two IVFSs A = [u;(x),uf(x)] and Definition 2.12[3].
B = [uz (%), ui (x)] in V, we define Let G; = (A1, By) and G; = (4, By)
AUB= be two IVFGs with G;= (V;, E;) and G; =

B B (V,, E; ). Then the Cartesian product G; X G, of
{(x, max (uA(X),uB(X)),max (”X(X):HE(X)»} 2 =2 1 2

G, and G, is a pair of functions (4; X A,, B; X By)
:x € V ) with underlying vertex set V; x V, = {(uy,v1):u; €
e ANB= Viandv, €V,}  and  underlying edge  set

(x, min(uy (%), uz (x)), min(u} (x), ug (x))) f; :j iz Z l{z(ui; Vi)(;tz}f szj?:h Iﬁl ; Uy, V1V, € E,
142 1, Y1 — 2

t x€eV
| (ua, x uz,) (ug, vp) = min (M1 (w), uz, (vl))

Definition 2.5[3]. L .

If G*= (V,E) is a graph, then by an (i, > i, ) (uy, v1) = min (’“:‘rl (), i, (vl))
interval — valued fuzzy relation (IVFR) B on the set forall (uy,vy) €V =V, xV,.
E we mean an IVFS such that ugz(xy) <
min(,u;(x),u;(y)) and (#El X #EZ)((ul. v1) (Uz, Uz))
ME(XY) < mln(#jl-(x); HI(}’)) for all xy €EE. B = min (#Zl (ul)’#gz (]]11]2))

A4

Definition 2.6 [3]. (ut, x 1, ) (Cur, v1) (. v2)

By an interval — valued fuzzy graph (IVFG) | = min (#L (wy), g, (v, Vz))

ofagraph G* = (V,E), we mean a pair G = (4, B),
where A = [ug,uf] is an IVFS on Vand B =
[ug, ug]is anIVFRonE.

if Uy = U,y € EZ
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((Mal X IJBZ)((”L 171)(“2,172))

4| = min .UBl(uluz) .qu(vl))
iii

L(Mal X IJBZ)((”L 1) (U, 1))

= min (HBl (u1u2),.uA2 (V1))
|f u1u2 € El,vl = 172

Remark 2.1.
Clearly G; X G, isan IVFG.

1. TOTAL DEGREE OF A VERTEX IN
CARTESIAN PRODUCT

By definition, for any (u;,v;) € V; X V5,

tdgl X Gy (ulv 171)

= Z(Ulrvl)(uzyvz)EEMEz(ugl X HEZ)((Ul,Vl)(uz,VZ))
+ (.UZl X #ZZ)(uLW)

= Zu1=u2,v1V2€E2 min (u;l (ul)' I’lgz (Vlvz)) +
ZuluzeEl,Vlzvz min (”‘El (uluz): ulzz (Vl)) +
min (,u;l (W), g, (171)) ............... (3.1

Also,

td51 X Gy (ull 171)

= Z(Ulrvl)(uzyvz)EEMEz(ugl X HEZ)((Ul,Vl)(uz,VZ))
+ (HZl X l’lgz)(ulv vl)

= Z‘Jl:uZ'VlVZEEZ min (UL (ul)l ugz (V1V2)) +
Zu1u2€E1,V1=vZ min (I’J‘gl (ulu2): I’J‘Xz (Vl)) +
min (,uj{l (uy), uj, (vl)) ............... (3.2

Result 3.1
For any two numbers a and b,
min(a, b) = a + b — maxi{, b)

Using the above result, equations (3.1) and (3.2) can
be rewritten as

tdg, x ¢, (U1, vy)
= Z‘Jl:uZ'VlVZEEZ min (le (ul)l HEZ (V1V2)) +
Z:u1u2€E1,V1=V2 min (ug1 (u1u2)l HKZ (Vl)) +
i, () + iz, (vr) = max (3, (uy), w7, () )(3.3)
Also,
tdé’l X Gy (uq,vq)

= z:u1=u2,v1vzeE2 min (HL (ul)’ ng (V1V2)) +
ZUIUZEELV1=V2 min (u§1 (u1u2)’ HXZ (Vl)) +
i, ) + pf, (v) = max (e, (), 1, (1)) (3.4)

Now we find the total degree of a vertex (u;,v;) in
G; X G, insome particular cases.

Theorem 3.1.
Let Gy = (A1, By) and G; = (4, By)
be two IVFGs. If A; =B, and A, = B; then

tdg, x ¢, (u1, v1) = dg, (uy) + dg, (v1) +
min (47, (u,), 7, (v,)) and

tdd, x 6, (U1, v1) = d, (ug) +dé, (v) +
min (uf, (), wh, (v1) )

Proof:
Ay 2 By = [ua,, uf, | 2 (w5, uf,]
= pa, = pg, and pg, > pp,
Again, 4, = By = [ug,, uf,] = [u5,, 04,
= ua, = pp, and py, = pp,
-~ min (HKl (u1), Mg, (V1V2)) = g, (v1vz) and
min (1ig, (W uz), 1z, (v1)) = ng, (uruz)
similarly,  min (uf, (up), 1, (v1v2)) = i, (viv2)
and min (i, (uyuz), 1k, (v1) ) = wf, (uuy)
Then from equation (3.1), we have
- td(_}l X Gp (uli Vl) = Z v1v2€E) I’lgz (Vlvz) +
% g, M5; () + min (7, (), 1z, (v1) )
= dg, (u;) + dg, (v)) + min (7, (W), 1z, (v))
Again from equation (3.2), we have
tdd, x o, (U, V1) = Xy, ep, M8, (V1V2) +
z wyugey M (uyug) +min (uf, u), ik, (v)

& () + dg, (o) + min (uf, (uy), w1, (01))-

Theorem 3.2.

Let Gl = (A1' Bl ) and GZ = (Az, Bz )
be two IVFGs. If A =B, and A, = B, then
tdgl X Gy (ul'vl) = tdgl (ul) + tdEz (vl) -
masx (j13, (), 7, (v1)) and
tdf, « g, (uy, v1) = tdf, (wy) + tdf, (vy) —

max (HAl(u1):.uA2(v1))

Proof:
Ay = By = [pa, k| = (v, 18,
= Uz, = ug, and pi, = pj,
Again, A, 2 By = [uz, uh,] 2 [up,, uf,]

= Ua, = up, and i, = p§
- min (HXl (u1), 1, (V1V2)) = pg,(v1v3) and
min (ug, (W), wx, (v1)) = pg, (uyuz)
similarly, min (f, (up), g, (Viv2) ) = g, (viv2)
and min (i, (uyuz), 1k, (v1) ) = uf, (uuy)
Then from equation (3.3), we have
tdg, x g, (U1, v1)
=Xy vper, M, (Vive) + Xy ep, M, (Uiuz) +
i, (ur) + iz, (v1) — max (i, (), 1z, (1) )
= Z uquy€Eq I’J‘El (uluz) + le (ul) +
2y vyek, MB, (V1V2) + g, (v1) —
max(ﬂil (wy), Uz, (171))
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= tdg, (u;) + tdg, (v;) — max (g, (), 7, (v1))
Again from equation (3.4), we have
td¢, x 6, (U1, v1)
= ZvlvzeEz p‘413—2 (viva) + ZuluZEEl p‘413—1 (urup) +
i, (up) + e, (v1) = max (i, (), wf, (v1) )
= 2 uyuek, ug, (wup) +pf, (wy) +
vazEEz HJBrZ (vyvp) + #Zrz (v) -

max((pf, (ur), 17, (v1))
= tdf, (uy) + tdg, (v;) — max (uf, (), pf, (v))

Lemma 3.1.

Let G; = (44, By) and G, = (4,, By)
be two IVFGs. If A; < B,, then A, > B; and vice
versa.

Proof:
By the definition of an IVFG,

5, (w,v) < min (7,0, 15, (»)) and

b, (w,v) < min (), uf, (@) for all (wv) €
E; wherei = 1,2.
o up, Smaxpy, and minpp < py. .....(3.5) for
i=1,2
Now, A; < B, = [ua,uk,] < [uz, u,]

= Uz, < Up, and p}, < up,
Again,uy, < pp, = maxpu,, < minug, ... (3.6)
Then from (3.5) and (3.6), we have
Up, S maxpy, < minpug, <y,
Similarly, pf, < pi,
o upy ] < [ua, vt
i.e. By < A, orin otherwords 4, > B;

Lemma 3.2.
Let G; = (A1, By) and G; = (4, By)
be two IVFGs such that A; < B,. Then 4; < A4, .

Proof:
By the definition an IVFG,

iz, (w,v) < min (g, @), 1z, (»)) and
ug, (w,v) < min (,uj{i (W), ui, (v)) for all
(u,v) € E; where i = 1,2. In particular when i=2,
g, (w,v) < min (uz, (), u7,¥)) and
b, (w,v) < min (i, (), 1, (@) for all
(u,v) € E,
~minup, < pz, and min ud, < uf

Hp, = Hy, Hp, = Uy,
NOWY Al S BZ = [”Zl'”jl] S [#Ezhu'gz]

= uz, < pg, and pf, < ug,

- lu'Zl < MZZ
Similarly, uf, < uf,

- [:u.Zl' le] < [#;2' I’lzz]
ie. 4y <4,

Theorem 3.3.

Let G; = (44, By) and G, = (A,, By)
be two IVFGs such that A; <B, . Then,
tdg, x g,(w1, v1) = dg, (ug) + pg, (u)dG; (vy) +
tha, () and tdf, x g, (U1, v1) = d, (ug) +
uh, (w)dG; (vy) + pf, (uy)

Proof:

Since A; < By, by lemmas 3.1 and 3.2, we
have A, > B; and A; < A, respectively. Using these
conditions in equation 3.1, tdg, ¢, (uy, v1)
= ZV1VZEE2 HKl (ul) + Zuluz‘EEl H§1 (uluz) +

Ha, (w)
= Y uper, MBy (Uruz) +
Ha, (up) X v1vo€E; 1+py, (uq)
=dg, (w) + uy, (W)dG; (1) + pg, (wy)
Similarly, tdé, w6, (U, ve) = df, (wy) +
uh, (w)dG; (vy) + pf, (uy)

Theorem 3.4.

Let G; = (44, By) and G, = (A,, By)
be two IVFGs such that A; <B, . Then,
tdg, x ¢, (U1, v1) = tdg, (wy) + py, (uy)dG;(v1)
and
tdd, x 6, (ug, v1) = tdf, (wy) + ug, (udG;(vy)

Proof:

Since A; < B,, by lemmas 3.1 and 3.2, we
have A, = B; and A; < A, respectively. Using these
conditions in equation 3.1, tdg, «g,(us,vy)
= ZV1VZEE2 ”'1:1 (U1) + ZuluzeEl I"l‘gl (uluz) +

ta, (uq)
= ZU1UZEE1 I’lgl (uluz) + li;_\l (ul) ZVIVZEEZ 1 +
ta, (uq)
=dg, (w) +up, (wy) + py, (wy)dG; (v1)

=tdg, (uy) + pg, (w)dG;(vy)
Similarly,
td¢ | w6, (U, ve) = tdf, (uy) + uf, (u)dG; (vy).

IV. TOTAL REGULARITY OF THE CARTESIAN
PRODUCT OF TWO INTERVAL-VALUED FUZZY
GRAPHS

In general the Cartesian product of two
TRIVFGs need not be a TRIVFG which is clear
from the following example.

Example 4.1.

Consider the IVFG G; = (44, B;)
defined on graph G; = (V;,E;) such that V; =
{u;,u,u3}  and E; = {uju,,uyus,ujusz}.  The
membership degrees of the vertices and edges are as
follows:
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Uq U, us Uy U, Uy Us Ujus
Ua; 10310505 ug, | 0.3 0.1 0.3
ui |05]06]06]| [, | 05 | 04 | 05

Now consider the IVFG G, = (A4,, B, ) defined by

(uy, v4)(ug, v2) (uy, v1)(uz, vq)
Up, X U, 0.2 0.3
Hp, X uf, 0.3 0.4

(ug, v3) (uy, vy) (uz,v1)(uy, vy)
Up, X U, 0.3 0.2
Ui, X Ug, 0.4 0.3

Vi V2 Viva
Uz, 0.4 0.4 g, 0.4
,uj{l 0.5 0.5 uJBrZ 0.5
Then G; X G, will be an IVFG defined by
(uy, vq| (ug, Vol (ug, vyl (U, Vol (U3, vq| (ug, vy
o |03 | 03| 04 | 04 | 04 | 04
X Py
I
.l 05 0.5 0.5 0.5 0.5 0.5
X Uy
(ug, vy Uy, vo| (ug,vy)Quy, vq] (ug,vy)(uz, vy
o, _ 0.3 0.3 0.3
X”BZ
T3
L 0.5 0.5 0.5
X Up,
(ug, v2)(ug, vo| (ug,vy)(us, va| (uy, vi)(uy, vy
0.3 0.3 0.4
0.5 0.5 0.5
(ug, vi)(ug, vq] (uy, vy)(us, va| (us,vy)(us, vy
0.1 0.1 0.4
0.4 0.4 0.5

Using routine computations, we can see that both
G, and G, are TRIVFGs, but G; X G, isnota

TRIVFG.
Next we give an example to show that
Gy X G, isa TRIVFG need not imply that both
G, and G, should be TRIVFGs

Example 4.2.

Consider the IVFG G, = (A;, B; ) defined by

Uy up u; up
Ma, 0.4 0.4 Hp, 0.3
,u:{l 0.5 0.5 uJBrl 0.4

Also consider the IVFG G, = (4,,

B, ) defined by

V1 Vz V1V2
Kz, | 05 | 04 Uz, 0.2
wi, | 06 | 05 W, 0.3
Then G; X G, will be an IVFG defined by
(uy,vy) (uy,vp) (uy,vy) (uy,vy)
Kay - 0.4 0.4 0.4 0.4
X Ua,
+
i 1 o5 0.5 0.5 0.5
X U,

Using routine computations, we can see that both
G, X G, and Gjare TRIVFGs, but G,isnota
TRIVFG.

Now we proceed to obtain some necessary and
sufficient conditions for the Cartesian product of two
TRIVFGs to be totally regular under some
restrictions

Theorem 4.1.

Let G; = (44, By) and G, = (A,, By)
be two IVFGs. If Ay =B, and 4, = B; and
rmin(A,,4,) is a constant, then G; X G, is totally
regular if and only if G; and G, are regular.

Proof:

Let Gl = (Ali Bl ) and GZ = (Az, Bz )
be two IVFGs. Suppose A; = B, and A, = By,
Then by theorem 3.1,
tdgl X Gy (ul' vl) = dgl (ul) + dEz (vl) +

min (7, (ur), 7, (v1) ) and
tdgl X Gy (ulivl) = dgl (ul) + dz;—z (vl) +
a

min (u, (), 1, (v1)
Now suppose that min(4;, 4,) = [c1,¢2] ,
constant. Then,
tdg, x g,(w, 1) = dg, (ug) +dg, (v1) + ¢y and
tdé, g, (g, v1) = df, (W) +dE, (vy) + ¢,
Suppose G; and G, are regular IVFGs with degrees
[k1,k,] and [14, ;] respectively. Then the above
equations become tdg, » g, (w1, v1) = ki + i + ¢4
and tdf, x g, (1, v1) = ky + 1, + ¢, where (uy, v1)
€ V; X V, is arbitrary which shows that G; X G, is
totally regular.

Conversely, suppose that G; X G, is totally
regular. We have to prove that G; and G, are
regular. Then for any two vertices (uq,vq)
and (up, v,) in Vi XV,
tdg, x 6, (W1, v1) = tdg, x¢,(Ug, v2)
= dg, (W) +dg, (v) + ¢ =

dg, (up) +dg, (v;) + ¢, [Bytheorem 3.1]
= dg, (W) +dg, (v1) = dg, (up) +dg, (v2)
Fix u €V, and consider (u,v;) and (u,v,) in
Vi X V,, where vy, v, € V, are arbitrary. Then,
dg, (W) +dg, (v1) = dg, () +dg, (v) which
implies dg, (v,) = dg, (v2).
Similarly, d, (v;) = d¢, (v,). This is true for all
vy, Uy € V,.Thus G, isa RIVFG.
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Now fix v € V, and consider (uq,v) and (u,,v) in
v, x V,, where u;, u, € V; are arbitrary. Then,
dg, () +dg, (v) = dg, (up) +dg, (v) which
implies dg, (w) = dg, (uo).

Similarly, df, (u;) = d¢, (up). This is true for all
uq, uy € V5. Thus Gy isaRIVFG

Theorem 4.2.

Let G; = (44, B;) and G, = (4,, By)
be two IVFGs. If Ay =B, and 4, =B; and
rmax (41, 4,) is a constant, then G; X G, is totally
regular if and only if G; and G, are totally regular.

Proof:

Let G1 = (All Bl ) and Gz = (Az, Bz )
be two IVFGs. Suppose A; =B, and A, = By,
Then by theorem 3.2,
td51 X Gy (U1,171) = td(?l (ul) + tdgz (vl) -

maz (7, (), iz, (v,) ) and
tdé, x ¢, (i, v1) = tdd, (W) + tdf, (v) —

max (uf, (up), f, ()
Now suppose that rmax(4,4;) =[c,¢c;] , a
constant. Then
tdg, x 6, (w1, v1) = tdg, (uy) +tdg, (v1) —¢;  and
tdf, « g, (g, v1) = df, (W) +dE, (vy) — ¢
Suppose G; and G, are TRIVFGs with degrees
[ky, k,] and [1}, 1] respectively. Then the above
equations become tdg, x g, (U, v1) = ki + I} — ¢
and td{, g, (uy,v1) = ky + 1 — c; which shows
that G; X G, is totally regular.

Conversely, suppose that G; X G, is totally
regular. We have to prove that G; and G, are totally
regular. Then for any two vertices (uq,v;)
and (uy, v) in Vi XV,
tdg, x 6,(U1,v1) = tdg, x¢,(ug, v2)

= tdg, (W) +tdg, (v1) —¢; =

tdg, (uz) + tdg, (v;) — c;[By theorem 3.2]
= tdg, (W) + tdg, (v1) = tdg, (up) +tdg, (v;)
Fix u eV, and consider (u,v;) and (u,v,) in
vV, x V,, where vy, v, € V, are arbitrary. Then,
tdg, (W) + tdg, (v1) = tdg, (w) + tdg, (v;) which
implies tdg, (v) = tdg, (v,).
Similarly, tdf, (v;) = td{, (v,).This is true for all
vy, v, € V,.Thus G, isa TRIVFG.
Now fix v € V, and consider (uq,v) and (uy,v) in
Vi X V,, where u;, u, € V; are arbitrary. Then,
tdg, (wy) +t dg, (v) = tdg, (up) + tdg, (v) which
implies tdg, (w,) = tdg, (up).
Similarly, td{, (uy) = tdf, (up).This is true for all
Uy, Uy € V;.Thus G, isa TRIVFG

Theorem 4.3.

Let G; = (44, By) and G, = (4,, By)
be two IVFGs such that A; <B, and 4; is a
constant function. Then G; X G, is totally regular if
and only if G, is regular and G, is partially regular.

Proof:

Let Gl = (Al, Bl) and GZ = (Az, Bz)
be two IVFGs such that A; < B,. Then, by theorem
3.3,
tdg, x g,(w1, v1) = dg, (ug) + py, (u)dG; (vy) +

ta, (uq) and
tdé, g, Uy, v1) = df, (W) + pi, (wy)dGz (vy) +
#;{1 (u1)
Let A; =[cy,c;] , a constant. Then the above
equations  become  tdg, ¢, (W, v1) = dg, (ug) +
c1dG3(vy) + ¢ and tdf, g, (uy,vy) = dé, (wy) +
cdGy(v) + ¢, .
Suppose G, is regular with degree [kq, k,] and G, is
partially regular with degree m. Then the above
equations become tdg, x g, (U1, v1) =k; + cym +
c1 =k +
(m+1)c; and  tdf «q, (W, v1) =k, + c;m +
¢; = ky + (m + 1)c, which shows that G; X G, is
totally regular.

Conversely, suppose that G; X G, is totally
regular. We have to prove that G, is regular and G,
is partially regular. Then for any two points (uq, v1)
and (uy, v9) in Vv X Vs,
tdg, x ¢,(wy, v1) = tdg, x g, (Ua, v2)

= dg, (W) + ¢1dG;(v) + ¢ = dg, (up) +
¢1dG5(vy) + ¢1[By theorem 3.3]

= dg, (W) + ¢1dG3(vy) = dg, (u2) + ¢1dG3(vy)
Fix u eV, and consider (u,v; ) and (u,v,) in
Vi X V,, where vy, v, € V, are arbitrary. Then,
dg, (W) + ¢1dG3(vy) = dg, (W) + ¢, dG;(v;) Which
implies dG;(v,) = dG;(v,) .This is true for all
vy, v, € V,. Thus G; is regular. Hence G, is a
PRIVFG.

Now fix v € V, and consider (uy,v) and (u,,v) in
Vi X V,, where uy, u, € V; are arbitrary. Then,
dg, (W) + ¢,dG;(v) = dg, (up) + ¢1dG3(v) which
implies d;, (wy) = dg, (uy).
Similarly, d#, (u) = df, (up).This is true for all
Uy, Uy € V4. Thus G, isa RIVFG

Theorem 4.4.

Let G, = (44, By) and G, = (4,, By)
be two IVFGs such that A; < B, and A; is a
constant function. Then G; X G, is totally regular if
and only if G, is totally regular and G, is partially
regular.
Proof:

Let G; = (44, By) and G, = (A,, By)
be two IVFGs such that A; < B,.
Then, by theorem 3.4,
tdg, x 6, (U1, v1) = tdg, (uy) + py, (uy)dG;(vq)
and
tdé, x 6, (ur, v1) = tdé; (wy) + pf, (u)dG; (vy) .
Let A; =[cy,cy] , a constant . Then the above
equations become
tdg, x 6, (wy, v1) = tdg, (u1) + ¢,dG3(vy) and
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tdf, x 6, (U1, v1) = tdf, (W) + c,dG;5(vy) .
Suppose G, is totally regular with degree [k}, k3]
and G, is partially regular with degree m. Then the
above equations become tdg, g, (uy,v1) = ki +
com and  tdd, «¢,(wy,v1) = ky + c;m which
shows that G; X G, is totally regular.

Conversely, suppose that G; X G, is totally
regular. We have to prove that G; is totally regular
and G, is partially regular. Then for any two points
(uqg,v1) and (uy, v5) in Vi x V,,
tdg, x 6, (w1, v1) = tdg, x g, (U2, v2)

= tdg, (W) + ¢dG3(vy) =

tdg, (uz) + ¢1dG;(v,)[By theorem 3.4]

Fix u €V; and consider (u,v;) and (u,v,) in
Vi X V,, where v, v, € V, are arbitrary. Then,
tdg, (W) + c1dG;(v) = tdg, (W) + ¢,dG3(vy)
which implies dG;(v,) = dG;(v,) .This is true for
all v;, v, € V,. Thus G5 is regular. Hence G, is a
PRIVFG.

Now fix v € V, and consider (uq,v) and (uy, v) in
Vi X V,, where u;, u, € V; are arbitrary. Then,
tdg, () + €,dG3(v) = tdg, (up) + ¢;dG; (v)
which implies tdg, (u;) = tdg, (uy). Similarly,
tdé, (uy) = td#, (up). This is true for all uy, u,
€ V,.Thus G; isa TRIVFG

V. CONCLUSION

Cartesian  Product of graphs have
applications in many branches like coding theory,
network designs, chemical graph theory etc. In this
paper, we have obtained the total degree of a vertex
in the Cartesian Product of two IVFGs in terms of
degree and total degree of vertices of component
graphs. This will be very helpful in analyzing many
properties of Cartesian Product of IVFGs. We have
observed that the Cartesian Product of two
TRIVFGs need not be a TRIVFG. Also we derived
some necessary and sufficient conditions for the
Cartesian product of two TRIVFGs to be totally
regular under some restrictions.
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