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Abstract-In this paper we have discussed, an application of conformal mapping to the problems of finding complex
velocity potential function 2(z) for an irrotational flow of an incompressible fluid, that is, the flow of an ideal fluid
in a domain D of the z-plane. In this application, our idea is to device an analytic mapping (in fact conformal
mapping) from the z-plane to the w-plane, which maps the domain D conformally on to the domain D’ (precisely,
either horizontal strip or vertical strip) in the w-plane, where the solution of problem is easy to find. The advantage
of this technique is that, the theory of conformal mapping can be employed to reduce a problem to a simpler one
whose solution is known. Determining the velocity potential @ (u,v) in the w-plane and sending back to ¢(x,y) in the
z-plane, gives the complex velocity potential 2(z)= ¢ + i, where v is a stream function. This technique is tested
through examples.
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1. INTRODUCTION

There are many classes of problemsin mathematics that are difficult to solve in their original form and in
the given domain. Conformal mapping, maps an equation and a domain from its original form into another, after
some mathematical manipulations we get the solution and the solution is then mapped back to the original form.

If f(z)=u +iv is an analytic function in a domain D, then the functions u and v are harmonic [3,4,8] that
is, V2u=0 and V?v=0 in D [7]. Thus, there is a close connection between analytic functions and Laplace equation. In
mathematics, often we want to solve Laplace equation V2¢ =0 in a domain D in z-plane and for the reason of
dependence of ¢ on the shape of D, it simply may not be possible to evaluate ¢. But it may be possible to determine
an analytic mapping f(z) from the z-plane to the w-plane so that D’, the image of a domain D under f(z) , not only
has a convenient shape but the function ¢ that satisfy the equation V2¢=0 in D also satisfies in D’ and then return to
the z-plane and ¢ (x, y) by means of analytic mapping f(z).

If the conformal mapping w= f(z) takes the function ¢(x,y) into a function®(u,v) and if u +iv=Ff
(x + iy), where w =u + iv and z=x + iy then

2 _ 14z | o2
V2 ® (u,v)= |E| V2h(x, y). (1.1)

So that if # oo , and if V2¢(x, y)=0 then by (1.1)V? ®(u,v)=0. Thus, if the function ¢(x, y) is

harmonic in the domain D of the z-plane, then the function ®(u,v)is harmonic in the domain D’ of the w-plane.
Moreover, any boundary of D in the z-plane along which the function ¢(x, y) is constant is mapped on to a
boundary of D’ in the w-plane along which the function ®(u,v) is constant.

dz
w

If F(x,y) is the velocity field of planar flow of an incompressible fluid then divF=0 and if the flow is
irrotational then curlF=0 [1,2,6] also, there exists a real — valued function ¢(x, y) such that F(x, y) = V¢(x, y).
Thus, divF= V¢ =0, that is ¢ (x, y) satisfies the Laplace equation.

The paper is organized as follows. In section 2, we give the preliminaries [8] and in section 3 we illustrate
the applications of the above mentionedtechnique by solving few examples.
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2. PRELIMINARIES
Definition 2.1 Conformal Mapping

Let w = f(z) be a complex mapping defined in a domain D and let z, be a point in D. Then we say that w = f(2)
is conformal at z, if for every pair of smooth oriented curves C;and C,in D intersecting at zythe angle between
C,and C, at z, is equal to the angle between the image curves C’;and C’, at f(z,)in both magnitude and sense[8].

Definition 2.2 Complex Velocity Potential

If F(x, y) is a two dimensional flow of an ideal fluid then there exist a real-valued function ¢(x, y) such
that

F(x,y) = Vo(x,y) (2.1)

The function ¢(x, y) is called velocity potential, which satisfies the Laplace equation V2¢(x,y)=0, hence is
harmonic. The harmonic conjugate ¥ (x,y) of velocity potential ¢(x, y) is called the stream function. And the
function Q(z)= ¢ (x, y) + i (x, y) is called the complex velocity potential [8].

Theorem 2.1

If f is an analytic function in a domain D containing z,, and if f'(z,) # 0, then w = f(z) is a conformal mapping
at z,.[8]

Theorem 2.2

Let f(z) = u(x,y) + iv (x,y) be an analytic mapping of a domain D in the z-plane onto a domain D’ in the w-
plane. If the function ®(u,v) is harmonic in D’, then the function¢(x,y) = ®(u(x,y),v (x,y)) is harmonic in
D[8].

3. EXAMPLES

Example 1. Determine the complex velocity potential ©(z) of moving ideal fluid in the domain D between two
parabolas y? = 4(x + 1) and y? = 16(x + 2).

Such that

o(x,y) =10,ify? = 4(x + 1) =20, if y2 = 16(x + 4) (3.1)
Suppose F(x, y) is the two dimensional velocity field of an ideal fluid, then by equation (2.1)
F(x,y) = Vo(x,y)

Also,V2¢(x, y)=0 in a domain D satisfying the boundary conditions (3.1)

To determine ¢(x, y) we transform the domain D onto the horizontal strip by a conformal mapping f defined from
the z-plane to the upper half of the w-plane, by

1
w=f(z)=z:=>wl=1z

Ifw=u+ivandz=x + iy then x =u? — v?, y =2uv. Thus, y* = 4v%(x + v?)
Clearly Ref(z) = u = /% andImf(z) =v = /% (3.2)

Therefore, the lines v=1 and v =2 in the w-plane corresponds to the parabolas y? = 4(x + 1) and y? =
16(x + 2)in the z-plane (function w = f(z) being one-to-one). Hence the domain D is mapped onto the strip
1<v <2

Thus, if w = f(z) takes ¢(x, y) intod®(u,v) then the transformed boundary conditions are
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®(u,v) =10 , if v=1
=20 , if v=2 (3.3)
The shape of strip 1 <v <2,-o<u <o, itself suggest that ®(u,v) is independent of u. and the transformed

2
Laplace equation V? @ (u,v)=0, reduces to ZT? = 0. Therefore, the solution subject to (3.3) is given by ®(u,v)=10 v.

Thus, the solution of original Laplace equation V2¢(x, y)=0, by theorem (2.2)and using (3.2) is

B(xy) = 10 2

To determine complex velocity potential Q(z) of which ¢(x, y) is a real part. We proceed as under.

As f(z) =u+ivi-10i f(z) = —10i (u + iv) = 10v — 10iu = ¢ (x,y) + iYP(x,y), where P(x, y) = —10iu =
|z|+x
2

—10i

Since, f (z)is analytic in D, it follows that the function —10if (z) is also analytic in D.

1
Thus, Q(z) = —10if (z) = —10 iz 2 is the desired complex velocity potential.

Example 2. Determine the complex velocitypotential Q(z) of moving ideal fluid in the domain D between two
circles |z —i] = 1 and|z — 2i| = 2

Such that

P(xy) =20, ifx?+(y—2)?°=4

=40, ifx?+(y—-1D%*=1 (3.4)

Suppose F(x, y) is the two dimensional velocity field of an ideal fluid, then by equation (2.1)

F(x,y) = Vo(x,y)
Also V2¢(x, y)=0 in a domain D satisfying the boundary conditions (3.4)

To determine ¢(x, y) we transform the domain D onto horizontal strip by a conformal mapping fdefined from the z-
plane to the w-plane, by

B 1
w=f(z)=-
Clearly,f (2)is one-to-one conformal mapping from the z-plane to the w-plane
Ifw=u+ivand z= x + iy then x:uzu?,y:ﬁ
x -y
Clearly Ref(z) =u = T andImf(z) =v = iyl (3.5)

To find the image of the boundaries consider
lz—i|l=1=2>x*24+y2-2y=0

u?+v? 2v _
(u2+1;2)2 u2+V2

0

= 1+2v=0 = v=_71

Also,|z —2i| =2 = x?+y? —4y =0

u?+v? v _
(u2+1;2)2 U.Z-Hiz

0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 198




International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 52 Number 3 December 2017

= 1+4v=0 = v= —71
Thus, the boundaries |z — i| = 1 and|z — 2i| = 2 of the domain D are mapped onto the lines

V= _?1 and v = _Tl respectively of the horizontal strip _71 <v < _Tl. Thus, the domain D is mapped onto the
horizontal strip _71 <v < _Tl .

Thus, if w = f(2) takes ¢(x, y) into®(u,v) then the transformed boundary conditions are

O(uv) =20, if v=—

_ . _-1
—40, if 'U—?

(3.6)
As in example 1 the solution of transformed equation,V? ®(u,v)=0,subject to (3.6) is given by ®(u,v)=-80 v.

Thus, the solution of original Laplace equation,V?¢(x, y)=0 using (3.5) is

y
o(x,y) =80 )

To determine complex velocity potential Q(z) of which ¢(x, y) is a real part. We proceed as under.

As f(z) =u+iv;80if(z) =80i(u+iv) = —80v + 80iu = 80 57— +80i — =¢(x,y) + iPlx,y) ,

2+ 2
where 1 (x, y) = 80iu = 80i Tyz

Since, f(z)is analytic in D, it follows that the function 80 if (z) is also analytic in D.
Thus, Q(z) =80if(2) = 801& is the desired complex velocity potential.

Example 3. Determine the complex velocity potential Q(z) of moving ideal fluid in the domain D, the wedge
between two rays,arg z = _T”and argz = %

Such that

-

¢C,y) =10, ifargz= ~

=30, if argz = % (3.7)
Suppose F(x, y) is the two dimensional velocity field of an ideal fluid, then by equation (2.1)
F(x,y) = Vo(x,y)
Also V2¢(x, y)=0 in a domain D satisfying the boundary conditions (3.7)

To determine ¢(x, y) we transform the domain D onto horizontal strip by a conformal mapping f defined from the
z-plane to the w-plane, defined by the principal branch of the complex logarithm

w=f(z)=Lnz=Ilog,r+i0, n<0<m,r>0

Where r = |z| and § = argz.

Ifw=u+ivandz=x+1iy then u=log,r,v =20

The function being one-to-one, the linesv = _T"andv = %corresponds to the rays,

argz = _Tnand argz = Zemanating from origin (Note that origin is not included in the domain). Therefore, the
domain D is conformally mapped on to the horizontal strip _T“ <v< Z.

Thus, if w = f(z) takes ¢(x, y) into®(u,v) then the transformed boundary conditions are

ISSN: 2231-5373 http://www.ijmttjournal.org Page 199




International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 52 Number 3 December 2017

O(u,w)=0, ifv =T”
=30, ifv=7 (38

Therefore, the solution subject to (3.8) is given by cD(u,v):Gﬂ—Ov + 15
Thus, the solution of original Laplace equation V2¢(x, y)=0 is
o(x,y) = 6ﬂ—°tan_1 % + 15

To determine complex velocity potential Q(z) of which ¢(x, y) is a real part. We proceed as under.

As f(z) = u+iv;—60 = f(z) = =60 = (u +iv) = =

60iu—60ilo r
. _n ge

v_i_oiu+ 15=¢ (x,y) + ip(x,y) , where ¥(x,y) =

Since, f(z)is analytic in D, it follows that the function —60£f(z) is also analytic in D.

Thus, Q(z) = —60 ;éf(z) = —-60 ;éLn z is the desired complex velocity potential.

Example 4. Determine the complex velocity potential ©(z) of moving ideal fluid in the domain D between two
hyperbolas4x? — 12y? = 3 and 12x? — 4y? = 3,

Such that
¢(x,y) =5, if4x?—12y2 =3
=-5, if 12x%2 —4y? =3 (3.9)
SinceF(x, y) = V¢(x, y) and V2¢(x, y)=0 in a domain D satisfying the boundary conditions (3.9)

Let f be defined from the z-plane to the domain_z—" <u< %and -0 < v < oo,a vertical strip, defined as w =
f(z) =sin'z, -1 <Rez <1 and - < Imz < .

Ifw=u+ivandz=x + iy then x=sinu coshv ,y=cosu sinhv.

2 2
Thus, - X_=1

sinZu cos2u

Therefore, the lines u =§andu =%in the w-plane corresponds to the hyperbolas 4x? — 12y? = 3 and12x? — 4y? =
3 in the z-plane (function w = f(z) being one-to-one). Hence the domain D is mapped onto the vertical strip_?" <
u< %and

-0 <V <o

Thus, if w = f(z) takes ¢(x, y) intod®(u,v) then the transformed boundary conditions are

Ou,wv)=5, if u =§
=5, if u=z (3.10)

In the vertical strip< u <% , -o<v <o, ®(,v) is independent of v and the transformed Laplace equation
2
V2 ®(u,v)=0, reduces to ZTCE = 0. Therefore, the solution subject to (3.10) is given by d)(u,v):i—o u —15.

Thus, the solution of original Laplace equation V2¢(x, y)=0

$(x,y) == u—15
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3 5 7
13 135
z z z

_ T | , . . _ 1
asw = f(z) = sin~'z, by Taylor’s series expansion w=z + =— -
f(@ , by Taylor’s series expansio +os oI e

. . 1(x+iy)3 | 13 (x+iy)®> 13 5 (x+iy)’
u+iv=x+i = == +-==
+ Ty 2 3 24 5 246 7

thereforeu = x + %g(x3 - 3xy3) + %%%(xs —10x3y? + 5xy*) + -
andv =y + %%(335231 -y + %%%(Sx‘*y —10x3y3 +y°) + -
To determine complex velocity potential Q(z) of which ¢(x, y) is a real part. We proceed as under.
Asf(z)=u+ iv;6ﬂ—0 f(z)—15= %(u +iv) —15 = %u +67T—0iv —-15= %u —-15 +67T—0iv =¢(x,y) +ip(x,y)
, Where Y(x, y) = 6ﬂ—°iv
Since, f(z)is analytic in D, it follows that the function %iv f(z) — 15 is also analytic in D.
Thus, Q(z) = i—oiv flz)—15= i—oiv sin~1z — 15 is the desired complex velocity potential.

Figures: The domain and codomain for example 1, example 2, example 3 and example 4 are

shown in figure 1, figure 2, figure 3 and figure 4 respectively.
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Conclusion:

Complex velocity potential of an ideal fluid can be determined by solving problem in either horizontal strip
or vertical strip, which has simple geometric shape than any other type of region.
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