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Abstract - Somasundaram and Ponraj [12] have introduced the notion of mean labeling of graphs. R. Ponraj and D. 

Ramya introduced Super mean labeling of graphs in [5]. S. Somasundaram and S.S. Sandhya introduced the concept of 

Harmonic mean labeling in [6] and studied their behavior in [7,8,9].  In this paper, we introduce the concept of k-

harmonic mean labeling and we investigate k-harmonic mean labeling of some graphs. 
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1. INTRODUCTION 

By a graph G = (V(G), E(G)) with p vertices and q edges we mean a simple, connected and undirected graph. In 

this paper a brief summary of definitions and other information is given in order to maintain compactness.  The term 

not defined here are used in the sense of Harary [3]. 

A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions.  A 

useful survey on graph labeling by J.A. Gallian (2016) can be found in [1].  If the domain of the mapping is the set of 

vertices (or edges) then the labeling is called a vertex labeling (or an edge labeling). 

Somasundaram and Ponraj [12] have introduced the notion of mean labeling of graphs.  R. Ponraj and D. Ramya 

introduced Super mean labeling of graphs in [5].  S. Somasundaram and S.S. Sandhya introduced the concept of 

Harmonic mean labeling in [6] and studied their behavior in [7,8,9]. 

In this paper, we introduce the concept of k-harmonic mean labeling and we investigate k-harmonic mean labeling 

of some graphs. 

Definition 1.1 

Let G be a (p, q) graph.  A function f is called a harmonic mean labeling of a graph G if f : V(G)   

{1, 2, 3, ... , q + 1} is injection and the induced edge function f* : E(G)  {1, 2, ... , q} defined as  

f*(e = uv) = 2 ( ) ( )

( ) ( )

f u f v

f u f v

 
 

 

 or 
2 ( ) ( )

( ) ( )

f u f v

f u f v

 
 

 

 is bijective.  The graph which admits harmonic mean labeling is called 

harmonic mean graph. 

Definition 1.2 

Let G be a (p, q) graph. A function f is called a k-harmonic mean labeling of a graph G if f : V(G)   

{k, k+1, k+2, ..., k + q} is injection and the induced edge function f* : E(G)  {k, k+1, k+2,..., k+q – 1} defined as 

f*(e = uv) = 2 ( ) ( )

( ) ( )

f u f v

f u f v

 
 

 

 or 2 ( ) ( )

( ) ( )

f u f v

f u f v

 
 

 

 is bijective.  The graph which admits k-harmonic mean labeling is called k-

harmonic mean graph.       

Definition 1.3 

The product P2  Pn is called a Ladder and it is denoted by Ln. 

Definition 1.4 

A Twig graph is a tree obtained from a path by attaching exactly two pendent edges to each internal vertex of the path. 

Definition 1.5 

       A Triangular ladder TLn, n  2 is a graph obtained from a ladder Ln by adding the edges uivi+1 for  

1  i  n-1, where ui and vi 1  i  n, are the vertices of Ln such that u1, u2, ..., un and v1, v2, ..., vn are two paths of length 

n in Ln. 
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Definition 1.6 

If G has order n, the Corona of G with H, G ʘ H is the graph obtained by taking one copy of G and n copies of H 

and joining the ith vertex of G with an edge to every vertex in the ith copy of H.  

Definition 1.7 

Let Pn be a path on n vertices denoted by (1, 1), (1, 2), ... (1, n) and with n – 1 edges denoted by e1, e2, ... , en-1 

where ei is the edge joining the vertices (1, i) and (1, i+1).  On each edge ei, 1  i  n – 1, we errect a ladder with           

n – (i – 1) steps including the edge ei.  The graph obtained is called a step ladder graph and denoted by S(Tn) where n 

denotes the number of vertices in the base. 

 

2. MAIN RESULTS 

Theorem 2.1 

The path Pn is a k-harmonic mean graph for all k and n  2. 

Proof 

Let     V(Pn) = {vi ; 1  i  n} and  

          E(Pn) = {ei = (vi, vi+1); 1  i  n – 1} 

Define a function f: V(Pn)  {k, k + 1, k + 2, ..., k + q} by 

f(vi) = k + i – 1  1  i  n  

Then the induced edge labels are 

f*(ei) = k + i – 1  1  i  n – 1 

The above defined function f provides k-harmonic mean labeling of the graph. 

Hence Pn is a k-harmonic mean graph. 

Example 2.1 

500 501 502 503 504 505 506 507 508 509

500 501 502 503 504 505 506 507 508

 
500-harmonic mean labeling of P10 

Theorem 2.2 

The Twig graph Tn is k-harmonic mean graph for all k and n  3. 

Proof 

Let V(Tn) = {vi ; 0  i  n – 1, ui, wi ; 1  i  n – 2} and  

      E(Tn) = {viui, viwi; 1  i  n – 2, vivi+1; 0  i  n– 2} 

The ordinary labeling is 

v0
v1 v2 vn3 vn2 vn1

w1 w2 wn3 wn2

u1 u2 un3 un2

 

First we label the vertices as follows  

Define a function  f : V(Tn)  {k, k + 2, k + 2, ... k + q} by 

f(v0) = k 

f(vi) = k + 3i – 2,  for 1  i  n – 1 

f(wi) = k + 3i – 1,  for 1  i  n – 2 

f(ui) = k + 3i,  for 1  i  n – 2 

Then the induced edge labels are 

f *(vivi+1) = k + 3i, for 0  i  n – 2 

f *(viui) = k + 3i – 1, for 1  i  n – 2 

f *(viwi) = k + 3i – 2, for 1  i  n – 2 

217 

http://www.ijmttjournal.org/


International Journal of Mathematics Trends and Technology (IJMTT) – Volume 52 Number 4 December 2017 
 

ISSN: 2231-5373                          http://www.ijmttjournal.org Page   
 

The above defined function f provides k-harmonic mean labeling of the graph. 

Hence Tn is a k-harmonic mean graph. 

 

Example 2.2 
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100-harmonic mean labeling of T9 

Theorem 2.3 

The Triangular ladder TLn is k-harmonic mean graph for all k and n  2. 

Proof 

Let V(TLn) = {ui, vi ; 1  i  n} and 

      E(TLn) = {uiui+1, vivi+1, uivi+1 ; 1  i  n – 1, uivi ; 1  i  n} 

The ordinary labeling is 

 

 

 

 

 

 

First we label the vertices as follows 

Define a function  f : V(TLn)  {k, k + 1, k + 2,... k + q} by 

 f(ui) = k + 4i – 3,  for 1  i  n 

 f(v1) = k 

 f(vi) = k + 4i – 5,  for 2  i  n. 

Then the induced edge labels are 

 f*(uiui+1)  = k + 4i – 1, for 1  i  n – 1 

 f*(vivi+1)  = k + 4i – 3, for 1  i  n – 1 

 f*(uivi)    = k + 4i – 4, for 1  i  n 

 f*(uivi+1) = k + 4i – 2, for 1  i  n – 1 

The above defined function  f  provides k-harmonic mean labeling of the graph.   

Hence TLn is a k-harmonic mean graph. 

Example 2.3 

 

 

 

 

 

700-harmonic mean labeling of TL8 

Theorem 2.4 

Ln ʘ k1 is k-harmonic mean graph for all k and n  2. 

Proof 

Let V(Ln ʘ k1) = {ui, vi, wi, xi ; 1  i  n} and 
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      E(Ln ʘ k1)={uivi,uiwi,vixi;1in,  uiui+1, vivi+1, 1  i  n – 1} 

The ordinary labeling is 

 

 

 

 

 

 

 

 

 

 

 

 

First we label the vertices as follows 

Define a function  f : V(Ln ʘ k1)  {k, k + 1, k + 2, ... k + q} by 

 f(ui)  = k + 5i – 3, for 1  i  n  

 f(vi)  = k + 5i – 4,  for 1  i  n 

 f(wi) = k + 5i – 2,  for 1  i  n 

 f(xi)  = k + 5i – 5,  for 1  i  n 

Then the induced edge labels are 

 f *(uiui+1) = k + 5i – 1, for 1  i  n – 1   

 f *(vivi+1) = k + 5i – 2,  for 1  i  n – 1  

 f *(uivi)   = k + 5i – 4,  for 1  i  n 

 f *(uiwi)  = k + 5i – 3,  for 1  i  n 

 f *(vixi)   = k + 5i,  for 1  i  n 

The above defined function f provides k-harmonic mean labeling of the graph.  Hence Ln ʘ k1 is a k-harmonic 

mean graph. 

Example 2.4 

 

 

 

 

 

 

 

 

 

 

 

800-harmonic mean labeling of L7 ʘ k1 

Theorem 2.5 

A graph obtained by attaching a triangle at each pendent vertex of a comb is k-harmonic mean graph for all k. 

Proof 

Let G be a graph obtained by attaching a triangle K3 at each pendent vertex of Pn ʘ k1. 
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Let ui, vi be the vertices of the comb Pn ʘ k1 in which vi is joined with the vertex ui of Pn and let xi, yi, zi be the 

vertices of ith copy of K3.  Identify zi with vi, 1  i  n.  The resultant graph is G whose edge set is 

E = {uiui+1 ; 1  i  n – 1}   {uivi, vixi, viyi, xiyi ; 1  i  n} 

The ordinary labeling is 

 

 

 

 

 

 

 

 

 

Define a function f: V(G)  {k, k + 1, k + 2, .....k + q} by 

 f (ui) = k + 5i – 3, for 1  i  n 

 f (vi) = k + 5i – 2,  for 1  i  n 

 f (xi) = k + 5i – 5,  for 1  i  n 

 f (yi) = k + 5i – 4,  for 1  i  n 

Then the induced edge labels are 

 f *(uiui+1) = k + 5i – 1, for 1  i  n – 1 

 f *(uivi) = k + 5i – 2, for 1  i  n  

 f *(vixi) = k + 5i – 4, for 1  i  n. 

 f *(viyi) = k + 5i – 3, for 1  i  n. 

 f *(xiyi) = k + 5i – 5, for 1  i  n. 

The above defined function f provides k- harmonic mean labeling of the graph. 

Hence the graph G is k- harmonic mean graph. 

Example 2.5: 

 

 

 

 

 

 

 

 

 

700- harmonic mean labeling of G 

 

Theorem 2.6: 

The Step ladder S(Tn) is k – harmonic mean graph for all k. 

Proof: 

V(S(Tn) = {(1, 1), (1, 2), .... (1, n), (2, 1), (2, 2),...(2, n), (3, 1), (3, 2), .... (3, n-1), ...., (n, 1), (n, 2)} 

The ordinary labeling is 

 

 

 

700 701 

701 702 

703 

700 

702 

703 

720 721 

721 722 

723 

720 

722 

723 

725 726 

726 727 

728 

725 

727 

728 

710 711 

711 712 

713 

710 

712 

713 

705 706 

706 707 

708 

705 

707 

708 

715 716 

716 717 

718 

715 

717 

718 

714 719 709 704 724 

220 

  

 

 

  

 

 

  

 

 

  

 

 

http://www.ijmttjournal.org/


International Journal of Mathematics Trends and Technology (IJMTT) – Volume 52 Number 4 December 2017 
 

ISSN: 2231-5373                          http://www.ijmttjournal.org Page   
 

 

 

 

 

 

 

 

 

 

 

 

 

First we label vertices as follows 

Define a function  f: V(S(Tn) )  {k, k + 1, k + 2, ...., k + q} by 

f(i, 1) = k + n2 + i – 2,         for 1  i  n 

f(1, j) = k + (n – j + 1)2 – 1,        for 2  i  n 

f(i, j) = k + (n – j + 1)2 + i – 2,   for 2in, 2jn–j+2 

Then the induced edge labels are 

f *((i, 1), (i + 1,1))   = k + n2 + i – 2,   for 1  i  n - 1 

f * ((1, j), (1, j + 1)) = k + (n – j) (n – j + 1) + i – 1, for 1  j  n – 1 

f *((i, j), (i, j + 1))   = k + (n – j) (n – j + 1) + i – 2, for 2  i  n, 1  j  n – j + 1 

f *((i, j), (i + 1, j))   = k + (n – j + 1)2 + i – 2,   for 2  j  n, 1  i  n – j + 1 

The above defined function f provides k-harmonic mean labeling of the graph. 

Hence S(Tn) is k-harmonic mean graph. 

Example2.6

: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

100 – harmonic mean labeling of S(T8) 
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