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Abstract - In this paper, we study about alternative methods by which we can proof the theorem, Intersection of any
two subspaces of a vector space V(F) is again a subspace of V(F). We all are familiar with the methods of proving
the given theorems mentioned in books as reference books but there are also other methods by which we can prove
the theorem using some theorems directly as statements.
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1. INTRODUCTION

We have already studied out the two important basic algebraic structures ‘groups’ and ‘rings’. In groups, we have
studied the algebraic system with one binary operation and in the rings, integral domain and fields we have studied
the algebraic system with two binary operations. Now we shall consider another important algebraic system known
as linear vector space or simply vector space upon which the whole of linear algebra is based.

1.1. Vector Space :-

If (F,+,") is a field and V is a non-empty set of vectors, then an algebraic structure V(F) is called a vector space if it
satisfy the following conditions :

1.1.1.V is an abelian additive group of vectors.

1.1.2.V agF and o € V(F) =>aa ¢ V(F) i.e. V is closed for the scalar multiplication.
1.1.3.V ag F and o, B € V(F), the following four laws of scalar multiplication are satisfied :
1131 a(otf)=aa+af

1.1.3.2. (atb)ya=aa+ba

1.1.33. a'(b'a)=(ab)a

1.1.3.4. 1'a = a, 1 is the unit element of F.

1.2. Vector-Subspace :-

Let V(F) be a vector space and W is a non-empty subset of V(F), then W is called a sub-space of V(F) if w is
itself a vector space under the same operations that defined for V(F).

1.3. Necessary and Sufficient Condition of Vector Subspace to be a subspace :-
1.3.1.W s closed under vector addition in V/(F).
1.3.2. W s closed under scalar multiplication in V(F).
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1.4.Linear Sum of Two Subspace of a Vector space :-

Let V(F) is a vector space and W, ,W, are two sub-space of V(F), then the linear sum of W, and W, is
denoted by W; +W, and defined as :

Wi +W, = { (Wl +W2) swie Wy and Woe Wz}

2. ALTERNATIVE METHODS
2.1 METHOD 1

Let W, and W, be two subspaces of a vector space V(F), then we have to show that W; N W, is also a subspace
of V(F).

Since 0 Wy and 0e W, => 0e W, N W,

Therefore, W; N W, is not an empty i.e. W, N W, # .
Leta,beFanda, p e W;N W,

Now, a e Wi N Wy=>aeW;and a ¢ W,
BeWiNW,=>peWj;and e W,.

Again, a, p e Wiand a, b e F=>aa+bp ¢ Wy (W is a subspace )
Also, a, B e Wy and a, b e F=>aat+bp ¢ W,. (W, is a subspace )
Hence, we see that ao+bB is common element of Wiand W,.
Therefore, ao+bB ¢ Wy N W,

Thus, o, e W; N W;yand a,b e F=>aatbp ¢ Wi N W,.

By using theorem,

The non-empty subset W of vector space V(F) is a subspace of V(F) iff

. 0eW(V#£D)
. a,beFanda, pe W=>aot+bp ¢ W.

Thus, W; N W, is a subspace of a vector space V(F).
1.2. METHOD 2
Leta,Be W NW,=>a,BeW;and a, e W,.

= at+(-p) e Wy and a+(-p) e Wy, (if e Wyiand W, => - ¢ Wyand W,)
= ot(-p) or a-f € Wy N W,

Again,letagFandae W N W;,=>a¢eF,aeW;and aeW,.

= aa e Wy and ao e Wy, (W; and W, are subspaces of a vector space V(F) )
= ane W NW,.

Thus, W1 N W,is closed under scalar multiplication.
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By using theorem,
A non — empty subset W of a vector space V(F) is a subspace of V(F) iff

Lo, PeW=0a-PeW.
Il. agF,ae W=>ao0eW.

Hence, W; N W, is a subspace of a vector space V(F).
METHOD 3
Firstly, let o, p e Wy N W,=>0q, B ¢ Wy and a, p ¢ W,.

= ot+p e W;and otP e W,
= (l+ﬁ e W NW,.

Since, we know that W, and W, are subspaces of a vector space V(F) then their linear sum be also a subspace
of V(F)

i.e. Wy +W, is also a subspace.

= ot e Wy +W,.

Thus, W; N W, is closed under vector addition.

Secondly, letagFand a e W, N W,=>a¢F, ae W;and aeW,.

= ao e Wjand ao e W),
= aae W NW,.

Since, we know that W, and W, are subspaces of a vector space V(F) then their linear sum be also a subspace
of V(F).

i.e. W +W, is also a subspace.

= a0 e W, +W,.

Thus, W1 N W,is closed under scalar multiplication.

By using theorem,

A non — empty subset W of a vector space V(F) is a subspace of V(F) iff

l. W is non- empty
. W is closed under vector addition i.e. a, B ¢ W =>a+p e W.
I1. W is closed under scalar multiplication i.e. ao e WV aeF and o e W.

Thus, W; N W,is a subspace of a vector space V(F)
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