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Abstract

In this paper we will introduce S 21 mod T spaces and discuss their properties. We also introduce 6' closed sets
using the local closure function and obtain the sufficient conditions for a set to be 0’ closed.
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1 Introduction and Preliminaries

The subject of ideals in topological spaces has been studied by Kuratowski[3]] and Vaidyanathaswamy[5]]. An ideal I
on a topological space (X, 7) is a collection of subsets of X which satisfies that (i) A € 7 and B € 7 implies AU B € T
and (ii)) A € 7 and B ¢ A implies B € 7. Given a topological space (X, 7) with an ideal 7 on X known as ideal
topological space and (.)* : p(X) — p(X), called a local function[3]] of A with respect to 7 and T, is defined as follows:
forAC X, A*(Z, 1) ={xe X: UNA ¢ I for every open nhd. U of x in X}. A Kuratowski closure operator c/*(.) for
a topology 7*(Z, 1), called the *-topology, finer than 7, is defined by cI*(A) = A U A*(Z, 7)[4]. A topological (X, 7) is
said to be S, if for any two distinct points x, y of X, whenever one of them has open set not containing the other then

there exist open sets U and V such that x € U,y € V and U NV = 0. When there is no chance of confusion, we will
simply write A* for A*(Z, 1) and 7*(Z) for 7°(Z, 7).

Throughout this paper (X, ) will denote topological space on which no separation axioms are assumed. If 7 is an ideal
on X, then (X, 7, 7) is called an ideal space. For a subset A of X, c/(A) and int(A) will denote the closure of A, interior
of A in (X, 1), respectively, cI*(A) and int*(A) will denote the closure of A, interior of A in (X, 7*), respectively, and A€
will denote the complement of A in X.

Lemma 1.1. [)] Let (X, 7, 1) be an ideal space. Then for any subset A of X the following holds:
(a) A* CcT(A)Z,7) C clg(A).
(b) T(A)Z, 1) = clT(A)L, T)).

2 Results

We begin by defining S 21 mod 7 spaces.

Definition 2.1. An ideal space (X, 7, 1) is said to be S, 1 mod 7 if for any two distinct points x, y of X, whenever one

of them has open set not containing the other then there exist open sets U and V such that x € U,y € Vand U NV € I.
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Since @ € 7. Therefore, S 21 space is S 2l mod 7, but the following Example shows that the converse need not
be true.

Example 2.1. Let X = {x,y,z}, 7 = {0, {x}, {z}, {x, 2}, {y, 2}, X}, 7 = {0, {y}. {z}, {y.2}}. Then X is §,1 mod 7 but not
SH1. i
2

Theorem 2.1. If an ideal space (X,7,1) is 52% mod I and I C  then (X,7,9) is Sz% mod .
Proof. Proof is obvious and hence is omitted. o
The following Example shows that if (X, 7%)is § 2l then X need not be S,; mod 7.

Example 2.2. Let X = {x,y,z}, 7 = {0, ¥}, {2}, 0,21, X}, T = {0, (¥}, {2}, {y,2}}). So v* = @(X) and hence (X, 7") is

obviously 52%’ but X is notSz% mod 7. Since {y} has a open set not containing {z}, but {y}N{z} = {x, y}N{x,z} = {x} ¢ 1.

Even though we have seen that if (X, 7") is SZ%, then X need not be 52% mod 7. but the following Theorem
shows that for codense ideals (X, %) is S 2l implies X is §,1 mod 7.

Theorem 2.2. Let (X, 7, 1) be an ideal space where I is codense and (X,7*) is S, 1 then X is S, 1 mod I.

Proof. Let x,y € X be any two distinct points such that one of them has 7-open and hence 7*-open subset not containing
the other. Then (X, 7*) is S 21 implies there exist basic open set G — I, H — J where G, H are open in x and I,J € T
suchthat x e G-I,y €e H—-Jand cI*'(G - D) Nncl*(H — J) = 0 and so by [c[*(G) — I] N [cI*(H) — J] = 0. This
implies that (cI*(G) N cl*(H)) — (1 U J) = 0. Therefore, (cI*(G) N cl*(H)) c (1U J) € 1. Now I is codense implies that
cl*(G) = cl(G) for every open subset G of X. Hence cl/(G) N cl(H) € 1 implies that X is 52% mod 7. m|

Definition 2.2. An ideal space (X, 7,7) is said to be *S21 mod 7 if for any two distinct points x,y of X, whenever
one of them has 7*-open set not containing the other then there exist open sets U and V such that x € U,y € V and
UnvVel.

It can be seen easily that (X, 7, 1) is *S,1 mod 1 implies § 21 mod 7 but the following Example shows that the
converse is not true. “

Example 2.3. Let X = {a,b,c}, 7 = {0, X}, I = {0,{a}}. So v = {0, {, ¢}, X} and hence (X, 7, J) is obviously Sz% mod
7, but {c} has a T*-open set not containing {a} and X is the only open subset containing {a} and {c} implies that (X, 7, 7)
isnot *S,1 mod 7.

In [2], Gupta and Noiri introduced QHC spaces with respect to an ideal written 7-QHC(where An ideal space
(X, 7, T) is said to be 7-QHC if for every open cover {G, : @ € A} of X, there exists a finite subset Ay of A such that
X — U{cl(Gy) : @ € Ag} € T). We now discussed some properties of 7-QHC spaces.

Theorem 2.3. Let (X,7,7) be S, 1 mod I space and F be T-QHC subset of X such that x ¢ F then there exist open
subsets U and V such that x e Uand F =V € T andUNV € T

Proof. Let F be any 7-QHC subset of X and x € X be any element such that x ¢ F then x € X — F. Therefore, for
all y € F, x has a open set X — F not containing the elements of F and so X is Sz% mod 7 implies that there exist
open subsets Uy, V, containing x, y respectively such that Uy N'Vy € I and F' C | Jyer Vy. Further, F is 7-QHC subset
of X implies that there exist finite subset Fy of F such that F' — (e, Vy € Jandso F — m € 7. Consider
U = Nyer, Uy and V = Uyep, V, then U is the open subset containing xand F =V e lTandUNV e 1. O

Theorem 2.4. Let (X, 7, 1) be an ideal space and K be IT-QHC subset of X then cl*(K) is also T-QHC.

Proof. Let G,, be open open cover of c/*(K) so that cl*(K) € UoGe and so K C clI*(K) € U, Go. But K is 7-QHC
subset of X implies that K —(J_, G €I.LetG = JL, Gq, sothat K— G € I. Now we will prove that ¢/*(K)-G € I.
For this we will prove that cI*(K) — G CK-G.

Let x ¢ K — G. Then there can be two possibilities: case(i) x ¢ K case(ii) x € G. Now if x € G then obviously
x ¢cl'(K)-G andif x ¢ K but x ¢ G. Then x € (G)C. This implies that (G)C is open set containing x and (G)° NK € T
implies that x ¢ K* and so x ¢ KU K* and so x ¢ cl*(K). Thus, x ¢ cI*(K) — G. Therefore, cl*(K)— G C K—-G. Hence
cl*(K) - GCK-GeTandso cl’(K) — Gel implies that cI*(K) is 7-QHC. m|
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In [1], Al-Omari and Noiri defined the local closure function in ideal topological spaces (where in an ideal
topological sapce (X, 7,7) for a subset A of X, the local closure function of A denoted by I'(A)(Z, 7) is defined as
AT, 7)={xeX:UnNA¢ I for every T-nhd. U of x in X }). Before our further results firstly, we will define 6/
closed sets using the local closure function.

Definition 2.3. Let (X, 7, ) be an ideal space and A be any subset of X. Then A is said to be ¢/ closed if [(A)(, T) C A.

Theorem 2.5. Let (X,7,71) be *Sz% mod I space and K be any IT-QHC subset of X. Then K is 6' closed if and only if
K or K€ is union of T*-closed subsets of X.

Proof. Firstly, let K is 6 closed and so 7*-closed. This implies that K is union of 7*-closed sets. Conversely, let
K = U, Fo, where F, are t"-closed subsets of X. Then we will prove that I'(K)(Z,7) ¢ K. Let x € I'(K)(Z, 1) be
any element then for every open subset G containing x, G N K ¢ 7. Consider the filter 7 generated by the filterbase
F(B) ={GNA:Gis open subset of X containing x }. Then it can be easily seen that 7 is the filter containing the
closure of every open set containing x and N J = (. Further, K is 7-QHC subset of X implies that there exists y € K
such that y € (Npeg [(F)(Z, 7). Therefore, there exists @ such thaty € F,. Now, let x ¢ K, then x ¢ F,. So x € Fff
This implies that F€ is 7*-open nhd. of X containing x but not y. Therefore, X is *S 1 mod 7 implies that there exist

open sets U and V of X containing x and y respectively such that_U NVeTlandsoy ¢ F(UXI , 7). Also U is open
subset of X containing x implies that U € #. Therefore, y € I'(U)(Z,7) which means that U NV ¢ I, which is a
contradiction. Therefore, x € K and so I'(K)(Z, 7) C K. Hence K is 6’ closed. ]

The following Examples show that we can not replace *S,1 mod 1 space by S, 1 mod 7 space or by (X,7)is S,1.

Example 2.4. Let X be any infinite set with indiscrete topology and 7 = 7, = ideal of finite subsets of X. Then
7" ={G C X|X - G is finite} i.e. 7" is cofinite topology. Now, it can be easily seen that X is §,; mod 7 space since no
point of X has a neighbourhood not containing the other. Further, X is the only open subset of X so every subset of X
is 7-QHC. Let K = any infinite subset of X so K = | J,cx{x} where each x € K is 7*-closed i.e. K is union of 7*-closed
subsets of X. But K is not ¢ closed. Since X is the only open subset of X and X N K = X N K = K ¢ I. Therefore,
T(K)(Z,7) = X and so T(K)(Z, 1) ¢ K. Hence K is not &' closed.

Example 2.5. Let X = {a,b,c} with T = {0, {a}, {b},{a, b}, X} and T = {0,{a}, {b},{a,b}}. So t* = p(X). So it can
be easily seen that (X, 7%) is SZ% but X is not *52% mod 7. Since a has t*-open subset {a} not containing b but

anb={ac)nib,c)={c} ¢ I. Now,{c}is v*-closed but T({c})(Z, ) = {a, b, c} and so T({c})(Z, 7) € {c}. Hence {c} is
not &' closed.

Even though we cannot replace *S 21 mod 7 space by S,1 mod I space. But the following Theorem holds.

Theorem 2.6. Let (X,7,1) be S, 1 mod I space and K be any I-QHC subset of X. Then K or K€ is union of closed
subsets of X implies that K is 6 closed.

Proof. Proof is similar to Theorem [2.5]and hence is omitted. O
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