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ABSTRACT: We investigate the generalized
partial difference equation operator and propose a
model of it in discrete heat equation in this paper.
The diffusion of heat is studied by the application
of newton’s law of cooling in dimension up to five
and several solutions are postulated for the same.
Through numerical simulations solutions are
validated and applications are derived.
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I. INTRODUCTION

In 1984 Jerzy popenda introduced the
difference operator Adefined on u(k) as

Au(k) = u(k + 1)—< u(k).In 1989, Miller and

Rose introduced the discrete analogue of the
Rieman-Liouville fractional derivative and proved
some properties of the inverse fractional difference
operatorAlf1 several formula on higher order

partial sums on arithmetic geometric progressions
and products of n-consecutive terms of arithmetic
progression have been derived.

In the extended the definition of AtoA
“ a(l)

defined as A =V(k+1)—av(k) for the real
a(l)

valued function v(k)l > 0, In have applied g-

difference operator different as

Aqv(k):v(qk)—v(k) and obtained finite
series formula for logarithmic function. The

difference operator A with variable co-efficient
k()
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defined equation ~ AV(K) = V(K +1)—kv(k)
k(1)

equation is established. Here we extend the

operator A to a partial difference operator
[

Partial difference and differential equation play
a vital role in heat equations. The generalized
difference operator with n-variables.

|=(|l,|2,|3, ..... |n)¢0 on a real valued

function V(K) : —— is defined as

%v(k) =vlky + U, (ky + 1y ook + 1) —
PTC 2T /25 T (1)

The operator(% becomes generalized partial

difference operator if some [; = 0 . The equation
involving %with at least one [; = Ois called
|

generalized partial difference equation.

A liner generalized partial difference is of the

form %v(k):u(k) Then the inverse of

generalized partial difference equation is
-1
v(k) =Au(k)

Where% is as givenin (1); = 0 and some i

and U(k):—— s given function.

A functionu(k) : ——> satisfying (2) is
called a solution of equation (2) equation (2) has a
numerical solution of the form
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v(k) — vk —mD Y ultk — D), (3)
Where k= kl’k2k3’k4'k5
k—Tl = kl _rll’kz —lel .....,kn—Tln'

m is any positive integer relation (3) is the basic
inverse principle with respect to &A) [6]. Here, we

form partial difference equation for the heat flow
transmission in rod, plate and system and obtain its
solution.

Il. FORMATION OF 5 VARIABLE
HEAT EQUATION OF ROD

Consider temperature distribution of a very
long rod. Assume that the rod is so long that it can
be laid on the top of the set R of real number. Let
v(kyky kskyks)oe  the  temperature  at
position(ky, k,, k3). Real time k, and density (or
pressure)ks . Assume that the diffusion rate « is
constant throughout the rod Five variablel > 0

By the fouier law of cooling, the discrete heat
equation of the rod is

AVK) =a| AVK)+ A VK)+ A Vv(K)
(115 (+1,9) (#1,,) (#150)

Here we derive the temperature formula for
v(kyky kskyks) at the general  position
(e Jea, k3 ea fes)

Theorem:2.1

Assume that there exists a positive integer m
and a real number [, > 0andl; >0 suchthat
v(ky kg ks kg —mly ks —mls) and A

(#1,#1,#1.)

v(kyky ks kyks) = u (ky ko, ks kyks)

(¢| N

1 2

Proof:

A v(kyko kskaks) =
(ill'tl Z'il 3) (ill’ I z'il 3)

(e ko, ks e k)

1+
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(kl,kz: k3,k4,k5) ---------------- (6)

The proof of (5) follows by applying the inverse
principle (3) in (6)

Example:2.2
From (2) we get,

Taking  v(kyky, ks kyks)=elatkethatkaths jn

(6), (5)

(k4+k5 k4—m15+k5—m15) + (k4 k4—ml4)+
ly+lg ly+lg ly ly

ks  kg—mlsg " eka eks—mls + ekatks
ls ls els—1 els—1 elatls

eka—mig+ks—mlg

e ) =1+1+ 14kl 4 eksrls 4
ela=Tlytks—rlg - (7)

The Numerical verificationof m =1 ,k, = 3,ks =
2,l, =4l =1r=1in(7)we get

7.086161269 = 7.086161269
Theorem: 2.3

Consider (4) and denote v(k; Iy, k, ks.ky-
lyks *ls = v(ky + 1, ky *k3) +v(ky — 1y, ky =
ks)

Here *= k3,k4_'l4, ks * ls

V(ky,ky + 1 ks,%) =
Viky, ky 1y, k3 x)+V(ky ky — 1y k3,%)

V(ky ko ks £ 13 ,9)=V(ky,ky ks + 15 %
)+V(k1,k2,k3 - l3 ,*) ................. (8)

Then the following four type’s solutions of the
equation (4) are equivalent.

a) U(k1,k2: k3,k4,k5)=ﬁ [U(kLkz, ks +
l3, k4 + ml4, k5 + ml5] -
Fo agrrlvlkat o ®) + vk kot ly, +

) + v(kukokatls oSkl ) +
v(ky kotly, ) + v(kyk; kstls #)]

b) vk kz ks aks) = (ko ke katla
Katloketle) 7o v(ky

! 1,k2; k3,k4iml4, kstmls)
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0(2
'Z?f:lmv([v(kl'i'll: Ko, kstls*)+v(ki—24,
ko1, 3k31*) V(k1+|1, Ko, ks, *)+v(k;
kotl, | ks,*)+(V(k1 v ke ket M)

c) v(kyky kskyks) = o6 )[V(klr Ko | katls,
Katls, Kstls)- v(ky — Ly ka, ks kg k)]

U(kl + ll kz, k3 k4+ml4,k5+ml5)

W
?(1(1 - )r[V(k1 ko, k3 *)(Katly, kz,kai*)‘*V(kl ,
katlo kg, *)+(v(k, ko, k3+l3:*)] V(k11 Katls,
ks, *)+(V(Ky, ko ka+l3,*)]
............... (11
d)yv(ky kg ks ky, 5) ToelVkyka ks Kl

Kstls)-v(kytly, k2,k3,*) V(klu Kotly k3, *)+v(ky, ko,
katl3,%)] W(kl v Ko —lp, K3 kgemly, ksimls)-
Zfﬂmw(klilla Ko—ly, ka» )*tV(Ky, Ko—21l,
ks *) V(K ko ks, *)+V(Ky, Ko-lo Katls )]

e) v(ky ko kg kyks)= s )[v(kl ko, ks Katla,

Ks+15 )-V(Ki+l1, KoKz, *)+V(Ky , Ko—1; | ks, *)+(v(ky ,
kz,ks"‘lz,*)'

hR 1 e )T[V(k1+l1,k2+l2,k3*)+V(k1 ko ks *) +v
(kg kot lo, ks, *)+v(Ky ko Ks+13,%)].

Av(kyky ks kaks) = 60()[v(k1 ko, ks ket Ly,
kstls )- v(Ki+y, kz,ksy*) V(Ky, kol | kg, *)+v(ky,
Ko kstls*)]-Yoy —IV(Ki, K2 . Ks-lzkstmly,

kstmls)-7_q m[v(klill: Ko, Ka-lgx )Hv(ky,
Kot lo, katl3*)]
9)-V(Ky,k; K3, Ky, ks)= (1—6x )[U(klykZ K3,Kq+ly,Ks+ls)-
V(kitly, ko | ka)-v(ky , kotl, | ka)- v(ky, ks | ketls]-
u_é;ﬁ[u(kl , ko . katls, ketmly, kstmls)-
re 1 e )T[V(k1+ll, Kotly, katla)+v(ky, kol
kstla)tv(ky, ko kst 205 )+v(ky, kz, ks)]

14— eoc)f

a) From (4) we arrive the relation v(k; , k; .
k3l k 4lk5) (1 60) \ (kli k2 k31 k4+l41 k5

) e (1 600) V (Ke, ko, ks, %)-(VC Ky, kol
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k31 *)-V(kl ’ k2

By replacing k 4 by k414 and ks by ks+ls
in (16) gives expressions for v(kytls, ko
Ks, Kg+ls, Kstls) and Ky, Ko | Ka+ls, Kasols,
Ks+215),v( Ky, Ko | Ksls, Ketla, kstls), v(
ki, ko katls, Kgtlg,kstls).

Now proof of (a) follows by applying all
these values in(16).

b) The heat equation (4) directly derives the
relation.

In equation (16) Replacing k; by ki-l; in
(16) and substituting corresponding values
in (16)yields (b).

c) The proof of (c) follows by replacing k;
by kitl; in  (16)and  substitution
corresponing values in (16) v(ky, ks k3, k
4,Ks)= (-6 )[U(kla Kz, Ka,Kgtlg Kstls)— a- 6«)
[v (kl I, ka | ka%)+ vk, k2+lz kza*)]
- 60()2 V(Ky, Kz, K3 Kt Kstls)+—— (602
V[(k1+ll, kzilz, kg,*)+( k1+ll, kz,
Kst13,%)].

d) The proof of (d) follows by replacing k;
by k,-1, in (16) and we get the proof (12).

e) The proof of (e) follows by replacing k,
by k,+l, in (16) and we get the proof (13).

f)  The proof of (f) follows by replacing ks by
ks-13 in (16).and we get the proof (14).

g) The proof of (g) follows by replacing ks
by ks+l3 in (16).and we get the proof (15).

Example:2.4

The following example shows that the
diffusion rate of rod can be identified if the
solution

V(K , ko, ks, K 4,ks) of (4) is known and vice
Versa.

Suppose that w(k; , ko | ks K
pks)=2(KITk2+k3+k4+kS) js 3 closed from
solution of (4) then we have the relation .

2K1+k2+ k3+k4+14+k5+15_ok1+k2+k3+k 4+k5 _
o« [2k1—11+k2+ k3+k4+Kk5 +

2K1+11+k2+k3+k 4+K5 4 ok1+k2-12+ k3+k4+k5 +
2K1+k2+k3+k 4+k5 4 k1+k2+ k3-13+k4+k5 +
2K1+k2+k3+13+k 4+k5_gokl+k2+k3+k 4+k5]

Cancelling 2K1+k2+k3+k 4+kSqgn hoth sides derives.

<= 214—+15 -1
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:2—11 + 2l1+2—12 + 2l2+2—l3 + 2l3 —6

Taking k1:2, k2:3, k3:1' ll =3 112 = 2, l3 =
1,m=1 in (a),(b),(c),(d),(e),(f),we get the
solution 65536=65536.

111.CONCLUSION

The study of partial difference operator has wide
applications in discrete fields and heat equation is
one such theorem 2.1 & 2.3 provide the possibility
of predicating the temperature either for the past of
the future getting the know the temperature at few
finite points at present terms. It is also show the
nature of transmission of heat for the material
study. Thus in conclusion, we can say that the
above research help us in reducing any wastage of
heat and also enables us in material of optimal
choice of material (a).
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