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1. Introduction.

We have that an intuitionistic fuzzy topological space can be associated with two fuzzy topological spaces and
vice versa [1].. If (X, t)isan IFTSand 7,= { pa/ 3 va € I* such that (Mo, Va) €T }, T2 ={ 1- va/ I pa € I* such
that (ue, v2) € Ththen (X, 1) and (X, 7,) are fuzzy topological spaces. Similarly if (X, t1) and (X, 1) are
two fuzzy topological space, = {(u,1- v)/ ue 7, ve 7, and u € v} is an intuitionistic fuzzy topology and (X, 1)
is an intuitionistic fuzzy topological spaces. We study some relationships connecting the closures and interiors
of an intuitionistic fuzzy set in an intuitionistic fuzzy topological space and the closures and interiors of its co-
ordinate fuzzy sets in its corresponding fuzzy topological spaces. .

2. Preliminaries.

Now we introduce some basic definitions needed.

Definition 2.1[ 3] Let I* denote the set of all fuzzy sets defined on X. A family T < I* of fuzzy sets is called a
fuzzy topology for X if it satisfies.

(i) 0,1eT

(i) VA BeT=ANBeT

(i) V {4} eT=U;jq 4 €T

The pair (X, T) is called a fuzzy topological space. The elements of T are called fuzzy open sets. A fuzzy set K

is called fuzzy closed set if K°eT.

Definition 2.2 : [2]

Let an ordinary non fuzzy set X be given. An intuitionistic fuzzy set (IFS in short) A in X has the form A = {<x,
u, (x), 7,(x) >: x € X}, where y, : X — [0, 1]and y,: X — [0,1] are functions defining membership and non
membership, respectively of each element in the set X. Moreover for each x € X, the inequality p, (x) +

7,(x) < Lis fulfilled.
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Definition 2.3 : [2]

Let Y be a nonempty set. Let A and B be intuitionistic fuzzy sets. Let {4, : a € A }be an arbitrary family of
intuitionistic fuzzy sets in Y. Then

()AcBif VyeY[n, ()< u, (@ andy, () 2y, ]

(i) A=BifAcBandBc A.

@) A ={<y, v, W 1, 0)>:yer}

(iv)0={<y, 0,1>: yeV}

W1={<y, 1,0>: yeY}

(vi)NA, ={<y, Ny, (), UVygy 1Y€ Y}.

Wi) VA, ={<y,up, @), ny, o Y eY}

Definition 2.4:[4] An intuitionistic fuzzy topology (IFT in short) on a nonempty set X is a family T of
intuitionistic fuzzy sets (IFS in short) in X which satisfy the following axioms.

0] 0,1leT

(i) AN A, €T forany A;, A,€T.

(iii) v A, for any arbitrary family { A,:a en}eT.

In this case the pair (X, T) is called an intuitionistic fuzzy topological space (IFTS in short) and any IFSin T is
known as intuitionistic fuzzy open set in X. An IFS K is called IF closed if K® € T

Definition2.5: [4]

Let (X, T) be an IFTS and A be an IFS in X. Then the intuitionistic fuzzy interior and intuitionistic fuzzy
closure of A are defined by

Cl(A)=N {K:Kisan IFCSin X and A € K}

Int(A)=U {G: Gisan IFOSin Xand G € A}.

Definition 2.6 : [5]

Let A be a fuzzy set in FTS (X, T). The closure 4 and interior A°of A are defined respectively by
A =N{B:B2A,B°eT}

A°=U{B:BS A BeT}

Result 2.1 : [4]

Let A and B be any two intuitionistic fuzzy sets of an intuitionistic fuzzy
topological space (X, T). Then

(i) A'is an intuitionistic fuzzy closed set in X & cl (A) =A.

(if) A'is an intuitionistic fuzzy open set in X & int (A) = A.

(iii) cI(A°) = (int(A))".

(iv) int (A°) = (cl(A))".

(v) A€ B=int(A) € int(B).

(vi) AS B = cl(A) S cl(B).
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(vii) cI(AUB) =cl(A) U cl(B).
(viii) int (AN B) =int(A) N int(B).

3. In this section we study study some relationships connecting the closures and interiors of an intuitionistic
fuzzy set in an intuitionistic fuzzy topological space and the closures and interiors of its co-ordinate fuzzy sets in
its corresponding fuzzy topological spaces.

Notations: Ct (U) denote the collection of closed sets containing the set U under the topology T. 1+ (U) denote

the collection of open sets contained in U under the topology T.

Theorem 3.1: If Int 1 (U,U,y) = (uk, yk), then py <Int 1y U; and yx > Cl1p U,
Proof: Int 1 (Uy,Uz) = max{ (wi, vi) / (wi, vi) < (Uy, Uz) }

=max { (W, v) /i <Upandy; >U, } =max Iy (Uy, Uz).= (g, vi)-
Int +; U; = max { i / i < U}= max I1(Uy).

Hence (., vi) € It (Ug, Uy) = pge I Us. Therefore py < Int 1; U;.
Also Cl1; U, =min {y;/ Uy < yi} =min Cy, (Uy,).

Therefore (p, Yi) € It (Ur, Uz) = yke Cr(Uy).

Hence vy > Cl12( Uy).

Theorem 3.2: If Cly (U1,Uz)= (Vi ). Then py < (Clyy Up)© and yy < (Int 1,U; )C.
Proof:

Clr (U,U)=min{(vi, wi ) / (Up,U2) < (yi, i)}

=min {(y;i, i)/ Uy <vyiand U; >p; }

=min Cr(Ug,Uz).= (i, ).

Clry (U) =min{l- Wi/ U< 1- i }.

=min Cry (Up).Now (y;, i) € Cr (Up,Up) = U, > =1-U; < I-. = U < 1- .
(Since (Uy, Up)isan IFS U; < 1-U,). Hence (v, W) € Cr (U,U;) =1- pje Cry (Uy).
e = max { pi /(i , bi) € Cr(Ug,U2)}.Clyy (Uy) =min{l- p;/ 1- gje Cy (U}
max ; = 1-min (1- ). Hence py <(Clt; Ug ).

Intr2(Uz ) = max {1- i / 1- i < Uz} = max Ip(Uy). lyielp(U) = U > 1- v > .
Also U, > 1-y; = 1- U, <y; = U; < ;. (Since (Uy,Uy) isan IFSU; < 1-U,)

Hence 1- yi € 112 (Uz) =(vi, pi ) € Cr(Uy,Uz)

Int 12 (Uz) = max {1-yi/ 1-vi € Iro(Up)}.

Min y; = 1-max (1-y; ). Therefore v, < [Int 15(U5)]°.

Theroem 3.3: If Clr (U, Us)= (y& ) then yi > Cl 1, Urand p < Int 11Uy
Proof: Cly(Uy,Uy) = (Intr(U,,Uy))° . (By result 1.1, iii)

= (Inty (U,U1))° = (i, m). = Int 1 (Uz,Up) =(puevid) -

Hence by theorem 3.1, px < Int 11 (U ) and v, > Cl 1 ,Us.
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Definition 3.1: Let (X, T) be an intuitionistic fuzzy topological space. Let (X, T;) and (X, T,) be the first and
second coordinate fuzzy topological spaces . An IF set (A, A,) is said to be an I-set if Intt(Ag,Az) = (Int 11 Ay,
ClpAy).

Theorem 3.4: Intersection of two I- sets isan I- set.

Proof: Let (X, T) be an IFTS. Let (A, A,), (B, B) be two I-sets defined on X. Then
Intr (Ag, Ay) = (Intr1Ay, Cl12A,) and Inty (B4, By) = (Intr1By, Cl12B,)
Let (D1, Dy) = (Aq, Ay) N (By, By) = (Acn By, A,UB).

Hence D;- A;nB; and D, = A,UB;

Now Inty (Dy, D,) = Int [ (A,A2) N (By,B,)] =Int (Ag, Ay) N Intr(By,By)
= (IntrAy, Cl2 Ay) N (Int1:By, Cl12By) = (IntriAr N IntBy, Cl12A, U Clp,By)

= (Intr (A1NBy), Cl 12 (A2UBy)) (By result 1.1, (vii) and (viii)) = (Inty; Dy, Cl1, Dy).
Remark3.1 : However, union of two I-sets need not be an I-set.

Consider the following example.

Example:

Let X={a, b, c} .Let T={0-, (u;, vi); i=1to 5, 1.} where (w;, vi)s are given below.

(U1, v1) | (M2 v2) | (M, y3) | (Masva) | (bs, ¥s)
Let (A1, A2), (B, By) be two IF-sets and (Cy, C,) =

(A, A U(BLB,) a5 given below. a | (3.4) | (52 (5.2 |(3.4 |(6.05)

b (6.2 |(7.1) |(7.1) |(6.2) |(8.01)

Intr (Ag, Ag) = (s, 1), Intrs (A) =py, Clrz (A) =71 [ © | (54 | (3.3) | (5.3) |(3.4) |(6.02)

Intr(B1,B2) = (M2, v2), Intry (By) =pa, Cl 12 (By) =

v2.Therefore (A4, Az) and (By, By) are I-sets. (AuA2) (B1,B) (C.C2)
But Intr (Cy, C2) = (ps, v3) and Intyy (C1) = ps # | a (.4,.3) (.6,.1) (.6,.1)
us.Hence (Cy, C,) isnotan |- set. b (8.1) (.75,.05) (.8..05)

c (.6,.2) (.4,.2) (.6,.2)
Theorem 3.5: Every open set is an I-set.

Proof: Let (X, T) be an IFTS. Let (A1, Ay) be an IF open set under T. Then Ay is open under T, and A, is closed
under T, which implies Intr;A;= Ajand Cl A, = A, .

Hence (Ag, Ay) is open = Intr(A1, Ar)= (Ag, A2)= (Intr1 Aq, Cl1A) = (Ag, Ay) isan I-set.

Definition 3.2: Let (X, T) be an intuitionistic fuzzy topological space. Let (X, T;) and (X, T,) be the first and
second coordinate fuzzy topological spaces. An IF Set (A, Ay is said to be a C- set if
Clt(A1,Az) = (Cl A Intr Ay).

Theorem 3.6: Union of two C-sets is a C-set.

Proof: Let (X, T) be an IFTS. Let (A1, A), (B, B,) be two C-sets.

Hence Cl+(Ag, A2) = (Cl+2 Ag,Intr Ay) and Cl+(By, By) = (Cl 12 By, Int11By).
Let (Cy, Co) = (A, Ay) U (By, By) = (AU By, A;NBy).
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Hence C,;= A;UB,, C, = A,NB,.

CI+(C1,C,) =Cl(AL,Ay) U Cly (B1,By) = (Cl12Ay, Intr; Ag) U (Cl 12 By, Intry By).
= (Cl 1, AUCl 1 By, Intyy A; N Intyy By).= (Cl 1, AJUBy, Intr; AoNBy))

(By result 1.1, (vii) and (viii)) = (Cl 1,Cy, Intr1Cy).

Theorem 3.7: (Aq, A;) is an I- set iff it complement is a C- set.

Proof: Let (X, T) be an IFTS.

(A, Ap)isanl-setin X & Inty (Ag, Ay) = (Intr; Ag, Cl1p A)

& [Cl12(As,A)]C = (Intr1 A, Clt, A) (By result 1.1, iv)

< Ci1(As, Ay) =(Cl 1Ay, Intt1 Ar) © (A, Ap) is a C-set.

Remark 3.2: Intersection of two C-sets need not be a C-set. For, as in the example in the remark 3.1, (A;, Ay)
and (By, B,) are I-sets and (A1, Az) U (By, B,) = (Cyq, Cy)

= [(A1, A) U (B, By)]° = (Cz, C1) = (A2, A)) N (By, By) = (Cy, Cy).

(A1, Ay) and (B4, By) are I-sets = (A,, Ay) and (B,, B;) are C-Sets. Hence (C,, C,) is an intersection of two C-
sets.(Cy, Cy) is not an I-Set = (C,, C;) is not a C-set.

Therefore intersection of two C-sets need not be a C-set.

Theorem 3.8: Every closed set is a C-set.

Proof: Let (X, T) be an IFTS.

An IFS (A1, Ay) is closed in (X, T) = (A4, A)C is open.

= (A, Ay)° is an I-set (by theorem 3.5) = ((A1, A,)°)C is a C-set (by theorem 3.7)
= (Ay, Ay) isa C-set.

Theorem 3.9: Let (X, T) be an IFTS. Let Ty, T, be the co-ordinate fuzzy topologies of T.
(i). An IFS (A1, Ay) is an I-set iff (Inty; Aq, Cl2 A,) is open under T.

(ii). An IFS (A1, Ay) is a C-set iff (Cl 1, Ay, Inty1 A,) is a closed under T.

Proof: (i) (A, Ay) is an I-set

= Intr(A, Ay) = (Intr1 Ay, Cloo Ay).

Hence (Intyy Aq, Cl+, A,) is open under T.

Conversely assume (Intr; A, Cl 1, A) is open under T.

By theorem 3.1, Inty (A, A2) < (Int; A, Cl1p Ay).Also (Intr; Ag, Cl1 Ay) < (Ag, Ap) and (Inty1 Aq, Clp Ay) is
open = Intr(Ag, A2) = (Intry Ag, Cl2 Ay).

Hence Intr(Ag, Az) = (Intrp Ag, Clz Ay).

(ii). (Ag, Ay) isa C-set & (Ag, Ay) isan I-set

(by theorem 3.7)

& (Intr Ay, Cl1p Ay) isopen (by (i) < (Cl1Ay, Intr Ay) is closed.
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Theorem 3.10: Let (X, T) be an IFTS where T= {(w;, vi) / i € 1}.Let (A, A) be IFS such that p; < Ay v >
A, Viel, then Int 1 (A, A) = (Intry Ag, Cl1 Ay).

Proof: pj € lt1 A1 vie Cra Ay & (i, 7i) € 11 (Ag, Ay).

Therefore Intt(Ay, A2) = (Intry Aq, Cl1p Ay).

Remark 3.3: The converse of the above theorem is not true.

Let X ={a, b, c}. Let (X, T) be an IFTS, where T = { 0~, 13, T2, T3, T4, T5 Ts, T7 Tg To T10, T11,1~ } and 7 = (W;,

vi) are given below (L;, v;) are given below.

(1, v1) (M2, v2) | (M3, v3) | (Ma, Va)
a (0.15,05) | (0.1,0.3) | (0.3,0.6) | (0.1,0.5)
b |(0.303) (0.2,0.4) | (0.2,05) | (0.2,0.4)
c (0.2,0.35) | (0.1,0.2) | (0.4,0.4) | (0.1,0.35)

(M5, vs) (e, Vo) (u7, v7) (18, Y8)

a (0.1,0.6) (0.15,0.6) (0.1,0.6) (0.15,0.3)
b (0.2,0.5) (0.2,0.5) (0.2,0.5) (0.3,0.3)
c (0.1,0.4) (0.2,0.4) (0.1,0.4) (0.2,0.2)

(Mo, Y9) (10, Y10) | (p1,Y11)
a (0.3,0.3) | (0.3,05) | (0.3,0.3)
b (0.2,0.4) | (0.3,03) | (0.3,0.3)
c (0.4,0.2) | (0.4,0.35) | (0.4,0.2)

Let (A1,A2) be IFS define by

(A1, A2)
a | (0204)
b | (0402
¢ 1(0303)

Int 1 (A1, Ag) = 10, Int 11 Ay = ma(=pg) , Clrz Ag = y1(=v10 )-

Hence Intr(Ag, A;) = (Intt; Aq, Cl 2 Ay).

However, 1, < Aj andy, 2A;. pg < A; andyg & Ay y3> Az and pug £ As.

Y10 > Azand pig % Ago.,

Theorem 3.11: Let (X, T) bean IFTS. Let T, and T, be the co- ordinate fuzzy topologies of T. Let (A1, Ay) be
IFS. Let Int 1y Ay =px and Cl1; A =7vs. Then Int 1 (A, Ay) = (Intr; Ay, Clp Ap) iff v > Az and pe< Ag
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Proof: Assume that Int t (Ag, Az) = (Intr; Ag, Cl 12 A) then vy = ys and ps= .

Vs > Ay and 1l <A = Y > A, and ps < Ay

Conversely, assume v, > A, and ps < A;.Now px <A; and yx > A,

= (k, Yk ) < (Ag, A2). us<Ajand vs > A= (s, ¥s ) < (Ag, Ap). Hence (U s, YkNys ) is open and < (A4,
Ar).

w=Intrp Ajand s < A; = us < ys=Clmp Avand v > Ap = 1> s

Hence wUps= g and yeNys = vs. Hence (W, vs) IS open and < (Ag, A,)

If (Wi, ;) is any open set such that(u;, vi) < (Ag, A2), uk = Intri Ai= i < g

¥s= Cl12 (Az) = vi=7s . Hence (wi, i) < (p, ¥s)-

Therefore Int + (A, A2) = (uk, vs) = (Intty Ag, Clz Ap).
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