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ABSTRACT:

We have obtained closedform solution for stress-intensity factors and of crack shape for four Griffith
cracks opened by asymmetrical forces at crack faces by using Fourier transform method which
reduces the problem to integral equations.
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1. INTRODUCTION

In the present research endeavour we tried to solvefor isotropic multiply connected infinite
medium under plane-strain conditions. The presence of four Griffith-cracks makes the medium
multiply connected and mathematically the problem becomes mixed-boundary value problem,
because at the crack face stresses are prescribed and in remaining portion of boundary displacements
components are prescribed.

Modern time is of smart devices. If cracks are developed in them then their efficiency will be
reduced. Zhonget. al. [1] discussed that temperature change will affect the overall performance of
smart devices. Liu [2] discussed the effects of temperature dependent material properties on stress and
temperature fields in a cracked metal plate under electric current load. Hasanyan et.al. [3] discussed
cracked plates carrying non-stationary electrical current. They reduced the problem to a system of
singular integral equation with Cauchy-type singular Kernel.

Sneddon [4] used Fourier transform which reduced the problem to dual integral equation.
Srivastava and Lowengrub[5] solved for triple integral equations. Kushwaha [6] obtained the solution
for quintuple integral equation.

There are good accounts of crack problems [7, 8, 9, 10] with different types of geometries.
Sneddon and Ejike [11] had solved for a crack opening due to asymmetrical forces at crack faces.
Tweed [12] extended for two Griffith-cracks by extending the method of [11]. There are few more
problems [13, 14, 15]. These problems can be solved by the method of Kushwaha and Awasthi [14].
But in present research paper we shall be using the method of [6].

There are few more related problems of crack in different geometries, medium and using
different methods, see [17, 18, 19, 20, 21].
The cracks occupy the space in infinite isotropic medium as Y =0, b <|X| <¢, d <|X| < €< which
gives that inner pair of cracks are equal in length and equally spaced with respect to y-axis at x-axis while
outer pair of cracks i.e. Yy=0, d< |X| <e< js of equal lengths & equally spaced at different places

than the inner pair. The physical problem of four Griffith-cracks opened by asymmetrical forces at crack
faces is reduced to the following mixed-boundary value problem as:

ISSN: 2231-5373 http://www.ijmttjournal.org Page 297



International Journal of Mathematics Trends and Technology (IJMTT) — Volume 52 Number 5 December 2017

o (x), xelf

. >(X), xely

ny(X,O‘)z q2+( ) 2 (1.1)
d3 (), xelg

a5 (x), xelj

Py (X), xelf

+ ' Ii

cyy(x,oi)z pi(x) Xei (1.2)
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See figure 1.
where, 15 =(b,¢), 15 =(~c,-b), 15 =(d,e), I =(-e,—d) (1.3)

and (£) over quantities refer to y >0 and y < O respectively, and the continuity conditions are satisfied
at y = 0 over boundary other than the crack faces.

U (%,07) =uy(x,07),  uy(x,0")=uy(x,07) (1.4)
GXy(X,OJr):GXy(X,O*), GW(X,O+)=GW(X,07) (1.5)
for0S|X|£b, CS|X|Sd, eS|X|<oo. (Uy, Uy) and (Oy, Oy, Oyy)and displacement and
stress components at general point (X, y) of the medium. It is also assumed that all physical equations

vanish as /X2 + y2 — oo. We checked throughout that,seeBurniston[22].
[u, (x,07), uy(x,01)]>0,xelf Ul UlF Ul (1.6)

which means that cracks are really opening. The Fourier transform is defined as,

oo (€)= j:’ f (x){cos&x, sin&x}dx (L.7)

with usual inversion formula.

The plan of the paper is as follows; section 1 deals with the history of problem and of method to
solve these. Section 2 formulates the problem. The problem is reduced to quintuple integral equations in
section 3. The solution of integral equation is given in section 4. Physical quantifies of interest in fracture
mechanics are reported in terms of solution of integral equation in section 5. Section 6 presents two special
cases of loading and then physical quantities are reported for two special cases. Discussion and conclusion
is in section 7. The references are in the last.

2. FORMULATION

The solution of present linear elasticity problem is obtained by the method of Sneddon [4]. We split the
physical quantities into symmetrical and anti-symmetrical quantities at every point of the medium as

cyij (X’ y):csisjk (X! y)_{_cyié}’k (X! y)v i1 .I :X!y (21)

Ui (X Y) =UX (X Y) + U (x,y), T=Xy (2.2)

andk = 3,4 which refer to y> 0 and y< 0, respectively.
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s anda, refer to symmetric and anti-symmetric part of the problem. The solution space
(—o0,0) U (—o0,0) i.e., whole two-dimensional space, is reduced to [0,00) U[0,00) ie. x>0,y =0.
Now, we assume the displacement components as

; 25,
U3 (%) = 0o S'”“ix{a— n)%mazesk}da @3)
g oy
U3 (6 y) =0t C"S@X)[(l— " +nffeﬂda @4)
3 S Sy
U3 (x,y) = o COS(EX{(l—ma C }da @5)
g oy
> sin(@)| , _, 8°G¥ » OG% _2(L+m)
(%) =apf 2 [(1 W 28 }da — (2.6)
G* (& y)=(A o+ ykaz)e%vaak EYy)=(Cy,+ kafz)eﬁy (2.7)

Where (+) and (-) are to taken for k = 3, 4, respectively. i.e., y > 0 and y< 0. The above assumptions for
displacement components satisfy continuity, compatibility relations along with satisfying equation of
equilibrium. The function G is called Airy’s stress function. nandE arePoisson ratio and Young’s modulus
of the medium. Mathematically the problem is solved if eight arbitrary constants in (2.7) — (2.8) are
determined. Using relations (2.3) — (2.7) and the stress-strain relations we get the stress components as

0% (%, Y) =¥, ESINE)EA o+ Bro(&y ~DIe™dE (28)
o3 (x,y) = £[ "Ecos(E[EC, , + Dy, &y ~Dle™dg (29)
oy (x.Y) =], &% coS(EN[A, + VB, ,Je™de (210
oy (xY) = [ E2SinEX[Cy, + YD, le™dE 211
o3 (%, Y) = [ " ECOSEIE(A_, + VB o) 2B, ,Je™dg (2.12)
o306 Y) = [ ECOSEIIE(CI 2 + YDyz) 2D, Je™de (2.13)

3. REDUCTION TO QUINTUPLE INTEGRAL EQUATION

If continuity conditions are satisfied separately for symmetrical and anti-symmetrical, than the continuity
of physical quantities are satisfied. Thecontinuity conditions (1.6) — (1.7) and (1.9) — (2.14) and using
boundary conditions (1.1) — (1.2). Then using inversion of Fourier integral transform we get,

A -y =2 | (]88 00+ B (0 cos(onan| @

C—Cp=t" R J o200+ Py (x)>sin(&x)dx} (32)
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(A + o) (B B) = | ([P 09+ (0 im0 63

£(Cy )~ (01 - D) =5 (7P (0 + ;00 (9 os(exta| @4
where

pr() =Pl +p3 —(PL+P2) PP =p3+ i —(P3 + ) (35)

P () =p{ — P — (P~ P2), P ()= p5 - pf —(p3 — P3) (36)

QP =0p — —(of —a3),  Q*(X) =05~ — (o +0j) (3.7)

Q) =ap + — (o +63),  Q*(X) =0 +75 — (a5 +03), (38)

Thus we get four equations (3.1) — (3.4) which will determine four constants. The remaining four constants
will be determined by the following mixed-boundary conditions. Now we make use of continuity
conditions of displacement components given by (1.4) — (1.5) and splitting into symmetric and anti-
symmetric part. Thus using (1.4) — (1.5) and (2.3) — (2.6) we get, after using (3.1) — (3.6), as

F1(x), xely

j:(Bl—Bz)cos(gx)daﬂl Fo(X), X el (3.9)
Fi3(x), xels

F21(X), Xe Il

[ (D1=Dy)sin(Ex)de =t | Fpp (x), x €5 (3.10)
Fos(X), x€ls

B F(x), xely
jo (B, + B,)sin(EX)dE =t,{ Fap (X), X €l (3.12)
Fa3(x), xelg

Fu(x), xely
j;o(Dl+ D,)cos(EX)dE =t { Fp(X), X €l (3.12)
Fiz(x), x€ls

with

t =[2(+n)/E] ™", Fig = Fpy = Fyy = Fg3=0,1; =[0,b], I3 = [c,d], I5 = [e,0) (3.13)
Ry = g< QR (ode+ [T (x)dx>, Fip = gjdlez (X)dx, Fyp = g [, QP ()

T € T rC TC r€
Frs =7 jd QP (X)X, Fyp = > jb Pt (X)dX, Fag = > jd pyz (X)dx + Fyp (3.14)

T rC T e
Fy1 = E-[b P (X)X + Fyp, Fyp = E-[d by (X)dx

Now we evaluate (cs(yys) +c§,§)) and (Gg) +cs§§,)) for symmetric and anti-symmetric by using (2.9) —
(2.12) with (3.1) — (3.4) we get,
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€ d
) Pll+jb°—y(3§ Eyjzy,xeb
[, &(B1-By)cos(exde = . (3.15)
e 2
R+ Ib%,x el,
c Qp (y)dy
. P21+Xb y2_X2 ,XEIZ
[, &0y~ Dy)sin(ex)de = e (3.16)
e 2
Py +X.[b;2fyx2y'x el,
R (y)d
. Q11+X_[; ;2(_yz(2y,xe|2
J, &(B1+By)sin(ex)de = o (3.17)
e 2
Qi +de ;2 _yxzy, ely
¢ P (y)dy
. Q21+Ib y2_X2 ,XGIZ
J, &(Dy+ Dy)cos(exde = . (3.18)
e B2 (y)dy

Qy +I = ,X€ly
d y2_)(2

where
I, =(b,c),I,=(d,e) and
Pu=pr +Py+P; +by, Po=p3+pPs+p;+ps
Pou=p{ —pr +(P2 —P2), P =P3 — P3 +(Ps — Ps) (3.19)
Qu=0+0 +0z +0, Q=03 +0g +0; + 0
Qu=0 —4 +0; —Uz, Q=03 — U3 +0s — 0y

Thus remaining four constants B;,B,; D;, D, will be determined through quintuple integral equations
given by (3.9) — (3.12) & (3.15) — (3.18).

4. SOLUTION OF QUINTUPLE INTEGRAL EQUATIONS

The trial solution of above quintuple integral equations are assumed as, see [6]

B8, = 2| ([ o)+ [0 jsincect - [T 0+ [ Ry @)sincenen | 6
D, =2 |{[° ) Ky “FiM) @ d 42
D, -D; _n_E_,H<J‘b 921('[)+Id 922(t)>—t1<jc 22(t)+je 23(t)>}( —COs&t) t} (4.2)

[K [, g+ 932(t)>—t1< (R0 [ Fég(t)>}(1—003§t)dt} @3)
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Dl+D2——[{<j 00+ J; 9220) -t [, Fu®+ [P0+ [ F42<t)>}sm(<:t)dt}<44>

The above assumption (4.1) — (4.4) satisfies the equations (3.9) — (3.12) identically if

j; g1 (t)dt =1, (F»(d) — Ry (D)), J': gy (D)dt =t F,(d) (4.5)
J; 92t =-4F,(@), [ 9220 =t (Foo(d) - Fa(®)) 456)
[} 9210t =—tF5(0), [ 9520t =ty (Fa(d) - Fs(€)) @7
[ 9@t =t (Fio(0) ~ Fu(0), [} 92200t =~ () 48)

where F,j are given in (3.14). Now, the substation of (4.1) — (4.4) into (3.15) — (3.18) and using the method

of Kushwaha [6] for inverting the integrals we get,

g1 (t) = Ale(:t)) tel,, ng(t)z_%(g)' tely (4.9
21(t)_:EA298 tel,, gyt )_—tAzeg; tel, (4.10)
0a (1) = ;Azg(g, tel,, gol )_—tAg((g tel, 411)
g‘”(t):nA%(tt) tel,, gept)=- :47((?), tel, (4.12)
with O(t) = {\(t2 “b2)(c? —t2)(d? —t?)(e? —tz)\}ll2 (4.12)a

c o(y)d £ 0
AL(t) = <J‘ T, - J' le> y8(y)dy +t1<.[ R (Y) +J.e R (y) +> ;/2 E);)Z dy +t2L, + L, (4.13)

C

c d
A, (t) = <_[ To1 - _[ T22> o) y+t1<
where Ly, M;, N;, R;, i=12 are constants to be determined through (4.9) — (4.12) and (4.5) — (4.8).
And,

d o(y)d
[ R 23> y(y)ty+t M; + M, (4.14)

Ag(t) =

c

c o(y)d d © o(y)d
[ T jT32> (v) y <j Fh -, F3’3> ygy)tyﬂ R+ R, (4.15)

Ayt) = jT41 jT42> e(y)(:y t1<_[ F41> 3(y)(tjy+t N; + N, (4.16)

e d
Ta(0=Ra()- ] le(y) Y Ty~ Ra0- [ LY o 1)
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d e d
To1(X) = Py (x) - j Ql y » Taa(X) = Ppp(X) — I XQl y (4.18)
Plzdy
T3 (X) = Q11(X)+XI 2’ T3 (X) = le(X)+XI 2 (4.19)
RO d RO:d
T4 (%) = Qa1 (X) + j Al y » Ta2(X) = Qa2 (X) + j yl y (4.20)

In next section we shall evaluate the physical quantities.

5. PHYSICAL QUANTITIES

The physical quantities, which are of practical importance in fracture mechanics, are stress-
intensity factors at crack tips and the crack opening displacement.

Stress-Components
The stress components are evaluated for y =0 X €[0,b]u[c,d]w[e, ). The normal component of

stress is O yy(X,O) and shear stress is O Xy (X,O)-

Normal Stress

The normal stress is evaluated through the value of integrals (3.15) — (3.16) for symmetric and anti-
symmetric parts, respectively for x el, Ul; U 5.

(XO) G (XO) X€|1UI3U|5

Gify(xvo)=%{{J‘bcgll(t)+_[:912(t)—t1<'[cd Fl'z(t)>} tth +ZR(x )} (5.1)
with
c e e d
<ff>—

F(x)= f (y) 2y Xels (5.2)

O, X€|5

xdt

oy (%.0) =03y (x,0) = [j 921(t)+ [, 922 (1) - t1<J o)+ Fzs(t)ﬂ

<ng [ o >ﬁ,xml

tdt
Fo(x) = ijfz(t)tz_—sz xels (54)

0, XE|3

-+ g F(x) (5.3)
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Shear Stress

The component of shear cxy(x,0+) =0, (x,07)for x el Ul; U5 is evaluated through the

value of integrals of left hand side of (3.17) — (3.18) which is given as,

o3y (x,0) =03, (x,0) = %Hjbc 931 (V) +I: 932()+4 <I: Fs2 () +I:o Fas (t)>} tz(i—txz}

+gF3(X), X€|1UI3U|5 (55)

O ,Xell

d
F3(x) = I: Pfl(y)yz—_yxz,xe I3 (5.6)

(b= i ) et
And

a, ¢ e , o _, d I
0% (%.0) =% (x,0) =—2—1n[{ Jr9a0+ [} @dt+u ([ Fpm+ F43(t>>}ﬁ}+ga(x)

(5.7)
0,xely
£ 0= [P () — xel (5.8)
A L B
¢ 1 e 2 dy
<Ib Plo (Y)+Id Plo (Y)>maxe Is

Now, using the value of Gjj (t),i=1,2 3, 4;,j=1,2 from (4.9) — (4.12) and evaluating the
integrals we get,
A (%)
210(x)
_ M)
210(x)

Aq(X)
270(x)

+F(x),xely
oy, (x,0) = +FR(X),xelg (5.9)

+ Fl(X),Xe |5

Where 6(x) and A;(x) are given by (4.12)a and (4.13) and
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X A(X) T
27 0(X) + 1 F(x),xely

a, _ _LAZ(X) E
cyy(x,O) 27 009 + 1 F(x),x elg (5.10)

_ XA 7
27 0(x) +4F2(X),X€|5

Where A, (X)F, are given by (4.14) & (5.4), respectively

XA3(X) T
EW"'EFS(X),X € Il

XA T ) el (511)

2 0(x) 4

XAz(x) ™
-3 0(x) +4F3(X),XG|5

Gfgy (x,0) =

where Az(x) and F;(x) are given by (4.15) and (5.3), respectively.

Ay(X)
21 6(x)

+ F4(X),X S Il

a A
o3 (x,0) = |- 21149(2())() R (X)X €l (5.12)
~ A4(x)

27000 +F4(x),x el

Where A,(x) and F,(x) are given by (4.16) and (5.8) respectively.
CRACK OPENING DISPLACEMENT

The crack shape will be obtained through the evaluation of crack opening displacement. The
crack opening displacement will be evaluated through the integrals of left hand side of equations (3.9) —
(3.10) and using the relation (4.1) — (4.4) and evaluating certain integrals

_ff gpa (Dt + Ij 912 ()t —U;(x).xe I,
uy* (x,0) —uy* (x,0) = (L-m)og{ " (5.13)
[ g2t ~Us (). x e 1y

Uy (X) = %[ j; p% (1) + j: pe: (t)}log ‘tz - xz‘dt (5.13)a

[ 0 (0dt (1 m)951 () ~ Rz (d) - Rz (€)X € 1,
Uy (x,0) +uy* (x,0) = o (5.14)

e
[ 9®dt -t @-mgep(x).xel4
Thus using (5.13) — (5.14) we can easily evaluate ufﬁ and u;4 .

STRESS-INTENSITY FACTORS

The stress-intensity factors at crack tips are defined as
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[Kp, Np]= lim Jb-x[oy.04 i [KeNcl= Jim Jx=c|oy.04 |

. _ (5.15)
[K4.Ng]= lim Vd ~x[oy.00 | [KeNel= X“_)”gﬂx_e[cyy’cxy]
6. SPECIAL TYPE OF LOADING

This makes the analysis and the method of integral equation as workable we consider special loading over
crack faces

+

Pi=P2=P5=P; =P (6.1)

% =03 =03 =q; =0 (6.2)

It means that cracks are opening by constant and uniform force over crack faces. Using (6.1) — (6.2) in
(3.5) — (3.8) we get

P () =0, py* (x) =0, p* () =0, pi* () =0 (6.3)

QP (0 =0=Q" (x) =Q () =Q*(x) (6.4)
Now we use (6.3) — (6.4) in (3.14) we get,

Fi1(X) = F2(X) = Fi3(X) =0, Fy (X) = Fp(X) = Fy5(x) =0 (6.5)

F31(X) = F3o (X) = F33(X) = 0, Fy (X) = Fpp (X) = Fy3(X) =0 (6.6)

Now using (6.3) — (6.4) in (3.19) we get

R1=4py =Rz P =Pp =0 (6.7)

Qu=Qp=0Qn=Qxp=0 (6.8)
Using (6.7) — (6.8) and (6.3) — (6.4) in (4.17) — (4.18)

T11(¥) = 4P, Tro (X) =T (X) =T5,(x) =0, (6.9)

T31(X) =T (X) =Ty (X) =Ty (X) =0 (6.10)

Then using (6.9) and (6.5) — (6.6) in (4.13) — (4.16) we get,

o(y)d
Ay(t) =4p, (I:—Ide ) yyz(z)tzy +t2L + Ly, (6.11)
A, () =t?M, + M, (6.12)
As(t) =t?R, + R, (6.13)
Ay(t) =t?N; + N, (6.14)

Now evaluating integrals in (6.11) we get,

Ay(t)=4p, {sl +8,(It? =07 [) +55(| (t* —=b?)(c® —t?) ) + 54 (| (t* —b?)(c® —t*)(d* -t%) ) +ge<t)}
(6.15)
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si=(Jo-; Jyesay.s, =([;-[; |veatey
= (17 ponsvse=(157 o
0,(y) = (& - ¥)"2.0,() = [|(@ -y oy

0, =[[(2 - y2) 0.0

Above integrals can easily be evaluated numerically.
Now, we use(6.3) — (6.6) in (5.2), (5.4), (5.6), (5.8), (5.13)a, we get
Ul(X) = 01 Fl(x) = 01 F2 (X) = O! F3(X) = 0! F4(X) = 0

(6.16)

1
Sy :é[(eZ _02)3/2 _(eZ _b2)3/2 _(eZ _d2)3/2]

Now using (6.12)-(6.16) and the relations (4.5) — (4.8) in (4.10) — (4.16) we get

921(t) = 920 (1) = 931 (1) = 93 (1) = 941 (1) = 942 (1) =0

g (t) =

2P 2
A () +t°L + L, [ tel
nge(t)[ 1 (1) 1 z} 2

(6.17)
O (1) =—#"(U[Al(t) L+ L, | el

A, (t) is defined in (6.15). Now evaluating the integrals in (5.1) after using (6.17)

Ag(X) el
o) Tt

s, _ Po _A5(X)
0= 00

_As() xel
o(x) " °

X elj

oy (x,0) =0 (x,0)=0

o (X,0) = o5 (x,0) = o3 (x,0) = o5 (x,0) =0
Using the definition of stress-intensity factor from (5.15)

[Ky, Ke, Ky, K ]_&{As(b) _As(0) _As(d) A5(e)}
b Ker Ky, n() ' n)’ ny,(d) n,(e)

T

(6.18)

(6.19)

ny(X) = y2x(c2 —b%)(d? - x?)(e? - x?)
M (X) = y/2x(e2 — d?)(x2 —b2)(x? —c?)

The crack opening displacement will be evaluated numerically from the following integrals
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201+ my I, SuOt

uy (x,0) =uy(x,0) = = f: o0 (6.20)
CASE - I

[P, Py 1= P[8(x—dy),8(x+d;)]8(y),b<d, <c (6.21)

[ps, Ps1= Pol8(x—d,),8(x+d,)13(y),d <d, <e (6.22)

a =0,i=1234
The problem is reduced to symmetric case only.

The cracks (inner & outer) are opened by point forces of equal magnitude acting at points
(£d,,0) and (+d,,0) of crack faces.

P =Pt =t =Pyt =0.Qf =QF =Q =Q* =0 (6:23)
Fij =0, i=1,2,3,4;, i=12

Pll=2p0[6(x—d1)+6(x+dl)],P12 =2p0[6(x—d2)+6(x+d2)],
Poy=Pyp=0Q;=Q,=0,,=0,=0 (6.24)
j:gil(t)dt -0, jjgiz(t)dt ~0,i=1234 (6.25)

Now we evaluate g (t),i=1,2,3,4;j=1, 2 through (4.13) — (4.16) and (6.21) — (6.25) we get,

2p, d;6(d;) d,0(d,) 2
)=———=| G(t) + - +t°M;+M 6.26
gll( ) e(t)TCZ ( ) dlz_tz d22—t2 1 2 ( )
M, =21 M, =22 (6.26)a
Og Og
Ol7 = 0lg0l, — OLOlg, Olg = OLyOlg — OlgOLg,Olg = OLiOlg — OloOly (6.26)b
3 13
o =jb°G(t)dt,a2 _Cb G —(c-b) (6.26)c
CeGydt  e¥-d®
oy =), 0 Ol = 3 0 =(e—d) (6.26)d
2p, Ac(t
gn(t)=% 95(5)) As (1) =G(t) +t2M, + M, t el,
g (t) _ 2 pOAS (t) te (626)e
12 - 2 ’ 4
n 0(t)
G(t) = d,0(d,) _ d,6(d,) :ﬁ’mz _% (6.27)

d2-t2 dZ-t>" " o4 Og
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Now using g, (t), g;,(t) into (5.1) and evaluating the integrals then using the definitions in (5.15) we
get,

_PoAs®) 1\ PoAs(©)

") 7w on()

__PoAs(d) | _ PoAs(e) (6.28)
i m ny(d) ®  m ny(e)
= 2 _12YV(e2 _ v2\(d2 _ v2\11/2
n () =[2x(c* —b?)(e* — x*)(d* — x*)] -

N, (X) = [2x(e? — d?)(x* —=b?)(x* —e?)]"'?

The values for crack opening displacement, which will give crack shape, will be evaluated numerically
from

2(1-1?) j: gy (t)dt

nE e
PERIGLL
7. DISCUSSION AND CONCLUSION

uy (x,0)=uy (x,0) = (6.30)

Thus we determined the stress and the displacement over multiply connected isotropic body by using the
integral equation method.The method used for asymmetrical loading of crack faces can be extended to the
analysis for crack opening due to heat or thermo elastic problem. Stress components are evaluated for

region X €l; Ul;Ulgand it is found that it has square root singularity at crack tips. The singularity at
crack tips, it seems, may generate plastic region around crack tips. This type of problems will be discussed
in future. The displacement distribution along x-axis for X €l, U 1, is smooth, i.e.;thereis no singularity
anywhere in this region. The method used here will be extended to orthotropic multiply-connected region.
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