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Abstract

In the present investigation, the solution of the governing equations of micropolar elastic solid and fluid saturated
incompressible porous solid is employed to study the reflection and transmission phenomenon at a loosely bonded
interface between micropolar elastic solid half space and fluid saturated porous half space. P-wave or SV-wave is
considered to be incident on the plane interface through fluid saturated porous solid half space. The amplitude
ratios of various reflected and transmitted waves are derived and computed numerically for the model under
consideration for different values of bonding parameter. The results thus obtained are depicted graphically with
angle of incidence of incident wave. It is found that these amplitude ratios depend on angle of incidence of the
incident wave and material properties of the medium. Effect of bonding parameter, fluid filled in the pores of fluid
saturated porous medium on the amplitude ratios is shown.

Keywords: Porous solid, micropolar elastic solid, reflection, transmission, longitudinal wave, transverse wave,
amplitude ratios, empty porous solid, loosely bonded interface.

1. Introduction

Most of natural and man-made materials, including engineering, geological and biological media, possess a
microstructure. In case of bodies with definite internal structure, for example, sand, fissured rocks, cemented
sandstone, limestone in others sediments permitted by groundwater or oil, the existing theories related to elasticity
needs to be upgraded. These materials often present on and below the surface of Earth. All these material along with
certain others, for example, ceramics, bread, lungs kidneys, aquifers from which ground water is pumped, reservoirs
which yield oil and gas have some characteristics in common that permit them to be named as porous materials. A
porous material is regarded as a material whose solid portion is continuously connected throughout the whole
volume to form a solid Matrix with voids through which the liquid or gas may flow.

The ordinary classical theory of elasticity fails to describe the microstructure of the material. To tackle this problem,
Suhubi and Eringen (1964), Eringen and Suhubi (1964) developed a theory in which they considered the
microstructure of the material and they showed that the motion in a granular structure material is characterized not
by a displacement vector but also by a rotation vector. Gautheir (1982) found aluminum-epoxy composite to be a
micropolar material. Many problems of waves and vibrations have been discussed in micropolar elastic solid by
several researchers. Some of them are Parfitt and Eringen (1969), Tomar and Gogna (1992), Tomar and Kumar
(1995), Singh and Kumar (2007), Kumar and Barak (2007) etc.

In the problems of wave propagation at the interface between two elastic half spaces, the contact between them is
normally assumed to be welded. However, in certain situations, there are reasons for expecting that bonding is not
complete. Murty (1976) discussed a theoretical model for reflection, transmission, and attenuation of elastic waves
through a loosely bonded interface between two elastic solid half spaces by assuming that the interface behaves like
a dislocation which preserves the continuity of stresses allowing a finite amount of slip. A similar situation occurs at
the two different poroelastic solids, as the liquid present in the porous skeleton may cause the two media to be
loosely bonded. Vashisth and Gogna (1993), Kumar and Singh (1997) etc. discussed the problems of reflection and
transmission at the loosely bonded interface between two half spaces.

The mechanical behaviour of fluid saturated porous material when the material contains liquid filled pores with help
of classical theory is inadequate. Due to complicated structures of pores and different motions of solid and liquid
phases, it is very complex and difficult to describe the mechanical behaviour of a fluid saturated porous medium. So
many researchers tried to overcome this difficulty from time to time. Bowen (1980) and de Boer and Ehlers (1990a,
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1990b) developed an interesting theory for porous medium having all constituents to be incompressible. There are
sufficient reasons for considering the fluid saturated porous constituents as incompressible. Therefore, the
assumption of incompressible constituents meet the properties appearing the in many branches of engineering
and avoids the introduction of many complicated material parameters as considered in the Biot theory because
Biot’s theory was based on the assumption of compressible constituents.

Based on the theory given by de Boer and Ehlers (1990a, 1990b), many researchers like de Boer and Didwania
(2004), de Boer and Liu(1994,1995), Kumar and Hundal (2003), Tajuddin and Hussaini (2006), Kumar et.al.(2011),
Kumari (2014), Abo-Dahab (2015), Marin (2016), Reda et.al. (2016), Sheikholeslami (2017) etc. studied some
problems of wave propagation in fluid saturated porous media. Using the theory of de Boer and Ehlers (1990) for
fluid saturated porous medium and Eringen (1968) theory for micropolar elastic solid, the reflection and
transmission of longitudinal wave (P-wave) or transverse wave (SV-wave) at a loosely bonded interface between
micropolar elastic solid half space and fluid saturated porous solid half space is discussed. Amplitudes ratios for
various reflected and transmitted waves are computed for a particular model and depicted graphically and discussed
accordingly. The model considered is assumed to exist in the oceanic crust part of the earth and the propagation of
wave through such a model will be of great use in the fields related to earth sciences.

2. Formulation of the problem

Consider a two dimensional problem by taking the z-axis pointing into the lower half-space and the plane interface
z=0 separating the fluid saturated porous half space M, [z > 0] and micropolar elastic solid half spaceM, [z<0]. A
longitudinal wave or transverse wave propagates through the medium M; and incident at the plane z=0 and making
an angle 6, with normal to the surface. Corresponding to incident longitudinal or transverse wave, we get two
reflected waves in the medium M; and three transmitted waves in medium M,. See figure 1.

z=20 EX, B,

G &
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Figure 1. Geometry of the problem.

3. Basic equations and constitutive relations
3.1. For medium M, (Micropolar elastic solid half space)

The equation of motion in micropolar elastic medium are given by Eringen (1968) as

RO
€ + Vb == €Y)
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Parfitt and Eringen (1969) have shown that equation (1) corresponds to longitudinal wave propagating with velocity

Vi, given by \712 = c;%2 + c32 and equations (2)-(3) are coupled equations in vector potentialsl_f and @ and these
u)z .

correspond to coupled transverse and micro-rotation waves. If —~> 2, there exist two sets of coupled-wave
0

propagating with velocities 1/A, and 1/A;; where

2,2 =%[B —JB2 = 4c],
A2 =%[B+w/BZ—4C], (5)

where
-2 1 1
g1 —2 L1
w? (2 4+ c32)  ¢,?
C= ( 1 Zq) 1
T\ w?/(c2 +c5?)
p - |J-+ K ) q - y )

Considering a two dimensional problem by taking the following components of displacement and micro rotation as

U=(u0,w), @=(0,d,0) ™
where
0 oy 09 ay
T ox o0z W_az+ax ®)

and components of stresses are as under

2¢ 2 a2y
tZZ_O\+2u+K)W+}\W+(ZH+K)aXOZ 9
24 2y oy
tx = (21161 K oa, ~ WHO 7 tuog — kD, (10)
m, =y—* (11)

3.2. For medium M; (Fluid saturated incompressible porous solid)

Following de Boer and Ehlers (1990b), the governing equations in a fluid-saturated incompressible porous medium
are

div(in®xs + nxp) = 0. (12)
divT§ —n®gradp + p5(b — %) — Pf =0, (13)
divTf —nf gradp + pf(b — %) + Pf =0, (14)

where x; and%; (i =S, F) denote the velocities and accelerations, respectively of solid (S) and fluid (F) phases of
the porous aggregate and p is the effective pore pressure of the incompressible pore fluid. pS and pFare the densities
of the solid and fluid phases respectively and b is the body force per unit volume. TS and Tf are the effective
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stress in the solid and fluid phases respectively, Pf is the effective quantity of momentum supply and n® and n¥
are the volume fractions satisfying

P +nf=1 (15)
If ug and ug are the displacement vectors for solid and fluid phases, then

The constitutive equations for linear isotropic, elastic incompressible porous medium are given by de Boer, Ehlers
and Liu (1993) as

T§ = 2u8Eg + 4° (Es. DI, (17)
TF =0, (18)
P; = =S, (U — uy), (19)

where 15 and pS are the macroscopic Lame’s parameters of the porous solid and E is the linearized Langrangian
strain tensor defined as

1
Es = > (grad ug + grad™uy), (20)

In the case of isotropic permeability, the tensor S, describing the coupled interaction between the solid and fluid is
given by de Boer and Ehlers (1990b) as

(mF)2yFR
S, = TI' 21)

where yFR is the specific weight of the fluid and KF is the Darcy’s permeability coefficient of the porous medium.

Making the use of (16) in equations (12)-(1 4), and with the help of (17)-(20), we obtain

div(in®ug +nfug) =0, (22)
(3° + p$)grad div ug + pSdiv grad ug — n’grad p + pS(b — iiy) + S, (@ — 11g) = 0, (23)
—nfgradp + p(b — iip) — S, (U —i1g) = 0. (24)

For the two dimensional problem, we assume the displacement vector u; (i = F,S) as
u, = (u,0,w') where i=F,S. (25)

Equations (22) - (24) with the help of eq. (25) in absence of body forces take the form

9%uS  0%ws 2%uf  9*wf

S F _

n [axat+azat]+“ [8x8t+azat] 0 (26)
F6p+ FaZuF+S ouf  ou’ —0 -
Toax™P 2 ">t " Tac| T @7)
F6p+ FGZWF+S owF  ow’ —o 28
Tz 7P 9 ">t T o | T (28)
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06" ap a%us ouf  au’
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06" ap ?wS owF  ow’
S Sy Sv72aS _ WS _ &S — =
W+ )5, TVWE g P e +S"[6t 6t] ' (30)
where
a(®) a(wd)
S —
o= 0x 0z (D)
and
02 02
2~ 4
V= ox? + 0z? (32)
Also, t,,5 and t,, > the normal and tangential stresses in the solid phase are as under
0,5 =5 (2 I | e W 33
& ox | 9 W oz (33)
X IJ' aZ aX ( )

The displacement components w and wi are related to the dimensional potential ¢/ and v/ as

j 00 oy 9] oy

T oox az ' 0z ax ’ j= S' F. (35)

Using equation (35) in equations (26)-(30), we obtain the following equations determining
$%, ¢F, y*, yFand p as:

1 02¢S S, A’

24S — _—
[ A TR U TS Yot P T (36)
ns
Pf = _n_]:d)s (37)
aZ\VS aWF aWS
Sv72,,S _ AS _ | =
aZWF awF awS
F —_—— =
P oo at] 0 (39)
an)S aq)S
FY2, _ SAF _q _r _
m")’p—n’p 7z v =0 (40)
where
o = |00 +2p%) 4
T D% + (8)?2pF

Assuming the solution of the system of equations (36) - (40) in the form
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(@%, 0" w5, v, p) = (1%, &1 w5 v, Fopy ) expliot)  (42)
where w is the complex circular frequency.

Making the use of (42) in equations (36)-(40), we obtain

L w3, &5 =0 (43)
Ci2 S +2p9)MP?] "
[V + p*w? —iwS,Jy,® = —iwS,y,F (44)
[~w?pf +iwS, ]y, " —iwS,y,* =0 (45)
(M")?py +1°p 0’ dy° — iwS,d;° = 0 (46)
s
n
¢1F = _n_pd)ls (47)

Equation (43) corresponds to longitudinal wave propagating with velocity v;, given by

1

2
V1 = -
Gy

(48)

where

1 iS
=|—=- A 4
Gy [cf o0 T 22 (49)

From equation (44) and (45), we obtain

wz
[Vz + Vz_z] \Vls =0 (50)

Equation (50) corresponds to transverse wave propagating with velocity v, given by v,?

et s Sy° }
Where G, = {us So S (oS eTrios) (5D
In medium M,
= B, exp{i8, (x sin®, — zcosH, ) + i® tj, 52
¢ 1 p{ 1 1 1 1

=B, exp{iSz (x sin, — z cosh, ) + iw, t}
+ B; exp{i83 (x sinB; — z cosfs ) + iw; t},

®, =EB, exp{iSz (x sinB, — z cosb, ) + iw, t}
+ FB; exp{i83 (x sinB; — z cosfs ) + iw; t},

2
2 2 w
) (62 (c22+c32)+pq)

where E= e (55)
832832 ———y+pa
p= 0 ) (56)
and

=1/G,

(53)

(54)
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(1)2
deno.=p<2q—;>; 8,2 =0"w?; 82 =1%0? (57)
4

In medium M,

{d3, dF,p} = {1, m;, m, }[A,; exp{ik,(x sinBy-z cosB,) + iw,t}+A; exp{ik,(x sinB; + z cosb,)

+iw,t}], (58)
{v®,yF} = {1, m3}[By; exp{ik, (x sinB,-z cosB,) + iw,t} + A, exp{ik,(x sinB, + z cosb,)
+iw,t}], (59)
where
n® [nswlzpF - iwlsv]
m=——; m,=— ;
PR (mF)?
iw,S,
my=——2" (60)

3= 7
iw,S, — UOZZPF

and By, B,,B; are amplitudes of transmitted P-wave, transmitted coupled transverse and micro-rotation waves
respectively. Also Ay or By; , A; and A, are amplitudes of incident P-wave or SV-wave, reflected P-wave and
reflected SV-wave respectively and to be determined from boundary conditions.

4. Boundary conditions

The appropriate boundary conditions are the continuity of displacement, micro rotation and stresses at the interface
separating media M; and M,. Mathematically, these boundary conditions at z=0 can be expressed as:

S . — S . —-0 -
—P; tx =ty mzy_oi

t:ZZ = tZZ
ty = k@ —u); w=wS (61)
where k. = ikgut and t =y/(1 — y)sin,

where vy is bonding constant 0 <y < 1, y = 0 corresponds to smooth surface and y = 1 corresponds to welded
interface.

In order to satisfy the boundary conditions, the extension of the Snell’s law will be

sin@, sinB; sinB, sinB; sinB, sinB3

Vo vy Vs 2 v, Vs (62)
where v, =i ;o V3 =i
For longitudinal wave,
vo=Vvy; Bp=6; (63)
For transverse wave,
Vg=Vy; 07=0, (63A)

Also

5171 = 82}\21 = 83}\51 = k1V1 = k2V2 = W, at z = 0 (64’)
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Making the use of potentials given by equations (52)-(54) and (58)-(59) in the boundary conditions given by (61)
and using (62)-(64), we get a system of five non homogeneous equations which can be written as

5
Z a;Z =Y, (=12345) (65)
j=1
where
B1 B2 B3 A1 A2
7 — VA Ln = — ; 7, =— ; 7. = — (66
17 B, 2 Bo ° B, ‘7B ° " By (66)

where B, = A, or By, isamplitude of incident P-wave or SV-wave respectively.

Also Z,t0Z5 are the amplitude ratios of transmitted longitudinal wave, transmitted coupled transverse wave at an
angle ©,, transmitted coupled microrotational wave at an angle 85, reflected P wave and reflected SV wave,
respectively. Also a; andY; areas

ay = —A8;° — 2u + x)(8,°cos?6;),
a1, = (21 + K)8,7sinb,cosH,,
a;3 = (21 + ©)85°sinB;cos03,
ap, = k(A + 2p5cos?0,) + m,,
a;s = —2p°k$sin®,cos0,,
ay; = (2u + k)8, sind; cosh;,
ay, = u8,% cos 20, + K8,°cos?0, — kE,
ay3 = u63° cos 2 85 + Kk83°cos?B; — KF,
a,, = uSk?sin20,, ays = p°k3 cos20,, az; =0, as, = 8,EcosB,,  as; = 63F cosbs,
azy =0, az; =0,
ag; = (2u+ k)8, sind; cosh; + ki 8,sind;,
gy = uSz cos20, + KSZ c0s?0, — kE + k,i §,c0s6,,

Ay = u83 cos20; + K83 c0s20; — kF + ki 850583,

344 = _ktl klsinel, a45 = _ktl kz COSGZ,
351 = —i Slcosel, asz =i stinez,
353 = i53Sin93, 354 = —i klcosel,

355 = ikzsinez = O,
For incident P wave

Yi=—ay; Ya=ay; Yz=as; Yp=—ay; Ys=asg
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For incident SV wave
Y, =a5; Y, =—azs; Y3 =ass; Yy =ays; Ys = —ass (67)
5. Numerical results and discussion

In order to study in more detail the behaviour of various amplitude ratios, we have computed them numerically for a
particular model for which the values of relevant elastic parameters are as follow

In medium M,, the physical constants for micropolar elastic solid are taken from Gauthier (1982) as
N N

A=759x10"—,p =189 x 10" —;,
m m

10%kg

N
k=149 x 108 —,p = 2.19 x —,
m

m?
2
y=2.68x10*N, j=1.96 x 10~°m?, :—02 =200. (68)

In medium M;, the physical constants for fluid saturated incompressible porous medium are taken from de Boer,
Ehlers and Liu (1993) as

Mg
1° =067, 1" =033, p° =134—
F=033Mg/m}, S = 5583308 gr - 201m
p - Y- g/m ) I mz! - S ]
10.00KN 8.3750N
yFR — , S — , (69)

m3 m?

A computer programme in MATLAB has been developed to calculate the modulus of amplitude ratios of various
reflected and transmitted waves for the particular model and to depict graphically. In figures (2) - (21) solid lines
show the variations of amplitude ratios |Z;| for welded interface i.e.y = 1, dashed lines for bonding parameter
y = 0.5 and dashed dotted line for smooth interface i.e. y = 0. In Figures (2)-(11), there is P wave incident
whereas in figures (12)-(21), SV wave is incident. In the figures (2)-(6) and (12)-(16), medium —I is porous solid
whereas in figures (7)-(11) and (17)-(21), the medium-I is empty porous solid (EPS), but medium-II is same in all
figures i.e. micropolar elastic solid.

In figures (2)-(11), the values of |Z;|, (i = 1,2,3) or modulus of amplitudes ratios corresponding to transmitted
waves are greater for bonding parameter y = 1 i.e. for welded interface whereas the values of |Z;|, (i = 4,5) are
small for modulus of amplitudes ratios corresponding to reflected waves for bonding parameter y = 1 . Effect of
fluid filled in pores of porous solid is significant as it is clear after comparison of figures (2)-(6) and figures (7)-(11).
Effect of incident wave is also significant as it is clear by comparing the figures (2)-(6) to corresponding figures
(12)-(16). The values of |Z;|, (i =1,2,3,4,5) are greater for bonding parameter y = 1 i.e. for welded interface in
case of SV wave incident in comparison to P wave incident. Also, comparing the figures (12)-(16) to figures (17)-
(21), the values of |Z;|, (i = 1,2,3,4,5) are large for in case of porous solid than empty porous solid.

3
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Figures 2-6. Variation of the amplitude ratios with angle of incidence of incident longitudinal wave
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Figures 7-11. Variation of the amplitude ratios with angle of incidence of the incident longitudinal showing porous
effect
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Figures 12-16. Variation of the amplitude ratios with angle of incidence of incident transverse wave
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Figures 17-21. Variation of the amplitude ratios with angle of incidence of incident transverse wave showing porous
effect

6. Conclusion

In conclusion, a mathematical study of reflection and transmission coefficients at loosely bonded interface
separating micropolar elastic solid half space and fluid saturated incompressible porous half space is made when
longitudinal wave or transverse wave is incident. It is observed that

1. The amplitudes ratios of various reflected and transmitted waves are found to be complex valued.

2. The modulus of amplitudes ratios of various reflected and transmitted waves depend on the angle of incidence
of the incident wave and material properties of half spaces.

3. The effect of fluid filled in the pores of incompressible fluid saturated porous medium is significant on the
amplitudes ratios.

4. The effect of incident wave is significant on amplitude ratios. All the amplitudes ratios are found to depend on
incident waves.

5. The effect of bonding parameter for loosely bonded interface is significant either longitudinal wave is incident
or transverse wave is incident.

6. The impact of saturation of fluid in a poroelastic material is quantitative on amplitude ratios.

7. The change in material property of a medium in the model reflects on the amplitude ratios.

The model discussed in this paper is one of the more realistic forms of the earth models. The present theoretical
results may provide useful information for experimental scientists, seismologists and researchers working in the area
of wave.
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