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Abstract

The aim of this paper is to introduce and study the concept of supra a-open
(briefly St,,-a-open) (res.Closed) sets and supra a-separation axioms (briefly St, -
a-separation) in supra bitopological spaces. Also we study some of their basic prop-
erties in supra bitopological spaces.
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1 Introduction

In 1988, Aray and Nour[2] was introduced separation axioms in bitopological
spaces. The supra topological spaces have been introduced by Mashhour [14] in
1983. In topological space the arbitrary union condition is enough to have a supra
topological space. Here every topological space is a supra topological space but the
converse is not always true. Sreeja and Janaki [18] has discussed a new type of
separation axioms in topological spaces in 2012. In 1992, Kar, Bhattacharyya[l1]
have been discussed pre open sets in bitopological spaces. In 1981, Bose[3], has
introduced semi-open sets, semi-continuity and semi-open mappings in bitopological
spaces. In 2008, Devi, Sampathkumar and Caldas[6] introduced the supra- a-open
set. Gowri and Rajayal[8] introduced supra bitopological spaces and discussed basic
properties of supra pairwise separation axioms in supra bitopological spaces. In
this paper we introduce and investigate STl.j—pre—open, STij—semi—open, Sk, ;-Q-open
(res. closed) sets and St -a-separation axioms. Also we study the relationship
between supra pairwise separation axioms and STi].—a—separation axioms in supra
bitopological spaces.

2 Preliminaries

Definition 2.1 [1/] (X, St) is said to be a supra topological space if it is satisfying
these conditions:

(1) X,0 € S;

(2) The union of any number of sets in St belongs to Sk.

Definition 2.2 [1/] Each element A € S is called a supra open set in (X, St), and
its complement is called a supra closed set in (X, St).
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Definition 2.3 [14] If (X, S:) is a supra topological spaces, A C X, A+ 0, S, is
the class of all intersection of A with each element in Sy, then (A, St,) is called a
supra subspace of (X, Sq).

Definition 2.4 [1/] The supra closure of the set A is denoted by Sc-cl(A) and is
defined as Sc-cl(A)=N{B : B is a supra closed and A C B}.

Definition 2.5 [14] The supra interior of the set A is denoted by S-int(A) and is
defined as Sc-int(A)=U{B : B is a supra open and B C A}.

Definition 2.6 [6] The set A of X is called a supra o - open set, if A C supra
int(supra cl(supra int(A))). The complement of a supra o - open set is a supra o -
closed set.

Definition 2.7 [7] If St, and S, are two supra topologies on a non-empty set X,
then the triplet (X, Sz, St,) is said to be a supra bitopological space.

Definition 2.8 [7/ Each element of Sy, is called a supra t;-open sets in (X, St,, S, ).
Then the complement of Sx,-open sets are called a supra T;-closed sets, for i = 1,2.

Definition 2.9 [7] If (X, St,,S+,) is a supra bitopological space, Y C X, Y # ()
then (Y, Sy, Svy) is a supra bitopological subspace of (X, Sx,, Sx,) if

Sex ={UNY;Uis a Sy, — open in X} and

Sz ={VNY;Visa Sy, — open in X}.

Definition 2.10 [7] The supra T;-closure of the set A is denoted by Sy,-cl(A) and
is defined as Sc,-cl(A)=N{B : B is a S, — closed and A C B, for i =1,2}.

Definition 2.11 [7] The supra T;-interior of the set A is denoted by Sy,-int(A) and
is defined as Se,-int(A)=U{B : B is a Sy, — open and B C A, for i =1,2}.

Definition 2.12 [7] A supra bitopological space (X, S+, , St,) is called a supra pair-
wise Ty if for each pair of distinct points x,y € X, © # vy, there is a S, -open set U
and Sx,-open set V such that z € U, y ¢ Uorye V,z ¢ V.

Definition 2.13 [7] A supra bitopological space (X, St,, St,) is called a supra pair-
wise T if for each pair of distinct points z,y € X, x # y,there is a S, -open set U
and Sv,-open set V such that z € U, y ¢ Uandye V, xz ¢ V.

Definition 2.14 [7] A supra bitopological space (X, Sz, St,) is called a supra pair-
wise Ty if for each pair of distinct points x,y € X, © # y, there is a S, -open set U
and Sc,-open set V such that x € Uandy e V, UN V = 0.

Proposition 2.15 [8] Let (X, Sy,, St,) be supra bitopological spaces, if U and V are
Sy, -open sets then U UV also Sy, -open, for i = 1,2.

Proposition 2.16 [8] Let (X, Sx,, St,) be supra bitopological spaces, if U and V are
Sy, -closed sets then U NV also S, -closed, for i = 1,2.
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3 Supra a-open sets in supra bitopological spaces

Definition 3.1 Let (X, Sy, St,) be a supra bitopological space, A C X, A is said
to be Sy,;-pre-open (briefly Sy,,-p-open), if A C Sq,-int(Sc;-cl(A)), where i # j,
ij = 1,2.

Definition 3.2 Let (X, St,, St,) be a supra bitopological space, A C X, A is said
to be Sy,;-semi-open (briefly Sx,;-s-open), if A C Sz,-cl(Sy,-int(A)), where i # j,
ij = 1,2

Definition 3.3 Let (X, Sy, St,) be a supra bitopological space, A C X, A is said
to be Sy, -a-open, if A C Sy, -int(Sc;-cl( St;-int(A))), where i # j,
i,j = 1,2.

Remark 3.4 The family of all S,;-p-open (res.Sx,;-s-open and St -a-open) sets of
X is denoted by S, ;-PO(X) (res. Si,;-SO(X) and S, ;-aO(X)), where i # j,
ij = 1,2

Example 3.5 Let X = {a,b,c}
Sy, = {®7 X, {CL} ) {a’ b} > {ba C}}:
Sty = {®7 X, {b} ) {CL, C} ) {b7 C}}:
ST12_PO(X) = {(Da X, {a} ) {CL, b} ) {bv C}}
ST12'SO(X) = {®7 X, {CL} ) {a7 b} ) {b7 C}}
ST12_O‘O(X) = {@7 X, {a} ) {av b} ) {b’ C}}

Definition 3.6 The complement of Sx,;-p-open (res. St -s-open and Sk, ;-c-open)
set is said to be Sy,;-p-closed (res. Sk,;-s-closed and Sk,;-a-closed).

The family of all Sk,;-p-closed (res. Sk, -s-closed and Sk, ;-a-closed) sets of X is
denoted by Sy,,-PC(X) (res. Sy,;-SC(X) and Sx,;-aC(X)), where i # j, i,j = 1,2.

Definition 3.7 The Sy,;-a-closure of a set A is denoted by Sr,;-a-cl(A) and defined
as, Sy, -a-cl(A) = N{B: B is a Sy, -a-closed set and A C B}.

Definition 3.8 The S,;-a-interior of a set A is denoted by Sy, -a-int(A) and de-
fined as, S, -a-int(A) = U{B: B is a S, -a-open set and A D B}.

Theorem 3.9 Every Sy -open set is Sy -a-open set, for 1 = 1,2.

Proof: Let A be a Sy,-open set in (X, S¢,, Sr,). since A C St -cl(A), thenSy,-int(A).
Hence A C Sq,-int(Sr,-cl( Sr;-int(A))). Therefore A is Sy, ,-a-open set. O

Theorem 3.10 Every St,-open set is Sx,;-p-open set, for i = 1,2.
Proof: Obvious. O
Theorem 3.11 Every Sy, -open set is Sx,;-s-open set, for i = 1,2.

Proof: The proof of the theorem is similar to the proof of Theorem, 3.9. O
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Theorem 3.12 FEvery Sk,;-a-open set is Sy, -p-open set.

Proof: Let A be a St -a-open set in (X, St,,St,). Therefore A C Sq-int(Sy,-
cl( Sy;-int(A))) . It is obvious that Sq,-int(Sy;-cl( Sr,-int(A))) C St,-int(S,-cl(A)).
Hence A C Sr,-int(S¢;-cl(A)). Therefore A is Sy, -p-open set. O

Theorem 3.13 Every S,;-a-open set is Sy,;-s-open set.
Proof: Obvious. O
Theorem 3.14 Finite union of Sy,;-«-open sets is always a Sy,;-a-open set.

Proof: Let A and B be two St ;-a-open sets.Then A C St -int(Sr,-cl( S;-int(A)))
and B C Sy-int(Sy;-cl( Sr,-int(B))). By Proposition 2.15, this implies A U B C
Sr,-int(Se;-cl( Sy,-int(AUB))). Therefore A U B is a Sy, ;-a-open set. O

Remark 3.15 Finite intersection of Sy,;-a-open sets may fail to be a St,;-a-open
set as shown in the following example.

Example 3.16 Let X = {a,b,c}

S, = {07 X, {a,b},{b,c}},

Se, =10, X, {a,c},{b,c}},

St1,-00(X) ={0, X, {a,b},{b,c}}.

Here {a,b} ,{b,c} are St,,-aO(X) but their intersection is not a Sx,,-c-open set.

Theorem 3.17 Finite intersection of St -a-closed sets is always a St;-a-closed
set.

Proof: Let A and B be two Sy, ;-a-closed sets. Then A C Sq,-cl(S;-int( Sq,-cl(A)))
and B C Sy-cl(S,-int( Sg;-cl(B))). By Proposition 2.16, this implies A N B C
Sr,-cl(Sr,-int(Sy,-cl(ANB))). Therefore A N B is a St,;-a-closed set. O

Remark 3.18 Finite union of Sy, -a-closed sets may fail to be a Sy, -a-closed set
as shown in the following example.

Example 3.19 Let X = {a,b,c,d}

Sy, =10, X, {a,b},{b,c}}.

S, =10, X, {a,c},{b,c}}.

St,-aC(X) ={0,X,{c,d},{a,d}}.

Here {a,d},{c,d} are Sr,,-aC(X) but their union is not a St,,-a-closed set.

Theorem 3.20 A subset A of a supra bitopological space (X, S, , St,) is St,;-a-open
set if and only if A is S,;-p-open set.

Proof: Let A be a subset of a supra bitopological space (X, Sy, Sr,). Let A be a
Sr,;-a-open set. Therefore A C Sy, -int(S¢;-cl( S;-int(A))). It is obvious that Se,-
int(St,-cl( Sy-int(A))) C Sr,-int(Sr,-cl((A)). Hence A C St,-int(Sr,-cl(A)). There-
fore A is St,;-p-open set. O

Theorem 3.21 A subset A of a supra bitopological space (X, S, , St,) is St,;-a-open
set if and only if A is Sk,;-s-open set.

Proof: The proof of the theorem is similar to the proof of Theorem, 3.21. O
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4 Supra o - separation axioms in supra bitopological
spaces

Definition 4.1 If (X, Sz, Sy,) is a supra bitopological space, for all z,y € X,
T # y, then there exist a Sy,;-a-open sets U and V such that x € U, y ¢ U or
yec V, ¢ V. Then (X, Sy, Sc,) is called a Sy, -a-To-space.

Theorem 4.2 If (X, Sy, St,) is Sx,;-a-To-space and (Y, S, Svy) is a supra bitopo-
logical subspace of (X, Sx,, Sx,) then (Y, Stx, Stz) is also a Sk,;-a-To-space.

Proof: Suppose x, y € X, x #y. Since Y C X, x, y € X. Since (X, Sy, Sr,) is
Sr,;-a-Ty-space, there exist a St ;-a-open sets U and V such that x € U,y ¢ U or
y €V, x¢ V. Then UNY, VNY are S -a-open sets in Y repectively. Such
thatx e UNY,ygUNYoryeVNY,x¢VNY. Hence (Y, S, Srs) is also a
Sz, ;-a-Ty-space. O

Theorem 4.3 Let (X, S, Sy,), (X,S,5) be two supra bitopological spaces.
1 2
(X, St,,S,) is a Sy, -a-Ty-space and f is a supra open bijective function then
(X,8.,S.1) is also a Sy, -a-To-space.
1 2

Proof: Suppose that (X, St,, St,) is a Sy,;-a-To-space. Let 2/,y" € X',2" # ¢/, since
f is bijective function then there exist x,y € X such that 2’ = f(z),y’ = f(y) and x
# . Since (X, St,, St,) is a Sy,;-a-Ty-space, there exist a Sy, ;-a-open sets U and V
such that x e U,y ¢ Uory € V, x ¢ V. Clearly f(U)C X’ and f(V)C X', since f
is a supra open function, f(U) and f(V) are St -a-open sets in X'. Also f(x)e f(U),
f(y) ¢ £f(U) or f(y) € £(V), f(x) ¢ f(V). Hence (X, STII’ ST;) is also a St,;-a-To-space.
U

Definition 4.4 If (X, Sz,, St,) is a supra bitopological space, for all z, y € X,
T # y, then there exist a Sy,;-a-open sets U and V such that z € U, y ¢ U and
yec V,x¢ V. Then (X, Sy, Sc,) is called a Sy, -a-T-space.

Theorem 4.5 If (X, Sy, St,) is St,;-a-To-space and (Y, S, Svy) is a supra bitopo-
logical subspace of (X, Sx,, Sx,) then (Y, Syx, Stz) is also a Sk,;-a-Ti-space.

Proof: The theorem will be proved by using the definition of St ;-a-Ti-space with
the idea of the proof of Theorem, 4.2. O

Theorem 4.6 If (X, St,,5,), (X,S,S./) are two supra bitopological spaces,
1 2
(X, S¢,,5%,) is a Sv,;-a-Ti-space and fis a supra open bijective function then
(X,S.,S.) is also a Sy, -a-Ti-space.
1 2

Proof: The proof is similar to the way of Theorem, 4.5. U
Definition 4.7 If (X, Sz,, St,) is a supra bitopological space, for all z, y € X,

x # y, then there exist a STZ.J. -a-open sets U and V such that x € U, y € V,
UNV =0. Then (X, Sx,, Sx,) is called a Se,;-a-Tz-space.
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Example 4.8 Let X = {a,b,c}

Sy, = {(2)7 X, {a’} ) {C} ) {a7 b} ) {a7 C} ) {ba C}}a

STQ = {07 X, {b} ) {C} ) {aa b} ) {aa C} ) {b7 C}}7

St~ 0(X) = {(2)7 X, {CL} ) {C} ) {av b} ) {a7 C} ) {b7 C}}

Let a,b € X, then there exist Sy,,-a-open sets of X, U ={a} and V = {b,c},
unv=_0.

Let b,c € X, then there exist St ,-c-open sets of X, U ={a,b} and V = {c},
unv=_0.

Let a,c € X, then there exist S,,-a-open sets of X, U ={a} and V = {b,c},
unv=_0.

Theorem 4.9 If (X, S, St,) is Sx,;-a-Te-space and (Y, Svr, Svy) is a supra bitopo-
logical subspace of (X, Sx,, Sx,) then (Y, Stx, Stz) is also a Sk,;-a-Tz-space.

Proof: Suppose x, y € X, x # y. Since Y C X, x, y € X. Since (X, S, Sr,) is
Sy, ;-a-Th-space, then there exist a Sr,;-a-open sets U and V such that x€U, and
yeV, UNV = (). Then UNY, VNY are Sr,;-a-open sets in Y respectively, such that
xeUNY,yeVnY, Unv=(UNY)N (VNY)

=UnY)NnY
PNy
0.

Hence (Y, Ser, STS) is also St ;-a-Th-space. O

Theorem 4.10 If (X, Sy, S5,), (X,S.,S.) are two supra bitopological spaces,
1 2
(X, St,,S,) is a Sy, -a-Ta-space and f is a supra open bijective function then
(X,8,8) is also S,;-a-Ta-space.
1 2

Proof: The proof is similarly to the proof of Theorem, 4.3. 0

5 Some relationships between two Classes supra pair-
wise separation axioms and S; -a-separation axioms

Theorem 5.1 Every supra pairwise Ta-space is Sx,; -a-Th-space.

Proof: Let (X, Sy, St,) be supra pairwise Ts-space and let x, y € X, x # y, then
there exist U and V St,-open sets in X such that x € Uand y € V, UNV = (),

for i = 1,2. Since every Sr-open set is St ;-a-open set. Then U and V are St -
a-open sets in X such that x € U and y € V, UNV = (). Hence (X, S,,Sq,) is
STZ.]. -a-Th-space. O

Theorem 5.2 Every supra pairwise T1-space is Sx,;-a-T1-space.

Proof: Let (X, Sy, St,) be supra pairwise Tj-space, and let x, y € X, x # y, then
there exist U and V Sy,-open sets in X such that x e U,y ¢ Uandy € V,x ¢ V,
fori=1,2.

Since every Sr;-open set is a Sy, ;-a-open set. Then U and V are St,;-a-open sets in
Xsuchthatx e Uy ¢ Uandy € V,x ¢ V.

Hence (X, Sy, , St,) is Sr,;-a-Ti-space. O
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Theorem 5.3 Every supra pairwise Ty-space is a Sy, -a-To-space.
Proof: The way of the proof is similar to the proof of Theorem, 5.2. O
Theorem 5.4 Fvery Sw -a-Th-space is a STZ.]. -a-T7 -space.

Proof: Let (X, St,, St,) be St ;-a-Tr-space and let x,y € X, x # y, then there exist
Sr,;-a-open sets U and V such that x € U,andy € V, U NV = 0.

Since U NV = (), this impliesx € U,y ¢ Uandy € V, x ¢ V. Hence (X, S¢,, Sz,)
is STij—a—Tl—space. O

Theorem 5.5 Every Sn-j -a-T1-space is a STij -a-Tp-space.

Proof: Let (X, St,, St,) be S, ;-a-Ti-space, and let x,y € X, x # y, and there exist
Sy;;-a-open sets U and V in X such that x € U, y ¢ Uandy € V, x ¢ V. This
means that there exist U and V Sr, .-a-open sets in X such that x € U,y ¢ U or

y € V,x ¢ V. Hence (X, S, Sr,) is a Sy,;-a-Tp-space. O

Theorem 5.6 Every Sy, -a-Tz-space is a Sx;;-a-Ty-space.

Proof: Let (X, Sy, St,) be St,;-a-Tr-space, and let x,y € X, x # y, then there exist
Sq,;~a-open sets U and V such that x € U,andy € V, UNV = §.

Since U NV = (), this impliesx € U,y ¢ Uory € V, x ¢ V. Hence (X, Sy, Sz,) is
a Sn-j -a-Ty-space. O

Remark 5.7 From the above results, we conclude that the relation between two
classes of supra pairwise separation arioms and STZ,J, -a-separation axioms.

Supra pairwise Ty-space = Sx,;-a-Ta-space

4 4
Supra pairwise T1-space = Sx,;-a-T1-space
4 4

Supra pairwise Ty-space = Sx,;-a-Ty-space

6 Conclusion

In this paper, we introduced notion of St,;-a-open set and Sy, ;-a-separation axioms.
Also investigate the relationship between supra pairwise separation axioms and Sk, ;-
a-separation axioms.
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