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Abstract—In this paper, we investigate regular elements properties in given semilattice
Q= {Tl,TZ,...,T T T ., T } Additionally, we will calculate the number of regular elements of

m-3? 'm-27 "m-17 'm

B, (D) for a finite set X.
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I.INTRODUCTION

Let X be an arbitrary nonempty set and BX be semigroup of all binary relations on the set X. If D is a
nonempty set of subsets of X which is closed under the union then D is called a complete X — semilattice
of unions.

Let x,yeX,Yc X,aeB,, TeD, 0= D <D and t € D. Then we have the following notations,

ya={xe X |(y,X)ea},Ya = Uya,V(D,a) ={Ya|Y €D}

yeY
D, ={Z eD|teZ},D.={Z eD |TcZ | Dri={Z D |Z T}
N (D, D') ={ZeD|Zc Z'foranyZ' € D'}, A(D, D') =UN(D, D')

Let f be an arbitrary mapping from X into D. Then one can construct a binary relation a; on X by
a; = U({X}x f(x)). The set of all such binary relations is denoted by B, (D) and called a complete

xeX
semigroup of binary relations defined by an X — semilattice of unions D. This structure was comprehensively

investigated in Diasamidze [1].
A complete X — semilattice of unions D is an XI — semilattice of unions if A(D,D,)e D for any

teDand Z = UA(D, D,) for any nonempty element Z of D.

teZ
a €B, (D) is idempotent if cca=a and a € B, (D) is regular if oo =a for some

BeB, (D).
Let D be an arbitrary nonempty subset of the complete X — semilattice of unions D. Set

I(D,T)=(D \D;). We say that a nonempty element T is a nonlimiting element of D if

T\I(D,T) # . Also, a nonempty element T said to be limiting element of D' if T \I(D,T) = &.

Let D= {[3,21,22,..., Zm_l} be finite X — semilattice of unions and C(D)={P,,P,,P,...,P, ,} be the

D Zy - Loy

P P - P

m-1

family of pairwise nonintersecting subsets of X. If (pZ( j is a mapping from D on

C(D) then D=P,URUP, U...UP, , and Z, =P, U U (T ) satisfy.

TeD\D,

Definitions and properties of ®(D, D), (D), R(D') and R,(D, D) can be found in [1].
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In this paper, we take in particular Q = {Tl,Tz, . .,Tm_3,Tm_2,Tm_l,Tm} subsemilattice of X — semilattice
of unions D which the elements are satisfying
Tichclyc..cT ;cTl T, Tchclhc..cl ;cT,,cT,,

TLLcT,clhc..cT,,cT,,cT, . ,cT,cl,c...cT,,cT,,cT, .,
TLLclclc..cT, ;T ,cT,, Lcl,cl,c...cT,, T, , T, ,
LUL=T,T,ul,=T, T, ,uT =T, . L,\T,z0  T\T,z0 , T,\T, 0
and T,\T, #0 T L,\T, =0, T ,\T, ,#O.

We will investigate the properties of regular element & € B, (D) satisfying V (D, ) = Q. Moreover, we
will calculate the number of regular elements of B, (D) for a finite set X.

Theorem 1.1 [2, Theorem 10] Let @ and o be binary relations of the semigroup B, (D) such that
aoccoa=a. If D(a) is some generating set of the semilattice V(D,a)\{@} and

a= U (Y;*xT) is a quasinormal representation of the relation ¢, then V (D, ) is a complete
Tev (D)

XI — semilattice of unions. Moreover, there exists a complete isomorphism ¢ between the semilattice
V(D,a) and D = {TJ|T eV(D,a)}, that satisfies the following conditions:

1. ¢(T)=To and p(T)a =T forall T eV (D, )

2. U YT?‘ 2¢(T) forany T € D(«),

T eD(a)y
3. Y" Ne(T) =D forall nonlimiting element T of the set D(«x); ,

4. If T isa limiting element of the set Ij(oz)T , then the equality U B(T) =T is always holds for the set
B(T)={Z e Bla), Y5 no(T) =2},

On the other hand, if @ € B, (D) such that V (D, ) is a complete XI — semilattice of unions and if
some complete & — isomorphism ¢ from V (D, ) to a subsemilattice D of D satisfies the conditions
b) —d) of the theorem, then « is a regular element of B, (D).

Theorem 1.2 [1, Theorem 6.3.5] Let X be a finite set. If ¢ is a fixed element of the set ®(D, D) and

|Q(D)|=m0 and q is a number of all automorphisms of the semilattice D then

IR(D)|=my-q-|R,(D,D)|

Il. RESULTS
Let X be a finite set, D be a complete X — semilattice of unions and
Q= {Tl,TZ,Ts,...,Tm73,Tm72,Tm71,Tm} be a X — subsemilattice of unions of D satisfies the following
conditions. The diagram of the Q is shown in the following figure.
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T,clhcT,cTgc...cT,,cT,,<T,,
T, T,cTcT,cTyc...cT, ;,cT,,cT,,
T,cT,cTgcTgc...cT, ;cT,,<T,,
T,cT,cTgcTgc...cT, ;cT,,cT,,
T,clcl,cTgc...cT,, T, cT,,
T,cT,cT,cToc...cT, ;,cT,,cT,,
TL\T, 2, T\T, #z3,T,\T, 3, T, \T, =,
To \T o #zS, T 4\T, ,#3,T, 0T, =T,
T, 0T, =T ..., T, L, VT, =T,

Let C(Q)={P|i=1.2,...,m}. Then

T,=P,UP,_ uqu -UPR,
Toa =Py UPy U UR
Too =Py UR, U UR
T,=P,UPR,UP,UP ,
T,= P,UP,UP,UR,
T,=R, VR,
T,=P,UPR,UP,

are obtained.

First, we investigate that in which conditions Q is XI — semilattice of unions. We determine the greatest
lower bounds of the each semilattice Q, in Q for t €T . We get,

Q teP,
{Tm’Tm—Z} ’t € F)m—l
{Tm’Tm—l} ’t € Pm—2
{Tm’Tm—lle 2} ’t € Pm—3

Q - {Tm’Tm 1’Tm Z’Tm—3} ’t € F)m—4

t 21)

{Tm, T, T, T.} teP,
{Tm’ } teb;
L o teP,
T o T, } teP,

From the Equation (2.1) the greatest lower bounds for each semilattice Q,
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te Pm = N(Q,QJ:@ :>A(Q’Qt)=®
teP,, =NQQ)={TsTos T} =AQQ)=T,.,

teP,, =NQQ)={T, T, ... T.} =AQQ)=T,,
teP,, =NQQ)={T,5....T.} = A(Q,Q)=T,,
teP,, =NQQ)={T,s...T,} = AQ,Q)=T,,
teP, =N(@Q,Q)={T} = AQ,Q)=T,
teP, =N(@QQ)={,,....T,} = A(Q,Q) =T,
teP, =NQQ)=9 = AQ,Q)=0
teP,  =N(Q,Q)=1{T,} = AQ,Q) =T,

are obtained. If t e P, or t € P,, then A(D,D,) = ¢ D. So, P, UP, =. Also using the Equation
(2.2), we have seen easily UA(Q, Q) eD.

t eTi

Lemma 2.1 Q is XI — semilattice of unions if and only if T, N T, =&

Proof. = Let Q be a XlI — semilattice of unions. Then P, UP, = and T, =PF,, T, =P, UP, by
Equation (2.1). Therefore T, N T, =& since B, P, and P, are pairwise disjoint sets.
< HT,NT, =3, then P, UP, =J. Using the Equation (2.2), we see that UA(Q,QI) =T,. So, we

t eTi

have Q is XI — semilattice of unions.

1 Tm-1

Lemma22 Let G = {Tl,Tz,...,Tm_l} be a generating set of Q . Then the elements T,,T,,T,, Ts,..., T,

are nonlimiting elements of the sets GH’ GTz’ GT4, GTG,...,GT , respectively and T;, Ty is limiting
me

element sof the sets GTa , GTs respectively.

Proof. Definition of D and I(GTi,Ti) =u(C'5'Ti \{T.}), ief{l,2,....,m=1}, we find nonlimiting and

limiting elements of GT_ :
1

TG, T)=T,\@ =0, T, nonlimiting element of G
T, \I(GT2 T,)=T,\J =+, T, nonlimiting element of GT2
T, \|(GT3 T3) =T, \T, =4, T, limiting element of G,
T, \I(GT4 T)=T,\T, #, T, nonlimiting element of GT4
Ts \I(GT5 T5) =T \T, =3, T, limiting element of G,
Te \ I(GT6 Te) =T\ T, =, T, nonlimiting element of G,

T. . \I(G'Tm_4 T =T ,\T .=, T, nonlimiting element of GTm—4
T3\ I(GTm_3 Tos) =T, \T, . #, T, ,nonlimiting element of GTm_3
T\ I(GTrH Tao)=T,,\T, . =9, T,_, nonlimiting element of GTW2
T\ I(GTm—l T,.)=T ,\T, .=, T, nonlimiting element of G |
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Now, we determine properties of a regular element o of B, (Q) where V(D,a)=Q and
m
a =Y xT).
~

m
Theorem 2.3 Let o € B, (Q) with a quasinormal representation of the form o = U(Yi“ xT,) such that
i=1
V(D,a)=Q. Then a € B, (D) is a regular iff T, " T, =& and for some complete & -isomorphism
©:Q —> D < D, the following conditions are satisfied:
Y 20(T).Y, 20(T,).Y," VY, 20(T,),
Y, O, OY Y, OYS OY o e(T),

YUY o UYL 2 0(T ),

YUY UYL 2 o(T ), (2.3)
Y, uY, ueuY S UYL, oo, ),

YUY, ue Y, uYs oo, ),

Y noT,) 23Xy noT) =Y, ne, ) #D,

Yoz VO, 5) =Y, oM, ,)#0,Y e, ) =9,

Proof. Let G = {Tl,Tz,...,Tm_l} be a generating set of Q.
= Since @ € By (D) is regular and V (D, @) =Q is XI —semilattice of unions, by Theorem 1.1, there
exits a complete o —isomorphism @:Q — D . By Theorem 1.1 (), ¢(T)a =T forall T eV(D,a).
Applying the Theorem 1.1 (b) and
Y 20(T).Y," 20(1,).Y, VY, 20(T,),
Y OY,UY Y, OYS OY o e(T),

YUY, ueOY L, D o(T ),

Y OY w Y 0 o(T ),

Y OY O UYL UYL, D o(T ),
YUYy O UYL UYL 2 0(T, )

Moreover, considering that the elements T,,T,,T,,Tq,..., T, are nonlimiting elements of the sets GTl’

GTz’ GT4, GTG,...,GT . respectively and using the Theorem 1.1 (C), following properties
"y
Yo no(T,) =3, Y no(Te) = DYy s ne(T, ) =D, Yo ne(T, ) #

are obtained. Therefore there exists a complete & —isomorphism ¢ which holds given conditions.

< since V(D,a) =Q, V(D,a) is XI —semilattice of unions. Let ¢:Q — D < D be complete
o — isomorphism which holds given conditions. So, considering Equation (2.3), satisfying Theorem 1.1
(a) —(c). Remembering that T, and T are limiting elements of the sets GTg and éTs , We constitute the set
B(T,)= {Z € GTs Y, ne(T,) # @} and B(T,)= {Z € GTs Y, ne(Ty) # @} It has been proved that
UB(T,)=T, and UB(T,)=T, in [?, Theorem 3.4]. By Theorem 1.1, we conclude that ¢ is the regular
element of the B, (D).
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Now we calculate the number of regular elements « , satisfying the hyphothesis of Theorem 2.3. Let

m
a e By (D) be a regular element which is quasinormal representation of the form « = U(Yi“ ><Ti) and
i=1

V (D, &) =Q. Then there exist a complete & — isomorphism @:Q — D = {(p(l'l),(o(l'z),...,go(Tm)}
satisfying the hyphothesis of Theorem 2.3. So, @ € R (Q, D). We will denote o(T,) = Ti,i=1.2,...m.

Diagram of the D = {-I_-l,fz,...,Tm} is shown in the following figure. Then the Equation (2.3) reduced to
below equation.

Y 20(T1),YS 20(T2),Y; VY, 20(T4),
YUY UYSUYSUYE UYE 2 o(Te),

YUY U UY S, U, 2 oT ),

YUY U UYE, UYE Do(T ma), @4
YENp(Ta)=BY No(Te) =D,
Y N (p(fmfl;) =Y s N (D(fm—S) + I,
Yo, np(Tn2) DY NoTni) # D
On the other hand, fl,fz,'l_'s \1_-4,...,1_-k+1\-|_-k (k =3,5,6,7,...,m—5,m—2) oo (I_-m—lﬂ

-Fm—Z)\-Fm—S , fm—l \'mez , -I_-m—2 \-Fm—l, X \fm are also pairwise disjoint sets and union of these sets

equals X.

Lemma 2.4  For every aeRw(Q, D), there exists an ordered system of disjoint mappings
{T,T2,Ta\T4,.., Tk \T(k =35,67,...,m=5m—2)
(fm—l mfm—Z) \-I__m—S,-Fm—Z \-Fm—l, X \-I__m}

Proof. Let f_ : X — D be a mapping satisfying the condition f_(t) =ta forall t € X. We consider the
restrictions of the mapping f_as f_, f,, T, ..., T oeen f(m_3)a, f(m_z)a, f(m_l)a, f.,, on the sets
T, T2,Ta\Ta,., T \ T (k=35,67,....m=5m-2)
(-Fm—l mfm—Z) \Tms, Tma\Tma, X \Tm respectively.

Now, considering the definition of the sets Y,”, (i =12,..., m—l) together with the Equation (2.4) we
have,

teTi=>teY= f,()=T,vt eT:
teT:=>teY = f, (t)=T,, VteT,
teT:\Ta=>teY, UV UYy = f, () ={T,T, T, VteTs\T4

_ 1 €T \Tk gfkﬂ cY uY, U uY,
teTwa\Tk B B
= fo @ e T, T, Tea ) VEeTia \ Tk
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S>teTnmainTm YUY, U---UY ",

te(MnainTn2)\Tos= fy, @) el T, )
Vte (-me1 mfm—Z) \T s

_ steTme Y uU-uYs,uYs,
tETm—z \Tm—l _ _
= e ® e Tos Toa f Vt€Tm2\ T

teX\Tn=>teX\Tnc X = JY* = f,,(t)eQ,Vte X \Tn

i=1

Besides, Y, ', AT # D so there is an element t.,. €Yy AT ket Then t,a=T, and t, , e T
ft,, eTkthent,, eTk =Y U---UYZ. Thus t o e {T,,..., T} which is in contradiction with the
equality t, ;& =T, ;. So, there is an element 1, ,; €T \ Tk such that o, () =Ty

Similarly, f o, (t, ;) =T, forsomet ,e Tt Tm2)\Tms fin1)e (tno) =T, for some
[ €Tm2\Tma . Therefore, for every ae R,(Q, D) there exists an ordered system
(fs Fopreeon Trog) -

On the other hand, suppose that for «,fBeR (Q, D) which a=#/, be obtained
fo = (fs Fopoens fp) and fo=(F, fyp ) iff, = f,, we get

f,=f,=>f,O=1,0 VieX=>ta=t3,VteX=a=p

which contradicts to & # [ . Therefore different binary relations’s ordered systems are different.

Lemma 2.5 Let Q be an XI —semilattice of unions and f = (f,, f,,..., f_) be ordered system from X
in the semilattice D such that
foTi>{T} O =T,
f,iTo—{T,} f,(t) =T,
f,:Ts\Ta > {T,T,,T,}, f,() e T,.T,. T},
f, T \Tk > {Tl,...,Tk+1}, f (t)e {Tl,...,Tk+l}
and f, (t.,,) =T, 3t € T \ Tk,
fo Tt Tn2)\Tos > {T,.. T o hf el ...T, .}
and f_ . (t ) =T .3t .e(Tm1nTm2)\Tns,
fo i Tme\Tma > T, T, T L f e, T, T,
and f_(t. ,)=T L3t ,eTmo\Tny,
f:X\Tmn—>Q,f,,1)eQ.
Then f= U({X}x f(x))eB, (D) is regular and ¢ is complete S — isomorphism. So

xeX

BeR,(QD).
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Proof. First we see that V (D, ) =Q . Considering V(D,ﬂ) = {Yﬂ|Y c D}, the properties of f
mapping, fiﬂ = U X[ and D < D, we get V(D,p)=Q.

Xefi

Also, S = U (YTﬁ xT) is quasinormal representation of f since & ¢ Q . From the definition of £,
Tev(X*.8)

f(X) = xp forall x e X. Itis easily seen that V (X", ) =V (D, ) = Q. We get B = U(Yiﬁ xTi)
i=1
On the other hand

teTi=>tB=f(t)=T,=>teY/ =>T.cY/,
teT.=>t8=f(t)=T,=>teY/ =T, Y/,
teTs=t8=f)={T,,T,}=teY/ UY/ =TV UY/

_ =>teY/uY/ Uy,
teTe,(k=356,...m-5m-2)=t3{T,T,....T,} B
=Y/ oY/ ooy oT,

_ =>teY uY,u---uY/,

teTms=>t8e(T,.... T, o} B
=Y, 0Y, U VY, DT mes
_ =teY Y, U UYL UYL
teTmi=tpe(T,.... T, T, .} B
=Y OY, U UYL UY S D Tma

Also, for k=4,6 by using f,_,(t)=T,,3 teTxa\Tk, we obtain Y/ AT« =D. Similarly,
Y, noTna)#D, Y. nTns 2D, Y/, NTne#@ and Y/ NTm1#D . Therefore the
mapping @ :Q — D = {'Fl,'l_'z,...,fm}to be defined (p(l'i) :-Fi satisfies the conditions in the Equation

(2.4) for . Hence ¢ is complete /3 — isomorphism because of ¢(T )A3 Z'F,B =T, forall T eV (D, ).
By Theorem 2.3, B€R (Q, D).

Therefore, there is one to one correspondence between the elements of R(p Q, D') and the set of ordered
systems of disjoint mappings.

Theorem 2.6 Let X be a finite set and Q be XI — semilattice and m>7. 1f D :{-I_-l,-FZ, ceey Tm}
is o — isomorphic to Q and Q(Q) = m,, then
((m _3)‘(Tm—lﬁTm—2)\Tm—5‘ _ (m _4)‘(Tm—lﬂTm—2)\Tm—5‘)
((m _2)‘fm_2\fm_1‘ _ (m _3)‘fm_2\fm_1‘)m‘x\fm‘
Proof. Lemma 2.4 and Lemma 2.5 show us that the number of the ordered system of disjoint mappings
(fir four s Frnay,) is equal to ‘Rw(Q, D )‘ which & € By (D) regular element V (D, ) =Q and
p:Q— D isa complete & —isomorphism.

The number of the mappings f,,, f,,, fs,s furees Trnsier finarer finsper fnope and foyy, are
respectively as

1,1,37", (k )T (M (=356, m—5,m-2)
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(m— 3)\(fm71mfm72)\fm75\ _(m- 4)\(fm,1mfm,2>\fm,5\

Tm—2\Tm— Tm—2\Tm— X\T
(m_z)‘mz ml‘_(m_s)‘mz ml"m‘ m‘
The number of all automorphisms of the semilattice Q is q = 2. Therefore by using, there is one to one

correspondence between the elements of R(p Q, D') and the set of ordered systems of disjoint mappings and
Theorem 1.2, then

‘R(D' )‘ = 2m03\f3\f4\((k +1jfk+1\fk‘ _k\fkﬂ\fk‘)
((m _3)‘(fm—1r\fm—2)\fm—5‘ _ (m _ 4)‘('fm—1m‘fm_2)\fm_5‘)

((m _1)‘fm72\fmfl‘ _ (m _3)‘fm72\fm71‘)m‘x\fm‘ )
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