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I. INTRODUCTION 

Let X  be an arbitrary nonempty set and XB  be semigroup of all binary relations on the set .X  If D  is a 

nonempty set of subsets of X  which is closed under the union then D  is called a complete X  semilattice 

of unions. 

Let ,, Xyx  ,XY  ,XB ,DT  DD'   and .Dt


  Then we have the following notations, 
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Let f  be an arbitrary mapping from X  into .D  Then one can construct a binary relation f  on X  by 

  .)(= xfx
Xx

f 


 The set of all such binary relations is denoted by )(DBX and called a complete 

semigroup of binary relations defined by an X semilattice of unions .D  This structure was comprehensively 

investigated in Diasamidze [1]. 

A complete X semilattice of unions D  is an XI  semilattice of unions if DDD t  ),(  for any 

Dt


  and ),(= t

Zt

DDZ 


  for any nonempty element Z  of .D  

)(DBX  is idempotent if  =  and )(DBX  is regular if  =  for some 

)(DBX . 

Let 
'D  be an arbitrary nonempty subset of the complete X semilattice of unions .D  Set 

).\(=),( '

T

'' DDTDl   We say that a nonempty element T  is a nonlimiting element of 
'D  if 

),(\ TDlT '
. Also, a nonempty element T  said to be limiting element of 

'D  if T .=),(\ TDl '
 

Let  121 ,,,,= mZZZDD 


 be finite X  semilattice of unions and    1210 ,,,= mPPPPDC   be the 

family of pairwise nonintersecting subsets of .X  If 

















110

11=
m

m

PPP

ZZD






  is a mapping from D  on 

 DC  then 1210=  mPPPPD 


 and  TPZ

Z
DDT

i 
\

0=


  satisfy. 

Definitions and properties of ),( 'DD , )(D , )( 'DR  and ),( 'DDR  can be found in [1]. 
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In this paper, we take in particular  mmmm TTTTTTQ ,,,,,,= 12321   subsemilattice of X semilattice 

of unions D  which the elements are satisfying 

mmm TTTTTT   13531  , mmm TTTTTT   23531   , 

mmm TTTTTT   13542   , mmm TTTTTT   23542   , 

mmm TTTTTT   13532   , mmm TTTTTT   23532   ,  

,312 = TTT  534 = TTT   , mmm TTT =12   , 12 \TT  , 21 \TT  , 34 \TT  

and 43 \TT  ,  12 \ mm TT  ,  .\ 21  mm TT  

We will investigate the properties of regular element )(DBX  satisfying QDV =),(  . Moreover, we 

will calculate the number of regular elements of )(DBX  for a finite set .X  

 

Theorem 1.1 [2, Theorem 10] Let   and   be binary relations of the semigroup )(DBX  such that 

.=   If )(D  is some generating set of the semilattice  \),( DV  and 

)(=
),(

TYT

DVT








   is a quasinormal representation of the relation ,  then ),( DV  is a complete 

XI  semilattice of unions. Moreover, there exists a complete isomorphism   between the semilattice 

),( DV  and  ,),(|=  DVTTD'   that satisfies the following conditions: 

 

    1.     TT =  and   TT =  for all ),( DVT  

 

    2.  )(

)(
..

TY 'T

T
D'T









  for any ),(DT   

 

    3.   )(TYT 
 for all nonlimiting element T  of the set   ,TD   

 

    4.  If T  is a limiting element of the set   ,TD   then the equality   TTB =  is always holds for the set 

     )(|= TYDZTB ZT   .  

 

On the other hand, if )(DBX  such that ),( DV  is a complete XI  semilattice of unions and if 

some complete  isomorphism   from ),( DV  to a subsemilattice 
'D  of D  satisfies the conditions 

)) db   of the theorem, then   is a regular element of ).(DBX  

 

Theorem 1.2 [1, Theorem 6.3.5] Let X  be a finite set. If   is a fixed element of the set ),( 'DD  and 

0=)( mD  and q  is a number of all automorphisms of the semilattice D  then 

.),(=)( 0

'' DDRqmDR   

II. RESULTS 

Let X  be a finite set, D  be a complete X semilattice of unions and 

 mmmm TTTTTTTQ ,,,,,,,= 123321   be a X subsemilattice of unions of D  satisfies the following 

conditions.The diagram of the  Q is shown in the following figure .  
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Let    miPQC i ,1,2,=|=  . Then  

121= PPPPT mmmm    ,  

121 = PPPT mmm     

112 = PPPT mmm    ,..., 

1234 = PPPPT m   , 

=3T 124 PPPPm  , 

12 = PPT m   , 

241 = PPPT m   

are obtained. 

First, we investigate that in which conditions Q  is XI  semilattice of unions. We determine the greatest 

lower bounds of the each semilattice tQ  in Q  for .mTt  We get,  
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  (2.1) 

 From the Equation (2.1) the greatest lower bounds for each semilattice tQ  
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 are obtained. If mPt  or ,2Pt then .=),( DDD t   So,  =2PPm . Also using the Equation 

(2.2), we have seen easily .),( DQQ t

i
Tt




  

Lemma 2.1 Q  is XI  semilattice of unions if and only if  =41 TT  

 

Proof. :  Let Q  be a XI  semilattice of unions. Then  =2PPm  and 21 = PT , 314 = PPT   by 

Equation (2.1). Therefore  =41 TT  since 21, PP  and 3P  are pairwise disjoint sets. 

:  If ,=41 TT  then  =2PPm . Using the Equation (2.2), we see that .=),( it

i
Tt

TQQ


  So, we 

have Q  is XI  semilattice of unions.  

 

Lemma 2.2  Let  121 ,,,= mTTTG   be a generating set of Q . Then the elements 16421 ,,,,, mTTTTT   

are nonlimiting elements of the sets ,
1

TG ,
2

TG ,
4
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16

,,
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TT GG   respectively and ,3T 5T  is limiting 
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53

, TT GG   respectively. 

Proof. Definition of 

'

TD
..

 and  ),\(=),( i
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T TGTGl    1,1,2,  mi  , we find nonlimiting and 

limiting elements of 
i
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Now, we determine properties of a regular element   of )(QBX  where QDV =),(   and 

).(=
1=

ii

m

i

TY    

Theorem 2.3  Let )(QBX  with a quasinormal representation of the form = )(
1=

ii

m

i

TY   such that 

QDV =),(  . Then )(DBX  is a regular iff  =41 TT  and for some complete  -isomorphism 

'DQ: ,D  the following conditions are satisfied: 
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Proof. Let  121 ,,,= mTTTG   be a generating set of Q . 

:  Since )(DBX  is regular and QDV =),(   is XI semilattice of unions, by Theorem 1.1, there 

exits a complete  isomorphism 
'DQ: . By Theorem 1.1 ),(a   TT =  for all ),( DVT . 
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Moreover, considering that the elements 16421 ,,,,, mTTTTT   are nonlimiting elements of the sets ,
1

TG

,
2

TG ,
4

TG
16

,,
m

TT GG   respectively and using the Theorem 1.1 )(c , following properties 

   )( ,,)(,)( ,)( 11446644 mmmm TYTYTYTY     

are obtained. Therefore there exists a complete  isomorphism   which holds given conditions. 

:  Since QDV =),(  , ),( DV  is XI semilattice of unions. Let 
'DQ:  D be complete 

 isomorphism which holds given conditions. So, considering Equation (2.3), satisfying Theorem 1.1 

).()( ca   Remembering that 3T  and 5T  are limiting elements of the sets 
3

TG and 
5

TG , we constitute the set 

    )(|= 3
3

3 TYGZTB ZT   and    .)(|= 5
5

5  TYGZTB ZT   It has been proved that 

  33 = TTB  and   55 = TTB  in [?, Theorem 3.4]. By Theorem 1.1, we conclude that   is the regular 

element of the ).(DBX  
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Now we calculate the number of regular elements  , satisfying the hyphothesis of Theorem 2.3. Let 

)(DBX  be a regular element which is quasinormal representation of the form )(=
1=

ii

m

i

TY    and 

.=),( QDV   Then there exist a complete   isomorphism  )(,),(),(=: 21 m

' TTTDQ    

satisfying the hyphothesis of Theorem 2.3. So, ).,( 'DQR  We will denote =)( iT .1,2,= , miT i   

Diagram of the   ,,,= 21 m
' TTTD  is shown in the following figure. Then the Equation (2.3) reduced to 

below equation. 























)(,)(

,)(,)( 

,)(,)(

),(

),(

),(

),(),(),(

1122

3344

6644

11321

22321

6654321

4422211

mmmm

mmmm

mmm

mmm

TYTY

TYTY

TYTY

TYYYY

TYYYY

TYYYYYY

TYYTYTY



































(2.4) 

 

On the other hand, kk TTTTTT \,,\,, 14321   25,,3,5,6,7,=  mmk  ,, 1( mT

52 \)  mm TT   , 21 \  mm TT  , 12 \  mm TT , mTX \ are also pairwise disjoint sets and union of these sets 

equals .X  

 

Lemma 2.4  For every ),,( 'DQR  there exists an ordered system of disjoint mappings

 25,,3,5,6,7,=\,,\,,{ 14321  mmkTTTTTT kk  ,,

}.\,\,\)( 12521 mmmmmm TXTTTTT    

 

Proof. Let f DX :  be a mapping satisfying the condition  ttf =)(  for all .Xt  We consider the 

restrictions of the mapping f  as ,1f ,2f ,,4 f ,,kf ,3)( mf ,2)( mf ,1)( mf mf  on the sets 

kk TTTTTT \,,\,, 14321   25,,3,5,6,7,=  mmk  ,,

mmmmmm TXTTTTT \,\,\)( 12521    respectively. 

Now, considering the definition of the sets 


iY ,  1,1,2,= mi   together with the Equation (2.4) we 

have,  

 11111 ,=)( TtTtfYtTt  


 

 22222 ,=)( TtTtfYtTt  


 

   43321432143 \,,,=)(\ TTtTTTtfYYYtTTt  


 

 

  kkkk

kkkk

kk

TTtTTTtf

YYYTTTt
TTt

\ ,,,,)(

\
\

1121

12111

1




















 

 

1T

 
2T

 

3T

 
4T

 

5T

 

6T

 

3mT 
 

2mT 

 
1mT 
 



 


 



 
4mT 

 

mT  
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  

521

313)(

32121

521

\)(

,,,)(\)(

















mmm

mm

mmm

mmm

TTTt

TTtf

YYYTTt

TTTt 







 

 

 

  122311)(

2312

12

\,,,,)(

\












mmmmm

mmm

mm

TTtTTTtf

YYYTt
TTt









 

 

 mmi

m

i

mm TXtQtfYXTXtTXt \,)(=\\
1=

 
  

Besides,   11 kk TY
 so there is an element .111   kkk TYt 

 Then 11 =  kk Tt   and .11   kk Tt  

If kk Tt 1  then .11


kkk YYTt    Thus  kk TTt ,,11   which is in contradiction with the 

equality .= 11  kk Tt   So, there is an element kkk TTt \11    such that 11 =)(  kkk Ttf  . 

Similarly, 333)( =)(  mmm Ttf   for some 5213 \)(   mmmm TTTt  , 221)( =)(  mmm Ttf   for some 

122 \   mmm TTt . Therefore, for every ),( 'DQR  there exists an ordered system 

),,,( 21  mfff  . 

On the other hand, suppose that for ),(, 'DQR   which ,   be obtained 

),,,(= 21  mffff   and ),,,(= 21  mffff  . I f  ff = , we get 

  = ,= ),(=)(=  XtttXttftfff  

which contradicts to   . Therefore different binary relations’s ordered systems are different.  

 

Lemma 2.5 Let Q  be an XI semilattice of unions and ),,,(= 21 mffff   be ordered system from X  

in the semilattice D  such that 

 

 
 

   
   

   

   

.)( ,\:

,\=)( and

,,,)(,,,,\:

,\)(=)( and

,,)(,,,\)(:

,\=)( and

,,)(,,,\:

,,,)(,,,\:

,=)(,:

,=)(,:

1

122221

2311231121

5213333

313315213

1111

11111

3214321434

22222

11111

QtfQTXf

TTtTtf

TTTtfTTTTTf

TTTtTtf

TTtfTTTTTf

TTtTtf

TTtfTTTTf

TTTtfTTTTTf

TtfTTf

TtfTTf

mmm

mmmmmm

mmmmmmmm

mmmmmmm

mmmmmmm

kkkkkk

kkkkkk









































 

Then   )())((= DBxfx X

Xx




  is regular and   is complete  isomorphism. So 

),( 'DQR  . 
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Proof. First we see that QDV =),(  . Considering  ,|=),( DYYDV   the properties of f  

mapping,  xT
iTx

i



=  and ,DD'   we get QDV =),(  . 

Also,  TYT

XVT









),(

=   is quasinormal representation of   since Q . From the definition of  , 

xxf =)(  for all .Xx  It is easily seen that QDVXV =),(=),( 
. We get  .=

1=

ii

m

i

TY    

On the other hand 

 ,=)(= 11111
 YTYtTtftTt   

 ,=)(= 22222
 YTYtTtftTt   

    42442424 ,=)(= YYTYYtTTtftTt   

  
kk

k

kk

TYYY

YYYt
TTTtmmkTt

















21

21

21 ,,,2)5,,3,5,6,=(,  

  
3321

321

313 ,,












mm

m

mm

TYYY

YYYt
TTtTt










  

  
11321

1321

1311 ,,,












mmm

mm

mmm

TYYYY

YYYYt
TTTtTt










  

 Also, for 4,6=k  by using   ,=)(1 kkk Ttf ,\1 kk TTt   we obtain . kk TY 
 Similarly, 

,)( 44   mm TY    33 mm TY 
,   22 mm TY 

 and   11 mm TY 
. Therefore the 

mapping  m
' TTTDQ ,,,=: 21   to be defined ii TT =)(  satisfies the conditions in the Equation 

(2.4) for  . Hence   is complete  isomorphism because of   ,== TTT   for all ).,( DVT  

By Theorem 2.3, ).,( 'DQR   

Therefore, there is one to one correspondence between the elements of ),( 'DQR  and the set of ordered 

systems of disjoint mappings. 

 

Theorem 2.6  Let X  be a finite set and Q  be XI  semilattice and 7m . If 21,{= TTD'
, , }mT  

is   isomorphic to Q  and ,=)( 0mQ  then 

   )1(32=)(
\1\14\3

0

kTkTkTkTTT' kkmDR
   

 )4)(3)((
5\)21(5\)21( 


mTmTmTmTmTmT

mm  

 
mTXmTmTmTmT

mmm
\1\21\2

)3)(2)((


  

 

Proof. Lemma 2.4 and Lemma 2.5 show us that the number of the ordered system of disjoint mappings 

,( 1f ,2f ... ) , 1)( mf  is equal to ),( 'DQR , which )(DBX  regular element QDV =),(   and 

'DQ:  is a complete  isomorphism. 

The number of the mappings ,1f ,2f ,,, 43  ff ,5)( mf ,4)( mf ,3)( mf 2)( mf  and 1)( mf  are 

respectively as 

    25,,3,5,6,=1,1,1,3
\1\14\3


 mmkkk

kTkTkTkTTT
  
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 ,4)(3)(
5\)21(5\)21( 


mTmTmTmTmTmT

mm  

 
mTXmTmTmTmT

mmm
\1\21\2

,3)(2)(


  

The number of all automorphisms of the semilattice Q is 2=q . Therefore by using, there is one to one 

correspondence between the elements of ),( 'DQR  and the set of ordered systems of disjoint mappings and 

Theorem 1.2, then  

   )1(32=)(
\1\14\3

0

kTkTkTkTTT' kkmDR
   

 )4)(3)((
5\)21(5\)21( 


mTmTmTmTmTmT

mm  

 .)3)(1)((
\1\21\2 mTXmTmTmTmT

mmm


  
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