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Abstract—Let D  be any X semilattice of unions and Q  be a subsemilattice of D  which satisfies the following 

conditions;  0123456 ,,,,,,= TTTTTTTQ  be a X  semilattice where ,013567 TTTTTT 

0,12567 TTTTTT  ,012467 TTTTTT  ,= 132 TTT  ,= 134 TTT 

,= 254 TTT  ,\ 32 TT ,\ 23 TT ,\ 45 TT ,\ 54 TT ,\ 34 TT .\ 43 TT  In this paper, 

we investigate a binary relation   which is right unit element. 
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I. INTRODUCTION 

It is well known that in the theory of semigroups, any semigroup is isomorphically embeddable in some 

semigroups of binary relations. Many studies related with this fact are available in literature. Among them, we 

refer the papers of Diasamidze [1 - 4]. In general he studied semigroups but, in particular, he investigates the 

semigroups of the binary relations. Moreover, in his papers he presents how the idempotents, one-sided units, 

regular, irreducible and externally adjoined elements of semigroups have exclusively important role in the 

investigation of the abstract properties of semigroups. 

To construct all these work we first give some basic definitions. 

A partially ordered set A  is called a semilattice if there exists a greatest lower bound for every pair of 

elements of A . 

Let X  be an arbitrary nonempty set, D  be some nonempty set of subsets of the set X  and also let D  

closed under the union of its subsets ,  i.e., DD'   for any nonempty subset 
'D  of the set .D  In that case , 

the set D  is called a complete X  semilattice of unions. The union of all elements of the set D  is denoted by 

the symbol .D


 Clearly, DD


 is the largest element. We say that an element Y covers Z  in the semilattice 

D  if ZY   and there is no other element DT   such that .ZTY   Using the cover relation, we can 

obtain a graphic representation of the semilattice of unions D . Each element of D  is represented in the form of 

a small circle. If ZY   then Y  is located above Z  and also Y  and Z  are connected by a rectilinear line. 

Recall that a binary relation on the set X  is a subset of the cartesian product .XX   If   and   are 

binary relations on the set X  with the elements ,x Xzy ,  the condition ),( yx  is denoted as yx  

and zyx   means the conditions yx  and zy  are satisfied simultaneously. The binary relation 

}|),{(=1 xyyx  
 is usually called the binary relation inverse to .  The empty binary relation which is an 

empty subset of XX   is denoted by .  The binary relation  =  is called the product of the binary 

relations  and .  A pair ),( zx  belongs to   if and only if there exists Xy  such that .zyx   The 

binary operation   is associative. So, ,XB  the set of all binary relations on ,X  is therefore a semigroup with 

respect to the operation .  This semigroup is called the semigroup of all binary relations on the set .X  

Further, let ,, Xyx  ,XY  ),(DBX ,DT  DD'   and .Dt


  Then we have the 

following notations, 
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Let f  be an arbitrary mapping from X  into .D  Then one can construct such a mapping f  with a binary 

relation f  on X  provided by the condition below, 

   .)(= xfx
Xx

f 


  

The set of all such binary relations is denoted by ).(DBX  It is easy to prove that )(DBX  is a semigroup 

with respect to the product operation of binary relations. This semigroup, )(DBX , is called a complete 

semigroup of binary relations defined by an X semilattice of unions .D  

Now, let’s take any ).(, DBX  If  =  then   is called a right unit element of semigroup 

).(DBX  If  =  then   is called an idempotent element of semigroup ).(DBX  And if 

 =  for some )(DBX  then a binary relation   is called a regular element of semigroup 

).(DBX  

Note that the semilattice D  is partially ordered with respect to the set-theoretic inclusion. Let DD'   

and  .any for  |=),( '''' DZZZDZDDN   It is clear that ),( 'DDN  is the set of all lower 

bounds of a nonempty subset 
'D  included in .D  If ),( 'DDN  then ),( 'DDN  belongs to D  and it 

is the greatest lower bound of 
'D  and is denoted by ).,(=),( '' DDNDD   

We say that a nonempty element T  is a nonlimiting element of 
'D  if ),(\ TDlT '

. A nonempty 

element T  is limiting element of 
'D  if T .=),(\ TDl '

 

In this work, we use complete X  semilattices of unions to define of all binary relations on a set ,X  

which are called complete semigroups of binary relations. Let Q  be a subsemilattice of D  which satisfies the 

following conditions.  0123456 ,,,,,,= TTTTTTTQ  be a X  semilattice where 

,013567 TTTTTT  0,12567 TTTTTT  ,012467 TTTTTT 

,= 132 TTT  ,= 134 TTT  ,= 254 TTT  ,\ 32 TT ,\ 23 TT ,\ 45 TT ,\ 54 TT

,\ 34 TT .\ 43 TT  Mainly, we investigate and determine right unit elements of )(QBX  for a finite set 

X  and in particular, we give formulas for the calculation of the number of right unit elements. 

Now, we continue with some essential definitions and theorems given by the cited references. 

 

Definition 1.1 [2, Definition 1] Let ),(DBX ),,(  XVT }.=|{= TyXyYT    Then a 

representation of a binary relation   of the form )(=

),(

TYT

XVT








   is called quasinormal. 

Note that, if )(=

),(

TYT

XVT








   is a quasinormal representation of the binary relation ,  then the 

following conditions are true, 

 

    1.  ,=

),(





T

XVT

YX 


 

 

    2.   
'TT YY  for ),(,  XVTT '

 and .'TT   
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Definition 1.2 [3, Definition 2] Let 

D  and 

'D  be some nonempty subsets of the complete X  

semilattices of unions. We say that a subset 

D  generates a set 

'D  if any element from 
'D  is a set-theoretic 

union of the elements from .

D  

Definition 1.3 [4, Definition 1.14.2] We say that a complete X semilattice of unions D  is an XI  

semilattice of unions if it satisfies the following two conditions, 

 

    • DDD t  ),(  for any ,Dt


  

 

    • ),(= t

Zt

DDZ 


  for any nonempty element Z  of .D  

Theorem 1.4 [4, Corollary 1.18.1] Let  kyyyY ,,,= 21   and  
jj TTD ,,= 1   be some sets, where 

1k  and 1.j  Then the numbers ),( jks  of all possible mappings of the sets Y  on any subset 
'

jD  of the 

set jD  and 
'

jj DT   can be calculated by the formula  

 .1)(=),( kk jjjks   

Theorem 1.5 [4, Theorem 6.1.3]Let D  be a complete X  semilattice of unions. The semigroup )(DBX  

possesses a right unit iff D  is an XI  semilattice of unions.  

 

Lemma 1.6 [1, Lemma 3.1] Let D  complete X  semilattices of unions. If a binary relation   having the 

form 

   ))\(()),((=),(= DDXDDxfD t

Dt



 


  

is a right unit of the semigroup ),(DBX  then it is the largest right unit of this semigroup.  

Definition 1.7 [5, Definition 7] A one-to-one mapping   between the complete X  semilattices of unions 

'D  and 
''D  is called a complete isomorphism if the condition  

 )(=)(
1

1

'

D'T

TD 


  

is fulfilled for each nonempty subset 1D  of the semilattice .'D  

Definition 1.8 [5, Definition 8] Let   be some binary relation of the semigroup ).(DBX  We say that a 

complete isomorphism   between XI semilattice of unions Q  and D  is a complete   isomorphism if 

 

    1.  ),,(= DVQ  

 

    2.   =)(  for ),( DV  and TT =)(   for any ).,( DVT   

 

Theorem 1.9 [4, Theorem 6.3.3] Let X  be a finite set, )(DBX  and  D  be the set of those 

elements T  of the semilattice  \),(= DVD  which are nonlimiting elements of the set  TD 
..

. A 

binary relation   having a quasinormal representation of the form )(=
),(

TYT

DVT








   is a right unit 

element of the semigroup )(DBX  iff 

 

    1.  ),( DV  is a complete XI  semilattice of unions and DDV =),(  , 
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    2.  )(

)(
..

TY 'T

T
D'T









  for any ),(DT   

    3.  


TY T  for any nonlimiting element T  of the set .)(
..

TD   

Definition 1.10 [4, Definition 6.3.4] Let  'DQ,  be a set of all complete isomorphism of the XI  

semilattice of unions Q  on the semilattice 
'D  such that  'DQ,  only if   is a   isomorphism for 

some relation )(DBX  and   .=, QDV   

 Q  is the set of all XI  subsemilattices of the complete X  semilattice of unions D  such that 

 QQ'   only if there exists some complete isomorphism between the semilattices 
'Q  and .Q  

Theorem 1.11 [5, Theorem 22] Let  mTTTDD ,,,,= 21 


 be some finite X - semilattice of unions and 

 mm PPPPPDC ,,,,,=)( 1210   be the family of sets of pairwise disjoint subsets of the set ,X   is a 

mapping of the semilattice D  on the family sets )(DC  that satisfies the condition 0=)( PD


  and 

ii PT =)(  for any mi ,1,2,=   and  ,|\=ˆ TZDTDDZ   then the following equalities are valid:  

 mPPPPD  


210=  (1.1) 

 

and  

 .,1,2,=)(=
ˆ

0 mforalliTPZ

i
Z

DT

i  


  

In the sequel these equalities will be called formal. 

It is proved that if the elements of the semilattice D  are represented in the form 1.1, then among the 

parameters iP  1,0,1,2,= mi   there exists such parameters thatcannot be empty sets for .D  Such sets 

iP  10  mi  are called bases sources, whereas sets jP  10  mj  which can be empty sets too are 

called completeness sources. 

It is proved that under the mapping   the number of covering elements of the pre-image of a basis source is 

always equal to one, while under the mapping   the number of covering elements of the pre-image of a 

completeness source either does not exists or is always greater than one. 

Note that the set 0P  is always considered to be a source of completeness.  

 

II. RESULTS 

 

Xcvxcvxcv Let X  be a finite set,  01234567 ,,,,,,,= TTTTTTTTD  be a X subsemilattice of unions of 

D  satisfies the following conditions.The diagram of the  D is shown in the following figure .  
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 Let   

 








76543210

76543210
=

PPPPPPPP

TTTTTTTT
  

is a mapping of the semilattice D  onto the family sets ).(DC  Then for the formal equalities of the 

semilattice D  we have a form, 

 

07

706

76405

765304

7654203

7654302

76543201

765432100

=

=

=

=

=

=

=

=

PT
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 (2.1) 

 Here the elements 74321 ,,,, PPPPP  are basis sources, the elements 650 ,, PPP  is sources of completeness of 

the semilattice .D  

 

Theorem 2.1  The semigroup )(DBX  always has a right unit element. 

 

Proof. Let ,Dt  ZtDZDt  |=  and ),( tDD  is the exact lower bound of the set tD  in .D  

Then the formal equalities follows that, 
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We have  ,,,,,,= 034567 TTTTTTD DDD t  );(  for all Dt  and ,= 542 TTT  .= 321 TTT   

So from the Definition 1.3follows that the semilattice  D  is XI semilattice. In view of the Theorem 1.5 

)(DBX  always has a right unit element.  

 

Lemma 2.2  For the semilattice D , the following equalities are true. 

 

 

101
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454

743765
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\=

\=

\=

\=

\=

=

TTP

TTP

TTP

TTP

TTTPPP

TP



 

 

Proof. The given Lemma immediately follows from the formal equalities 2.1 of the semilattice .D  

Theorem 2.3  The binary relation  

 

                    00010323434545674377 \\\\\\= TTXTTTTTTTTTTTTTTTTTT 

 

is the largest right unit of the semigroup ).(DBX  

 

Proof. Using Lemma 1.6 and Theorem 2.1 we have that 

 

     

               

           

        00010323

434545674377
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00
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\\\=
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Corollary 2.4  A binary relation   having quasinormal representation as 

 
       
       ,

=

00112233

44556677

TYTYTYTY

TYTYTYTY







 

where  ,,,,,, 034567  YYYYYY  is a right unit of the semigroup )(DBX  iff the binary relation   

satisfies the following conditions, 

 

.,

,,,

,,,,

0033

44556633567

4467556766777







TYTY

TYTYTYTYYYY

TYYYTYYYTYYTY







 

Proof. It is easy to see, that the set  1234567 ,,,,,,=)( TTTTTTTD   is a generating set of the semilattice 

D . Then the following equalities, 

        ,,,=)(,,,=)(,,=)(,=)( 467
4

567
5

67
6

7
7

TTTDTTTDTTDTD TTTT    

 

   

 ,,,,,,,=)(

,,,,,=)(,,,,=)(

1234567
1

24567
2

3567
3

TTTTTTTD

TTTTTDTTTTD

T

TT









 

  ,,,,,,,,=)( 01234567
1

TTTTTTTTD T  

 are hold. By statement )b  of the Theorem 1.9 follows that   
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For the last conditions we have 

 

    
245246756724567 = YTTYYYYYYYYYYYY   

 222= TYT  
 

     

1121

1234512

35674675671234567

=

=

TYYT

YYTTTYY
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 is always satisfied. 

Now for using limiting element definition we find, 

        ,=\=,)(\,=\)(=,)( 777
7

77
7

7
7

 TTTDlTTDTDl TTT    

        ,\=,)(\,=\)(=,)( 766
6

676
6

6
6

 TTTDlTTTDTDl TTT    

        ,\=,)(\,=\)(=,)( 655
5

565
5

5
5

 TTTDlTTTDTDl TTT    

        ,\=,)(\,=\)(=,)( 644
4

464
4

4
4

 TTTDlTTTDTDl TTT    

        ,\=,)(\,=\)(=,)( 533
3

353
3

3
3

 TTTDlTTTDTDl TTT    

        ,=\=,)(\,=\)(=,)( 222
2

222
2

2
2

 TTTDlTTTDTDl TTT    

        ,=\=,)(\,=\)(=,)( 111
1

11111
1

 TTTDlTTTDTDl TTT    

        .\=,)(\,=\)(=,)( 100
0

010
0

0
0

 TTTDlTTTDTDl TTT    

 Therefore, 34567 ,,,, TTTTT  and 0T are nonlimiting elements of the sets 

34567
)(,)(,)(,)(,)( TTTTT DDDDD    and 

0
)( TD   respectively. By the statement )c  Theorem 1.9it 

follows, that the conditions   

  0033445566 ,,,, TYTYTYTYTY 
 

are hold. As a result of these we have, 

 

.,

,,,,

,,,,
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 (2.2) 

 

Theorem 2.5 
  DE r

X  are the set of all right unit elements of the semigroup  .DBX  If X  be a finite set, 

then we calculate the number of right unit elements through this formula 
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Proof. Assume that 
  DE r

X  and from Corollary 2.4, we have that   has a quasinormal representation 

as  ,= TYT

DT




   where  
034567 ,,,,, YYYYYY  (i.e., ),(= DVD  )and satisfies the 

following conditions 
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Further, let f  be a mapping from the set X  in the semilattice D  satisfying the condition  ttf =)(  for 

all .Xt  We can define ,0f ,1f ,2f ,3f  54 , ff  and 6f  which are the restrictions of the mapping 

f  on the sets 7,T   ,\ 743 TTT  ,\ 45 TT ,\ 34 TT ,\ 23 TT 10 \TT  and ,\ 0TX  respectively. It is clear, that 

the intersection disjoint sets of the set 

   0102334457437, \,\,\,\,\,\ TXTTTTTTTTTTTT   

are empty set and  

              XTXTTTTTTTTTTTT =\\\\\\ 010233445743   

Now, we are going to find properties of maps ,0f ,1f ,2f ,3f ,4f 5f  and .6f  

 

    1.  Let 7Tt  . Then, by using Equation 2.2 and the definition of the set 


7Y , we have 

7077 =)( TtfYTt 
   for all 7Tt .  

 

    2.  Let   .\ 743 TTTt   Then, by using Equation 2.2 and definition of the sets 


7Y  and 


6Y , we have 

       
67356746743743 =\ YYYYYYYYYTTTTTt

 671 ,)( TTtf   for all   743 \TTTt  . 

Suppose that  66 TY
 and 


61661 YtTYt   and 6161 = TtTt   and .61 Tt   If 

71 Tt   then 711771 =)( TtfYTt 
   for some .71 Tt   Which contradicts with 61 = Tt 6(T  is not 

equal to 7T  in D ). So   74366 \TTTTY 
 and 611 =)( Ttf   for some .\ 761 TTt   

 

    3.  Let .\ 45 TTt  Then, by using Equation 2.2 and definition of the sets 


67 ,YY  and 


5Y  , we have 

 
567545 \ YYYTTTt  5672 ,,=)( TTTttf   for all 45 \TTt . 

Suppose that  55 TY
 and 


52552 YtTYt   and .= 5252 TtTt   If 42 Tt   then 

.46742

 YYYTt   Therefore,  .,, 4672 TTTt   Which contradicts of the equality ,= 52 Tt   since 

 .,, 4675 TTTT   So 522 =)( Ttf   for some .\ 452 TTt   

 

    4.  Let .\ 34 TTt  Then, by using Equation 2.2 and definition of the sets 


67 ,YY  and 


4Y , we have 

 434 \ TTTt  .,, 467467 TTTtYYY  
 Therefore  4673 ,,)( TTTtf   for all 

.\ 34 TTt  

Suppose that  44 TY
 and 


43443 YtTYt   and .= 4343 TtTt   If 33 Tt   then 

.356733

 YYYYTt   Therefore,  .,,, 35673 TTTTt   Which contradicts of the equality 

,= 43 Tt   since  .,,, 35674 TTTTT   So 433 =)( Ttf   for some .\ 343 TTt   

 

    5.  Let .\ 23 TTt  Then, by using Equation 2.2 and definition of the sets 


567 ,, YYY  and 


3Y , we have 

 323 \ TTTt  .,,, 35673567 TTTTtYYYY  
 Therefore  35674 ,,,)( TTTTtf   for 

all .\ 23 TTt  
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Suppose that  33 TY
 and 


34334 YtTYt   and .= 3434 TtTt   If 24 Tt   then 

.456724

 YYYYTt   Therefore,  .,,, 45674 TTTTt   Which contradicts of the equality 

,= 34 Tt   since  .,,, 45673 TTTTT   So 344 =)( Ttf   for some .\ 234 TTt   

 

    6.  Let .\ 10 TTt  Then, by using Equation 2.2 and definition of the sets ,70,1,=, iYi


, we have 

 010 \ TTTt  .,,,,,,, 01234567

0=

7

TTTTTTTTtYi

i

   Therefore 

 012345675 ,,,,,,,)( TTTTTTTTtf   for all .\ 10 TTt  

Suppose that  00 TY
 and 


05005 YtTYt   and .= 0505 TtTt   If 15 Tt   then 

.123456715

 YYYYYYYTt   Therefore,  .,,,,,, 12345675 TTTTTTTt   Which 

contradicts of the equality ,= 05 Tt   since  .,,,,,, 12345670 TTTTTTTT   So 055 =)( Ttf   for some 

.\ 105 TTt   

 

    7.  Let 0\TXt  Then, by using Equation 2.2 and the definition of the sets 


123456 ,,,,, YYYYYY  

and 


0Y , we have  
01234560\ YYYYYYYXTXt

 .,,,,,, 0123456 TTTTTTTt   Therefore )(6 tf    0123456 ,,,,,, TTTTTTT  for all .\ 0.TXt  

 

Therefore, there is an ordered system ,( 0f ,1f ,2f ,3f ,4f 5f , )6f  of every binary relation   in 

which is the element of 
  .DE r

X  

Now, let  

  ,: 770 TTf   

    ,,\: 677431 TTTTTf   

  ,,,\: 567452 TTTTTf   

  ,,,\: 467343 TTTTTf   

  ,,,,\: 3567234 TTTTTTf   

  ,,,,,,,,\: 01234567105 TTTTTTTTTTf   

  .,,,,,,,\: 0123456706 TTTTTTTTTXf   

 are such mappings which satisfies the following conditions: 

 

    1.  70 =)( Ttf  for all 7,Tt  

 

    2.   671 ,)( TTtf   for all   743 \TTTt   and 611 =)( Ttf  for some 761 \TTt  , 

 

    3.   5672 ,,)( TTTtf   for all t 45 \TT  and 522 =)( Ttf  for some 2t 45 \TT , 

 

    4.   4673 ,,)( TTTtf   for all 34 \TTt  and 433 =)( Ttf  for some 3t 34 \TT , 

 

    5.   35674 ,,,)( TTTTtf   for all 23 \TTt  and 344 =)( Ttf  for some ,\ 234 TTt   

 

    6.   012345675 ,,,,,,,)( TTTTTTTTtf   for all 10 \TTt  and 055 =)( Ttf  for some ,\ 105 TTt   

 

    7.   012345676 ,,,,,,,)( TTTTTTTTtf   for all .\ 0.TXt  
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Then, we can define a map f  from X  in the semilattice D  by following way: 

 































.\if),(

,\if),(

,\if),(

,\if),(

,\if),(

,\if),(

,if),(

=)(

06

105

234

343

452

7431

70

TXttf

TTttf

TTttf

TTttf

TTttf

TTTttf

Tttf

tf  

Further, we identify the binary relation   ))((= xfx
Xx




  which is originated with the mapping f . 

Since,   ii TtXtY =|=   ,6),0,1,2,=( i  then binary relation   is represented by following form 

 ).()()()()()()(= 00112233445566 TYTYTYTYTYTYTY    

If the definitions of 


iY  taken into consideration, then we have 

.,

,,,,

,,,,

0033

44556633567

4467556766777







TYTY

TYTYTYTYYYY

TYYYTYYYTYYTY







 

(By suppose 611 =)( Ttf  for some ,\ 761 TTt  522 =)( Ttf  for some ,\ 452 TTt  433 =)( Ttf  for some 

,\ 343 TTt  344 =)( Ttf  for some ,\ 234 TTt  055 =)( Ttf  for some 235 \TTt  .) 

From these properties and Corollary 2.4, we have that the binary relation   is an element of 
  .DE r

X  

Therefore for every binary relation 
  DE r

X  and ordered system ,( 0f ,1f ,2f ,3f ,4f 5f , 

)6f  exist one to one mapping. 

And also, by using the Theorem 1.4, the number of the mappings ,0f ,1f ,2f ,3f ,4f 5f  and 6f  

are respectively as  
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 By using Equation 2.3, we calculate the number of ordered system ,( 0f ,1f ,2f ,3f ,4f 5f , )6f  

or the number of right unit elements through this formula  
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