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Abstract—Let D be any X — semilattice of unions and Q be a subsemilattice of D which satisfies the following
conditions; Q = {TG,TS,T4,T3,T2,T1,TO} be a X — semilattice where T, cT,cT,cT,cT cT,,
T, cTycT,cT,cT, T, T,cTycT, cT,cT, T, T,UT, =T, T,UT, =T,
T,UL =T, T\, z8, T,\T, #0, T.\T, 23, T,\T, #3, T,\T, #, T,\T, #O. In this paper,

we investigate a binary relation & which is right unit element.
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|.INTRODUCTION

It is well known that in the theory of semigroups, any semigroup is isomorphically embeddable in some
semigroups of binary relations. Many studies related with this fact are available in literature. Among them, we
refer the papers of Diasamidze [1 - 4]. In general he studied semigroups but, in particular, he investigates the
semigroups of the binary relations. Moreover, in his papers he presents how the idempotents, one-sided units,
regular, irreducible and externally adjoined elements of semigroups have exclusively important role in the
investigation of the abstract properties of semigroups.

To construct all these work we first give some basic definitions.

A partially ordered set A is called a semilattice if there exists a greatest lower bound for every pair of
elements of A.

Let X be an arbitrary nonempty set, D be some nonempty set of subsets of the set X and also let D

closed under the union of its subsets, i.e., \U D €D for any nonempty subset D' of the set D. In that case ,
the set D is called a complete X — semilattice of unions. The union of all elements of the set D is denoted by
the symbol D. Clearly, DeD is the largest element. We say that an element Y covers Z in the semilattice
D if Y ©Z and there is no other element T € D such that Y ©T D Z. Using the cover relation, we can
obtain a graphic representation of the semilattice of unions D . Each element of D is represented in the form of
asmall circle. If Y > Z then Y s located above Z andalso Y and Z are connected by a rectilinear line.
Recall that a binary relation on the set X is a subset of the cartesian product X x X. If & and S are

binary relations on the set X with the elements X, Y,z € X the condition (X, Y) € & is denoted as Xay
and Xayfz means the conditions Xay and Yyfz are satisfied simultaneously. The binary relation
at ={(x,y)| yax} is usually called the binary relation inverse to . The empty binary relation which is an
empty subset of X x X is denoted by &J. The binary relation & = a0 /3 is called the product of the binary
relations @ and f. A pair (X,Z) belongs to o if and only if there exists Y € X such that Xay/z. The
binary operation o is associative. So, By, the set of all binary relations on X, is therefore a semigroup with
respect to the operation o. This semigroup is called the semigroup of all binary relations on the set X.

Further, let x,ye X, Y X, aeB,(D), TeD, J# D <D and teD. Then we have the
following notations,
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ya={xeX|ya} Ya=|Jya,

yeY

2X={Y|Yc X}  V(D,a)={Ya|Y D},
D, ={Z eD|teZ} ,D.={Z' eD|TcZ}

X" =2"\{z} ,lj‘T:{Z'eD'|Z'gT}.

Let f be an arbitrary mapping from X into D. Then one can construct such a mapping f with a binary
relation ¢, on X provided by the condition below,

o = U({X}X f(x)).

xeX

The set of all such binary relations is denoted by B, (D). It is easy to prove that B, (D) is a semigroup
with respect to the product operation of binary relations. This semigroup, BX(D), is called a complete

semigroup of binary relations defined by an X — semilattice of unions D.
Now, let’s take any o, f € B, (D). If foa =/ then « is called a right unit element of semigroup

B, (D). If aca=a then « is called an idempotent element of semigroup B, (D). And if
oo fBoa=q for some B e By (D) then a binary relation & is called a regular element of semigroup
B, (D).

Note that the semilattice D is partially ordered with respect to the set-theoretic inclusion. Let &J # D <D
and N(D,D) = {Z eD|ZcZ foranyZ e D'}. It is clear that N(D,D’) is the set of all lower
bounds of a nonempty subset D' included in D. If N(D, D) # & then UN(D,D’) belongs to D and it
is the greatest lower bound of D' and is denoted by A(D, D) =UN(D, D).

We say that a nonempty element T is a nonlimiting element of D" if T\I(D,T) #&. A nonempty
element T is limiting element of D' if T \I(D,T) = .

In this work, we use complete X — semilattices of unions to define of all binary relations on a set X,
which are called complete semigroups of binary relations. Let Q be a subsemilattice of D which satisfies the

following conditions. Q= {TG,TS,TA,Ts,TZ,Tl,TO} be a X - semilattice where
T,cTycT.cT,cT, T, T, cT,cT,cT,cT, T, T,cTycT, cT,cT, T,
T,uT, =T, T,uUT,=T, T,uUT, =T, T\, T\T,#90, T\T,zJ, T,\T, #J,
T,\T, =, T,\T, = . Mainly, we investigate and determine right unit elements of B, (Q) for a finite set

X and in particular, we give formulas for the calculation of the number of right unit elements.
Now, we continue with some essential definitions and theorems given by the cited references.

Definition 1.1 [2, Definition 1] Let ¢ € B, (D), T eV(X", ), Y;" ={ye X |ya =T}. Then a

representation of a binary relation & of the form o = U (Y;* xT) is called quasinormal.
Tev(X*.a)
Note that, if o = U (Y;* xT) is a quasinormal representation of the binary relation ¢, then the
Tev(X* )

following conditions are true,

1. Xx= |J v,

TeV(X* )

2. Y'Y £ D for T T eV(X*,a) and T =T,
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[J .
Definition 1.2 [3, Definition 2] Let D and D be some nonempty subsets of the complete X —
semilattices of unions. We say that a subset D generates a set D if any element from D’ is a set-theoretic

U
union of the elements from D .

Definition 1.3 [4, Definition 1.14.2] We say that a complete X — semilattice of unions D is an XI —
semilattice of unions if it satisfies the following two conditions,

- A(D,D,) €D forany te D,

e Z= UA(D, D,) for any nonempty element Z of D.

teZ
Theorem 1.4 [4, Corollary 1.18.1] Let Y = {yl, Youreens yk} and Dj = l,...,Tj} be some sets, where

k>1and j>1. Then the numbers S(K, j) of all possible mappings of the sets Y on any subset D'j of the

set D;and T; € D'J- can be calculated by the formula

o ik ; k
sk, =71 -(-1)".
Theorem 1.5 [4, Theorem 6.1.3]Let D be a complete X — semilattice of unions. The semigroup B, (D)
possesses a right unit iff D isan XI — semilattice of unions.

Lemma 1.6 [1, Lemma 3.1] Let D complete X — semilattices of unions. If a binary relation & having the
form

e=¢(D, f)= U({x}xA(D, D,))U((X \D)xD)

is a right unit of the semigroup B, (D), then it is the largest right unit of this semigroup.
Definition 1.7 [5, Definition 7] A one-to-one mapping ¢ between the complete X — semilattices of unions

D and D" iscalled a complete isomorphism if the condition
p(UD)= U o(T)
T eDl

is fulfilled for each nonempty subset D, of the semilattice D.
Definition 1.8 [5, Definition 8] Let ¢ be some binary relation of the semigroup B, (D). We say that a
complete isomorphism ¢ between XI —semilattice of unions Q and D is a complete & — isomorphism if

1. Q=V(D,a),
2. (@)= for eV (D,a) and p(T)ax =T forany T eV (D, @).

Theorem 1.9 [4, Theorem 6.3.3] Let X be a finite set, & € B, (D) and D(a) be the set of those

elements T of the semilattice D =V(D,a)\{@} which are nonlimiting elements of the set D(a)T A

binary relation & having a quasinormal representation of the form o = U (Y7 xT) is a right unit
Tev(D,a)

element of the semigroup B, (D) iff

1. V(D, ) isacomplete XI — semilattice of unionsand V(D,a) =D,
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2. U YT?‘ 2¢(T) forany T € D(«),

T eD(a)y

3. Y7 NT = for any nonlimiting element T of the set D(a)T.

Definition 1.10 [4, Definition 6.3.4] Let (I)(Q, D') be a set of all complete isomorphism of the XI —
semilattice of unions Q on the semilattice D such that @ € d)(Q, D') only if ¢ is a & — isomorphism for
some relation « € B, (D) and V(D,a)=Q.

Q(Q) is the set of all XI — subsemilattices of the complete X — semilattice of unions D such that
Qe Q(Q) only if there exists some complete isomorphism between the semilattices Q and Q.

Theorem 1.11 [5, Theorem 22] Let D = {lj,Tl,Tz,...,Tm} be some finite X - semilattice of unions and
C(D) = {PO, PP, Py, Pm} be the family of sets of pairwise disjoint subsets of the set X, ¢ is a
mapping of the semilattice D on the family sets C(D) that satisfies the condition ¢(D) =P, and
@(T,)=P forany i=1,2,...,m and [32 = D\{T eD|Z gT}, then the following equalities are valid:

D=P,UP,UP,U---UP, (1.1)

and
Z,=Pyu |J e foralli=1,2,...,m.
TeDZi

In the sequel these equalities will be called formal.

It is proved that if the elements of the semilattice D are represented in the form 1.1, then among the
parameters PI (i =0,1,2,..., m—l) there exists such parameters thatcannot be empty sets for D. Such sets
P (0<i<m-1) are called bases sources, whereas sets P, (0< j <m—1) which can be empty sets too are
called completeness sources.

It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is
always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a
completeness source either does not exists or is always greater than one.

Note that the set P0 is always considered to be a source of completeness.

Il. RESULTS

Xcvxevxev Let X be a finite set, D = {T7,T6,T5,T4,T3,T2,T1,TO} be a X — subsemilattice of unions of
D satisfies the following conditions.The diagram of the D is shown in the following figure.
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T,cTocT,cT,cT, cT,
T,cTocT,cT,cT, cT,
T,cTycT,cT,cT, cT,
T,uT, =TT, UT, =T,
T,UT, =T,,

T\, 0, T,\T, #J,
TN\T, #0,T,\T, =,
T\T, 20, T,\T, Q.

Let

PO Pl P2 P3 I:)4 PS PG P?
is a mapping of the semilattice D onto the family sets C(D). Then for the formal equalities of the
semilattice D we have a form,

(TO T 1T, T, T, T, T, T7j
¢:

T, =R URUP,UR,UP,UPR, UPF, UP,
T,=RUP,UR,UP,UR,UPF,UP,
T,=RUPRUP,UR,URUP,
T,=FR,UP,UP,UR,URUP, 21)
T,=RUPR,URUPF,UP,
T. =P UP,UPF,UP,
T, =R UP,
T, =hK
Here the elements P, P,, P;, P,, P, are basis sources, the elements Py, P;, P, is sources of completeness of

the semilattice D.

Theorem 2.1 The semigroup B, (D) always has a right unit element.

Proof. Let te D, D, ={Z e D|teZ} and A(D,D,) is the exact lower bound of the set D, in D.
Then the formal equalities follows that,

D,ift € R, T,,ifte R,
To,ifte R T,.ifte P,
{T,, T, T, Lift P, T, ifte P,
o, =) T T TuTojift P, (D)= Tift<P
{Ts’Ts,TZ,Tl,TO},IftEP4 T,,ifte P,
T, 7,7, T,,T, },ifte P, T, ifte P,
,.7,T,.T,.T,,T, Lifte P, T,.ifte P,
.1, T, T,.T,,T,.T, }.ifte P, T, ifteP,
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We have D" ={T,,T,,T,,T,,T,,T,;, A(D;D,)eD for all teD and T, =T, UT,, T, =T, UT,.
So from the Definition 1.3follows that the semilattice D is XI — semilattice. In view of the Theorem 1.5
B, (D) always has a right unit element.

Lemma 2.2 For the semilattice D, the following equalities are true.

F)0 :T7

PUP,UP, =(T,nT,)\T,
P, =T,\T,

P,=T,\T,

P,=T,\T,

F)1 :TO \Tl

Proof. The given Lemma immediately follows from the formal equalities 2.1 of the semilattice D.
Theorem 2.3 The binary relation

is the largest right unit of the semigroup B, (D).

Proof. Using Lemma 1.6 and Theorem 2.1 we have that

¢ = Uit A(D: D)) (X AT )T

(T7 XT) (((T mT) )XT) ((T \T4)XT5)U((T4 \Ts)XT4)
(AT )T U (T AT )x Ty ) (X AT, )x T, )

Corollary 2.4 Abinary relation & having quasinormal representation as
a = (Vo xT ol xT,)u (e xT,)Ju(ve <T,)
(v =T, Julve <T,)u v xT,)u (e xT,)
where Y7, Y5, Y Y, Y Y 2 {@} is a right unit of the semigroup B, (D) iff the binary relation &
satisfies the following conditions,
Y7 oT,, Y OYy oT, Y uYS uY oT., Y, uYS uY,/, oT,,
Y/ OYs YUY o1, Yy T, #0,Y T, #0,Y, NnT, #J
Y NT, #0,Yy NT, #D.
Proof. It is easy to see, that the set D(«x) = {T7,T6,T5,T4,T3,T2,T1} is a generating set of the semilattice
D . Then the following equalities,

B(a),, ={T,}, B(a), = {T,.T,}, D(@), ={T, T, T} D(@), = {T,, T, T},
D(a)r, ={T,. T6,Ts, T}, D(@)r, = {1, Te, T, T, T,

D(@)r, = {1, 6. T, Ty T o T

D(@)y, = {1, T T T T, T2, T To

are hold. By statement b) of the Theorem 1.9 follows that
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Y oT, YA UYE oT, YA UYE UYE oT,, Y2 UYE UYE oT,,
YUY UYSOY) oT,, YUY oY uY,S uY) o,
YUY UYSOUY,SOY OY, Y oT.
For the last conditions we have
Y OYE OYE UYS Y = (Y OYE Y oY OYE O )oY 2T, UT, uYS
=T, VY, oT,
YUY UYE UYS UYSOYS OY = (Y oY O oy oY oY ulYe uve uys uYy)
YUY 2T, uT, UT, UY, UY,*
=T, UY, uY oT,

is always satisfied.
Now for using limiting element definition we fmd

|(D(a)T7, )= (D(a)T )= @T\I(D(a)T T,
) u(D(a)T )=T,T, \I(D(a)T,
T, )= UB(@), \ [T })= T, T \I(B(@), . T,
ID(a)T, )= UB@);, \[T,})= T, T\ (B(),, T,
Tz )=
T.)=

J=T\@=T, 22,
T} S)=T\T, 22,
J=T\T, 22,
T} =TT, 22,
UB@); \T})=T, T\I(B(),, T, )=T\T, 22,
u(D(a)T T))=T,T, \I(D(a)T T,)=T,\T, =0,
| Ifj(a)Tl,Tl)— UB(@); MT})= T T\IB (@), T, )=T\T, =2,
B(@)r, )= By, \MTo})=To T \(B(@), T )=To\T, 2 2.

Therefore,  T,,Tg, Tg, T,, T, and T, are  nonlimiting  elements of the  sets
Ifj(oz)T7 , D(a)TG, D(a)TS, D(a)T4, Ifj(cz)T3 and D(oc)TO respectively. By the statement C) Theorem 1.9it
follows, that the conditions

Yo NTs #DY NI, #0,Y, NT, #3,Y, NT, #D, Yy NT, =
are hold. As a result of these we have,
Y/ oT, YUYy o1, YUYy uYS oT,, Y, uY vy, oT,,
YUY OYS OY O, Y T #0,YS nT, #,Y, NT, # O, (2.2)
Yy "T, #0,Y, NT, #D.

Theorem 2.5 Eg)(D) are the set of all right unit elements of the semigroup B, (D) If X be a finite set,
then we calculate the number of right unit elements through this formula

\EQ)(D] — 2‘(T3“T4)\T7‘ _(ZTG\W _1)_(3T5\T4 _2T5\T4),(3T4\T3 _2T4\T3)

_(4T3\T2 _3T3\T2) ) (8T0\T1 _ 3‘T0\T1‘ ) ) 8‘X\T0‘.

Proof. Assume that & € E)((r)(D) and from Corollary 2.4, we have that & has a quasinormal representation
as a= U(YT‘" xT), where Y Y VYA YE Y ¢ (D) (e, D=V(D,a) )and satisfies the

TeD
following conditions
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Y/ oT,, YUYy oT, YUY Y oT,, Y, uY uY,” oT,,
YUYy YUY T, Y NT, #0, Y T, #0,Y, NT, =0,
Y NT, 20, NT, #D.
Further, let f_ be a mapping from the set X in the semilattice D satisfying the condition f_(t) =t for
all te X. We can define f,,, f, f,,, f,,, f.,.
f, on the sets T, (T,AT,\T,, T\T,, T,\T,, T,\T,, T,\T, and X \T,, respectively. It is clear, that

the intersection disjoint sets of the set
(T AT \T, TAT,, TAT, TAT, T\ T, XA T, }

f., and fs, which are the restrictions of the mapping

la?

are empty set and
TU(T,AT\T,)U(TNT,)U(TNAT)U(TNAT,)U(T\T,)U(X\T,) = X
foof , f

Now, we are going to find properties of maps f,, f f,, and fg,.

la' "2a' "3a' '4a?

1. Let teT, . Then, by using Equation 2.2 and the definition of the set Y,* , we have
teT,cY, = f,,(t)=T, forall teT,.

2. Let t (T, "T,)\T,. Then, by using Equation 2.2 and definition of the sets Y.* and Y, we have
te(T,NT\T, =T, AT, < (V2 OYE O )Y OYE YUY )= Y OYE =
f ) efT, T} foral te(T,"T)\T,.
Suppose that Yi NTy =<0 and t eYy NTy =1 €Yy and t,eTy=>ta=T; and t €T, If
teT, thent eT,cY,” = f_(t) =T, for some t, €T,. Which contradicts with t,x =Ty (T is not
equalto T, in D). So Y& T, < (T, AT,)\T, and f,(t,) =T, forsome t, e T, \T,.

3. LetteT,\T,. Then, by using Equation 2.2 and definition of the sets Y,*,Y" and Y;* , we have
teT\T, cT, Y2 UYS Y = f,, () =ta e{T,,T,,T,} forall t e T,\T,.
Suppose that Y." NT, =& and t, €Y' NT, =t €Y, and t,eT, =>ta=T.. If t,eT, then
t,eT, Y, * UYS UYL, Therefore, t,a e {T,,T,,T, ). Which contradicts of the equality t,a =T, since
T, & {T,,T,,T,} so f, (t,) =T, forsome t, e T, \T,.

4. LetteT,\T,. Then, by using Equation 2.2 and definition of the sets Y,”,Y,” and Y,”, we have
teT,\T,cT,c Y/ UYS Y, =>taell, T, T, Therefore f (t)e{T, T, T,} for all
teT,\T,.

Suppose that Y, "\T,#< and t, €Y, NT,=>t, €Y, and t; €T, =>ta=T,. If t;€T, then
t,eT, Y/ UYS UYS UYS. Therefore, tyre (T, T, T,,T,} Which contradicts of the equality
taa =T,, since T, & {T,,T,, T, T,} So f, (t,) =T, for some t, € T, \T,.

5. Let t €T, \T,. Then, by using Equation 2.2 and definition of the sets Y,*,Y,",Y.” and Y;*, we have
teT,\T,cT,c Y/ UYS UYS UYy = tae T, T, T, T, ) Therefore f,, () e {T,, T, Ts, T, for
all teT,\T,.
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Suppose that Y, NT, = and t, €Y, NT, =1, €Y,” and t, eT,=>t,a=T,. If t, €T, then
t,eT, YUY UYS UY,S. Therefore, t,a e{T,,T,,T;,T,}. Which contradicts of the equality
t,o =T, since T, & {T,, T, T,,T,} So f,,(t,) =T, forsome t, e T,\T,.

6. Let t €T, \T,. Then, by using Equation 2.2 and definition of the sets Y;*,i =0,1,...,7, we have

teT\T,cT, < OYi“ >tae{l, T, T,.T,T,.T,T.T,} Therefore
i=0
fou @ €T, T To. T, 5, T, T, Ty f forall te T\ T,

Suppose that Yy’ NT, =< and t, €Y, ' NTy =t €Y, and t;eTy=t.a =T, If t; €T, then
t.eT, Y, UYS UYS UY UYS UYS Y, Therefore, tex e{T,,T,, T, T,,T,,T,,T,}  Which
contradicts of the equality tyax =T, since T, &{T,,T,, T, T,,T,,T,,T,} So f, (t;)=T, for some
t. eT,\T,.

7. Let t e X \T, Then, by using Equation 2.2 and the definition of the sets Y., Y., Y,", Y5, Y, , Y,*
and Y, , we have te X\T,c X Yy UYSUY,) UY, UY,) UY“ UY) =
ta e{T,, T, T,, 1o, T, T, T, | Therefore f, (1) € {T;, T,,T,, T,,T,, T, T, } forall te X \T,.

Therefore, there is an ordered system (f,_, f

which is the element of E{(D).
Now, let

fos Taus Ty s, fo,) oOf every binary relation o in

la?

f,:T, > {T,},

f:(T,ATN\T, > {T,.T,}

f,:TA\T, > (T, T,. T, ),

f T \T, > {T,,T,,T,},

f,:TAT, > {T,. T, T..T,}

f T \T, > {T,.T,.T..T,. .. T,., T, T, },

fo: X\T, > {T,. T,.T,,T,. .. T,., ., T, }.
are such mappings which satisfies the following conditions:

1. f,()=T, forall teT,

2. f,(t)e{T,, T} forall te(T,"T,)\T, and f,(t,) =T, forsome t, e T,\T,,

3. f,(t)e{T, T,,T,} forall te T,\T, and f,(t,) =T, forsome t, € T,\T,,

a. f,@t)e{T,,T,,T,} forall teT,\T, and f,(t;) =T, forsome t, € T,\T,,

5. f,(t)e{T,,T,,T,,T,} forall t e T,\T, and f,(t,) =T, forsome t, e T,\T,,

6. f,(t)e{T,, T, .. T,. T, T,, T,,T,} forall t e T,\T, and f,(t;) =T, for some t, €T, \T,,

7. f,0) e, T, T, T, T,,T,, T,,T,} forall te X \T,.
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Then, we can defineamap f from X in the semilattice D by following way:

f, (t),ifteT,,

f,(t),ifte(T,"T,\T,,

f,(t),ift e T \T,,

f(t) =< f,(1),ifteT,\T,,

f,(t),ift eT,\T,,

fo(t),ift e T/\T,,

fo(t),ift € X \T,.

Further, we identify the binary relation S = U({X}x f (X)) which is originated with the mapping f .

xeX
Since, Y./ = {t eX|tp= Ti} (1=0,1,2,...,6), then binary relation /3 is represented by following form
B =Y xT) OV xT) (Y xT) U (Y xT) O (Y xT,) U (Y, xT) U (Y ).

I the definitions of Y,” taken into consideration, then we have

Y/ 2T, Y/ uYf oT, Y/ oY/ oY/ o1, Y/ uy/ oY/ o1,

Y/ OYS OYS OYS T, Y T, 2DY, NT, 23,Y) T, 2D,

Y/ AT, 2QB,Y{ NT, = 2.

(By suppose f,(t,) =T, for some t, e T,\T,, f,(t,) =T, for some t, e T, \T,, f,(t;) =T, for some
t, eT,\T,, f,(t,) =T, forsome t, eT,\T,, f.(t;) =T, forsome t, € T,\T,.)

From these properties and Corollary 2.4, we have that the binary relation £ is an element of Eg(r)(D).

Therefore for every binary relation o € Eg)(D) and ordered system (f,.,, T, f,,, fa,s Tan foo

f,,) exist one to one mapping.

And also, by using the Theorem 1.4, the number of the mappings f,,, f,,, f,,, fs,, f,,, fs, and fg,
are respectively as
1 2‘(T3“T4)T7‘ ,(2T6\T7 _1) 3‘T5\T4‘ _ 2‘T5\T4‘ (2.3)

T,\T. T,\T. T, \T. T, \T. TA\T, TA\T. X\T,
§Tel _ T gl _ gl o] _ g gy

By using Equation 2.3, we calculate the number of ordered system (f,,, .., f,,, fs, fins fspt fo,)
or the number of right unit elements through this formula

\E§’)(D1 — 2‘(T3“T4)T7‘ ,(ZTG\T7 _1),(3T5\T4 _ 2T5\T4),(3T4‘T3 _ 2T4\T3)
,(4T3\T2 _3T3\T2j.(8T0\T1 _7T0\T1)_8X\T0_
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