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Abstract:
In this article, we offer a reliable blend of Homotopy analysis method (HAM) and integral transform (Laplace
method) to solve nonlinear wave equations. This method has with less computation and all so proposes nonlinear
wave- travelling, soliton and shock solution. This method is called homotopy analysis transform method (HATM).
This study represents significant character of HATM.
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INTRODUCTION:

Nonlinear partial differential equations (NPDEs) are broadly used to describe variety of complex

phenomena in the field of mathematical physics and engineering, such as fluids dynamics, solid mechanics,
propagation of shallow water waves, long wave and chemical reaction-diffusion models, biophysics, quantum field
theory and plasma physics etc. However, to solve the NPDEsthis methodis difficult and time consuming.Powerful
and direct methods are being searched by many researchers by thatNPDEs can solveeasily. In the recent years, to
find analytic solutions for NPDEssome methods have proposed, such as the homotopy analysis method [1, 2], three-
wave method [3], extended homoclinic test approach [4], the improved F-expansion method [5], the projective
Riccati equation method [6], the Weierstrass elliptic function method [7], the tanh-function method [8, 9, 10] and the
Jacobi elliptic function expansion method [8, 9]. For integral nonlinear differential equations, the inverse scattering
transform method [11], the Hirota method [12], the Exp-function method [13, 14, 15, 16], the truncated Painleve
expansion method [17], the extended tanh-method [18, 19], the homogeneous balance method [20, 21, 22] and other
various methods [23,24,25] are used for searching the exact solutions. Recently, many researchers [26, 27]
investigated the exact solutions of the coupled NPDEs, that is, the Maccari system, Higgs field equation etc using
Exp-function method and truncated expansion method. Moreover, in different literatures [28,29,30 ], The aim of this
paper is to find exact travelling solutions of the coupled Schrédinger-KdV equation by using the homotopy analysis
transform method (HATM) which is more useful than the other existing method.
In this task we use the homotopy analysis method combined with the Laplace transform for solving nonlinear wave
equations. It is notable that the proposed method is a simple combination of the homotopy analysis method and
Laplace transform. The advantage of this proposed method is its capability of combining two powerful methods for
obtaining rapid convergent series partial differential equations

BASIC IDEA OF HAM BASIC IDEA OF HAM

The homotopy analysis method (HAM) is an analytical technique for solving nonlinear differential equations. HAM
proposed by Liao (Liao 1992) [13], this technique is superior to the traditional perturbation methods in that it leads
to convergent series solutions of strongly nonlinear problems, independent of any small or large physical parameter
associated with the problem (Liao 2009)[23]. The HAM provides a more viable alternative to non-perturbation
techniques such as the Adomian decomposition method (ADM) (Adomian 1976; 1991) [24, 25] and other
techniques that cannot guarantee the convergence of the solution series and may be only valid for weakly nonlinear
problems (Liao 2009) [23]

In HAM, a system can be written as:
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M[E(x,t)]=0 @
Where M is a nonlinear operator, E(x,t)is unknown function of x and t, E (X,t)is the initial guess, 7 # 0 an

auxiliary parameter and ‘R is a auxiliary linear operator. Also ¢ [0,1] is an embedding parameter. We can
construct a Homotopy as follows

(L-a)rlp(xt;a) - Eq (xt)] = aaN[g(x,t; )] @
when g = 0, the zero-order deformation become
#(x.10)=E, (x )
when g =1, since 71 # 0, we get solution expression as follows
#(x,t1) = E(x,1)
The embedding parameter g increases from 0 to 1. Using Taylor's theorem, ¢(x,t;q)can be expanded in a
power series of g as follows

o0

Bxtq)=Ey(x,t)+ D E, (xth" 3)
n=1
Where
En(x,t)zim 4)
n oq" 00

If auxiliary linear operators, the initial guesses, the auxiliary parameters, are so properly chosen, then the series
(3) converges at g =1 and

¢<x,t;q>=E0<x,t>+§a<x,t> ®

Differentiating (2) n times with respect to the embedding parameter q and then setting g = 0, we have the so-
called n" order deformation equation

ER[(15()(’t;Q)_/1n EO(X,t)]thn [En—l(x’t)] (6)
Using the last equation the series solution is given by
E, (x,t)=4,E,(x,t)+ AL MR [E, ,(x )]} ™
Where
- 1 a"'Nfg(xta)l
R, |E,(x1)|= ~ 8)
[ 1 )] (n _ 1)! aq 1 ‘q:O
And
{1 n>1
A, = ©)
0 n<1
HOMOTOPY ANALYSIS TRANSFORM METHOD
We consider a general nonlinear partial differential equation
KAE(X )+ 2, {E(x, 1) |+ N{E(x, 1)} =0 (10)
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Where K, is a linear operator %(izl’ 2...) Miis a linear operator ;%j(j:O, 1, 2...) @and N is a nonlinear

operator. The initial conditions are also as
E(x,0) = g(x), E.(x,t) =h(x)
Applying the Laplace transforms and we obtain (i =2)

X) h(x 1
LiEun}= 2204 B fNiEe) - 0] )
Now we embed the HAM in Laplace transform method. Hence we may write non linear equation in the form
N{E(x,t)}=0

wamliww»g?'¥M§%MWmm%mmem

(12)
Where N is a nonlinear operator, E(X,t) is unknown function of x and t, 2 # O an auxiliary parameter and ‘R is an
auxiliary linear operator. Also g € [0,1] is an embedding parameter
We can construct a Homotopy as follows
(L-g)Lfgx.t;a)- E,(x.t)]= anN[p(x.t;q)]

(13)
when g = 0, the zero-order deformation become
#(x.t,0)=Eq(x )
since 71 # 0, we get solution expression as follows
#(x,t1) = E(x,1)
The embedding parameter g increases from 0 to 1. Using Taylor's theorem, ¢(x,t; q)can be expanded in a
power series of g as follows

H(x.t:0) = Eo(x, 1)+ S E, (x, thy"

n=1
(14)
Where

1 0"g(X,t;
E, (x,t)= HM (15)

aq” 40

If auxiliary linear operators, the initial guesses, the auxiliary parameters, are so properly chosen, then the series
(14) converges at g = 1 and

#(x,t:1) = ZE X,t)
(16)

Differentiating (13) n times with respect to the embedding parameter g and then setting f =1we have the so-
called n™ order deformation equation

L[¢(X,t;q)_/1n E (X’t)]: IR, [En—l(x’t)] (17)

Using the last equation the series solution is given by

E, (x,t): A E, (x,t)+nl? {Rn [En—l(x’t)]} (18)
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Where
- 1 0"*Nig(xt;
Rn [En—l(x’t)]: (n_1)| ;(;éf_l q)}§ (19)
I 4=0

and
- {1 n>1 (20)
" 10 n<1

APPLICATION

In order to elucidate the solution procedure of the homotopy Analysis transform method (HATM), we solve The
Coupled Schrédinger-Kdv Equation which shows the effectiveness and generalizations of our proposed method.

iIE, =E,, +7E

n, +6En, +1,, =QE|2)X &)
with initial condition
E, (x,t) = 6+/2k 2 sech? (kx)e'

2
79 (%, 1) :% — 6k ? tanh?(kx)

(22)

Where a and k are arbitrary constants.
Applying Laplace transformation on (21) we have,

L[E(x,t)]+Lp{L[EXX +77E]}—%[6\/§k2 sech? (kx)e'” |=0

L[n(x,t)]- % {Lller), -6En, -n. |- %[%1618 _ 6K tanh? (kx)} =0 23)

We define a nonlinear operator according equation (12)

N, [(x,t;q)]= L[#(x.t; q)]—%[&/ik2 sechz(kx)em]+lp{{% +np(x.t; q)}

N[t =L 1<x,t;q>]—ﬂ“+;6k2 6k tanw(kx)}-%{{@';'z _eEa¢1(gx'“‘”—53¢@§j;“q)}}

(24)

Using above definitions, we can construct a Homotopy as follows
aiN, [¢(x.t; )] = L[p(x.t; )~ E, (x.t)]

th2[¢1(X’t;q)]: L[¢1(X,t;q)—770(x,t)] (25)
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Where g e [O,l] , EO(X,t), Mo (X,t)is an initial guess of E(X,t), n(x,t)and q)(x,t;q)is unknown function. When
g=0 and g =1we have

#(x,£0)= Eg(x,), g(x, t1) = E(x,t) $(x,t:0) = 1 (x, ), ¢, t1) = 77(x,t)

The n" order deformation equation is

E. (x,t)=2E _(xt)+ LR [E,_,(x,t)]}
70 (%, t) = 2,77, (6, 1)+ LR, [7,, (X, t)]} 26)

Where

R [E..(x)]= LE, .(x, t)]+6{ FE;TMmn_lEn_l(x,t)}}_%[eﬁeiaxkzsechz(kx)]

1{ [olE on(xt) &n (x| @-4)[e+16Kk?
O B e L)
(27)

Obtain the series solution (using Mathematica 5.2 package)
E, (X, t) = —24+/2ank*te'™ sec h? (kx) tanh(k)

2
+ Gﬁithei“XH% —a’+ 16k

- jk? sech?(kx) + (4 — 6v2)k* sech?(kx) tanh?(k¥) — 2k sech‘ (k)| ©®)

7,(x,t) = tk® l432\/§e‘0“ sec h* (kx) tanh(kx) + 240 sec h* (kx) tanh(kx) + 48 sec h®ax tanh®(kx) — 24 sec h“(kx)J
(29)

2
E,(x,t) = -3V/2t? he"’{ zkz[z —a’+ 16; Jseo h?(kx) + (—12k4a2 + gk“a + 6—; kejsec h? (kx) tanh(kx) + i sech? (kx) tanh(kx)

(]':azk3 —%azkz —G—;aks + 2a3k3J— 208 — /2 Jo*k sech? (kx) tanh? (kx) +(12k4a2 ok’ —3—k )sec h* (kx) — 8aik®(5-3v2)

sech? (kx) tanh? (kx) + 24(3 - v2 ik sech (kx) tanh(kx) + 82 — 3v2 K° sech? (kx) tanh* (k) + 4(— 22+ 2142 Jsech (kx) tanh? (kx) +
2Kk°(8 - v2 )sech® (k) |+ ﬁtsksh{BOkza — 2400°K? +1280K" + 432&["3‘ 2 16; ]kze'“*}sech (kx) tanh(kx) +

(16K — 4802 + 256k K sech* (k) tanh? (kx) — (Bar — 24 + 128k? Jsech® (kx) + 4k (48K + 362K Jsech® (kx) tanh? (k) — 4K’
(2400 + 432206 Jsec h® (k) tanh (kx) — 96Kk [10 1572 + 9v/26(2 — 32 Jsech® (kx) tanh? (kx) + 96Kk (5 + 9/2e" Jsech? (kx) tanh(kx)
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(30)
16k ?

2
7, (X, t) = —12t3h{— 8k5(% —a’+ ) sec h* (kx) tanh(kx) —128k "z sec h* (kx) tanh® (kx) — 96+/2kie'*

2 2
(%—az +16§ Jsec h* (kx) tanh3(kx)+16[a +16k? + —864ae2i”‘x(%—a2 +16; ]—768\/§k205e“’X

2

(5+9v2e" Jlsec h® (k) tanh(kx) +3072+/2kie’ (%—az | 16K Jsec h® (kx) tanh(kx) — 64k ° (11— 6+/2 )sec h* (kx)

tanh® (kx) +192+/2k %ie" (2 — 3v/2 )sec h* (kx) tanh® (kx) + 32k ° [(2— 3v2 [5 - 62 ) 54ae #* (2 — 332 )[sec h® (kx)
tanh® (kx) +192+/2ik °e'* (4 —6/2 + k) — 32k ? [(4—3\/5)— Bore'™ \/E(5+9\/Ee‘“x }54\/§ae2iax ]sec h® (kx) tanh(kx)

2
—576+/2ik e ' sec h® (kx) tanh(kx) —1728+/2k 8 2% sec h® (kx) tanh? (kX) —192+/2ik ®e'** [(% —a’+ 16;‘ ]

a 16k?

(5+9v2e" )+ ake [sec h® (kx) tanh? (kx) + 48+/2ik °e' (5 _a?+

j(S +9/2e' )sec h® (kx) — 384~/2k ® e '™

sech* (kx) tanh* (kx) — 384+/2ik e (2 — 3v/2 5.+ 9v/2e'* )sec h® (kx) tanh* (kx) +144+/2ir % (2~ 342

(5+ 92" )sec h® (kx) tanh? (kx) —144+/2i %" (5 + 9v/2e* )sec h® (kx) |- 6k °t* /1 {- 3072k * (5 + 9v/2e " )

sec h* (kx) tanh* (kx) + 6336k ® (5 +9+/2e )sec h® (kx) tanh? (kx) + 4992k ® sec h* (kx) tanh® (kx) + 21504i ok 2e'™
—64k(51k 2 + 58+/2kae™ )sec h® (kx) tanh(kx) —864ik (9+/2ce ™ + 7ke )sec h® (kx) tanh(kx) — 96k * sec h® (k)
(35+ 6372 )— 432+/2i "¢ sec h* (kx) tanh(kx) + 103682 *e' sec h* (kx) tanh? (kx) — 432+/2c %e"* (k + 2)
sec h® (kx) —384k* sec h? (kx) tanh® (kx)}

(31)

and so on, the other components of the series (15) can be determined in a similar way.Substituting the values in

series (15) which is a Taylor series we get the exact solution. In the same manner and for the higher value of n, we

obtain the closed form solutions which are same [30].

The solution is

E(x,t)=66ek? sech(k(x + 2at))

2
(1) = % — k2 tanh? (k(x + 2at))

2
Where/i =1 9=(%t+ta2 —10k t + Xaj

ISSN: 2231-5373 http://www.ijmttjournal.org Page 542




International Journal of Mathematics Trends and Technology (IIMTT) — Volume 52 Number 8 December 2017

(b) Numerical results for 77, (X, t) with a fixed values of & = 0.05, k = 0.05 and for different values of time t
CONCLUSIONS

In this paper, the homotopy analysis transform method (HATM) is successfully applied to solve many nonlinear
wave problems. It is apparently seen that HATM is very powerful and efficient technique in finding analytical
solutions for broadly class of problems. They also do not require large computer memory and discretization of
variable x.
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