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Bessel functions, a class of polynomials multivariable Aleph-function
and multivariable I-function
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ABSTRACT

In the present paper we evaluate a general integral involving the product of a generalized multiple-index Mittag-Leffler function,product of two
Bessel functions, multivariable Aleph-function, the multivariable I-function defined by Prasad [4] and general class of polynomials of several
variables. The importance of the result established in this paper lies in the fact they involve the Aleph-function of several variables which is
sufficiently general in nature and capable to yielding a large of results merely by specializating the parameters their in.

Keywords:Multivariable Aleph-function, general class of polynomials, generalized multiple-index Mittag-Leffler function, multivariable I-function,
multivariable H-function

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [5] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
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with k=1--- ,7ri=1,--- ,R,i(k)zl,--- ,R(k)

are complex numbers , and the O/S, I} /S, ’yls and 0’ s are assumed to be positive real numbers for standardization
purpose such that

Pi(k) Qi M,
=Sl 3 e 3 ol n -
J=N+1 Jj=nr+1 Jj=1 j=1
Q;(k)
—Tin > 6, <0 (1.4)
J=Mjp+1

The reals numbers 7; are positives fori = 1 to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if

(k)

necessary ,ensure that the poles of F(dj — 5§k)sk) with § =1 to my are separated from those of
T

'l —a; + Zoék)sk) with 7 =1 to NV and I'(1 — ( n ’y( )sk) with § = 1 to N} to the left of the
=1

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
R(z1,-- -5 20) = 0( |z |2 *) ymaz( - 2] ) = 0

R(z1, oy z0) = 0( o™, Jar ™) cmin( |21, [z ) = 00
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where, withk = 1,--- .7 = min[Re(dg»k)/(s](-k))],j =1,---, Myand
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Serie representation of Aleph-function of several variables is given by
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Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and
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where @(NG g1 s NGrgr ) 01(NG1 1), -+ 5 Or(NG,..q, ) are given respectively in (1.2) and (1.3)
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We will note the Aleph-function of r variables NO’:Q{:U
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The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [3]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < iﬁgk)w, where
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wherei =1, ---,5s

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

I(zl7"' 7ZS) :0( |Zl|a£a"' ,|z8|0‘/s),max( |Zl|7"' ,|Zs| ) —0
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wherek =1,--- ,z:q), = mz’n[Re(b‘gk)/ﬁ'gk))],j =1,---,myand

B, = maz[Re((@\® — 1)/a{)],j =1,--- ny,

We will use these following notations in this paper :

U =p2,q2:P3,q3; - ;Ps—1,qs—1: V = 0,m2;0,n35 - 50,151 (1.14)
W=0,.q); - ;(p(s)7q(s));X = (m/,n); - ;(m(s)m(s)) (1.15)
A = (agr, y, gy ); - - 3(a(sfl)k)aa’(sfl)kaa/(/s_l)m e Ez_igk) (1.16)
B = (bak; Bors B )s -+ 5 (b(s—1)k)s B (s—1)ks Bls—1yhr 75((5:&;) (1.17)
A= (ask; & shy Oy -+ 5 a5g) 2 B = (bsr; 8ok, B+ -+ Bak) (1.18)
A = (a5 o g )1 pos B = (B Bngri - (0 B g0 (1.19)

The multivariable I-function write :
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Vi0,me: X '
I(zr, oo 28) = Tyoplgiw |- (1.20)
ZS

The generalized polynomials defined by Srivastava [6], is given in the following manner :

[N{/M{] [N{/M;]
SM’ - M Al . Z Z Nl g (=NDagk,
Nj,-- Yi,- 7yt — Kt'
K;=0
K K
AN, Koo s Ny Ky ooy (1.21)
Where M, - -+ , M. are arbitrary positive integers and the coefficients A[N7, K1;--- ; N/, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation
—N{) vk —N{)mx
a; = ( 1) 171 ( t) £ tA[N{,Kl, ,Né,Kt] (1.22)

Ky K

2. Generalized multiple-index Mittag-Leffler function

A further generalization of the Mittag-Leffler functions is proposed recently in Paneva-Konovska [2]. These are 3m-
parametric Mittag-Leffler type functions generalizing the Prabhakar [3] 3-parametric function , defined as:

(OM) (61) F(Oélk_i_ﬁl)...r(amk_i_ﬂm) k' :
where o, B, v € C,i =1,--- ,m, Re(ai) >0
3.Required formula
See see Gradshteyn and Ryzhik ([1], 6653 5 page1097)
A—1_—ax? _ o—p—v—1_—v—pu—XAgutp
/0 x" e J,(bx)J, (bx)dx = 2 et B Tt T £ 1)
totl pt U+
s s,
X 3F3 C T (3.1)

v+lLpu+1l,pu+v+1

where Re(v + A + 1) > 0, Re(a) > 0

4. Main integral
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Provided that
a) min{vyj,ap,m}>0j=1,--- t,k=1,--- ,rl=1,---,5, Re(v+A+p) >0.

. i J
b)Re(a+ka)+;azKI§1£]1wi Re (5(Z)> +Zl 1<IJIE71111<> (ﬂ]@) >0

1

C) |a7”gzk| < §A§k)ﬂ', where Agk) is defined by (1.5);2 =1,--- ,7r
N0 (k) ¢ qef :

d) largZy| < 591 7, where {2," is defined by (1.11);¢ = 1,--- , s

e) The multiple serie occuring on the right-hand side of (3.1) is absolutely and uniformly convergent.
f) aivB’h:)/i € (Ca@ - 17 7m7Re(ai) >0

Proof
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First, expressing the generalized multiple-index Mittag-Leffler function E((Z;ﬂ(%) (Zaﬁa)in serie with the help of

equation (2.1), the Aleph-function of r variables in series with the help of equation (1.6), the general class of polynomial
of several variables S]]‘\,Jll”,::',’]]\}ft with the help of equation (1.22) and and the Prasad's multivariable I-function of s

variables in Mellin-Barnes contour integral with the help of equation (1.9), changing the order of integration ans
summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) and then evaluating the resulting integral with the help of equation (3.1) and expressing the
generalized hypergeometric function 3F% in series. Use several times the following relation I'(a)(a), = I'(a + n)
with Re(a) > 0 . Finally interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the
desired result.

The quantities U, V, W, X, A, B,2,B, A’ and B’ are defined by the equations (1.14) to (1;19)

5. Particular case

If U =V = A= B =0, the multivariable I-function defined by Prasad degenere in multivariable H-function defined
by Srivastava et al [7]. We have the following result.

* (¥i), M! M yleyl leal
A—1_—ax? Yi),m « ) 0,N:v
/ e g, (bx)J (bx)E( D, (61)(230 )SNll,.,‘,Ntt - N
0 ytx’yty Zr$a7
lenl I 71} ot [N /M] [Né/M;] o0 o0 o Ml M’I‘
0,m5:X 27H weis
o |de= E Z DI
Ps,Qqs; F(/J—‘-l U+1
stns K:;=0 n=0k=0 Gl, ,GTZO g1=0 gr=0
b2 \" (vtptl vtpt2
_\G14++Gr k <——)
( ) 1 bkz a? ( 2 )n ( 2 )n NG1,91 - .chr:g'r‘
T

ﬂ D)
59101[...5QTGT!U(77G1,91, UGmgr)al E' (p+Dp(o+1Dn(p+v+1),n! 1

a~ 2 /[
yf(l . yKLa__(kOrf'ZZ 1 1'71"‘21 1 MG;, glal)H](J)sﬁ—sl_t_qlsij
a= 5%
(1-H—%()\ + o + v+ ak + Zzzl Kz’}/z + Z?:l Gi,giai); 71_217 Ty %)72[7 A

(5.1)
%, B’
under the same notations and conditions that (4.1) with / =V =A =B =10

6.Conclusion
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In this paper we have evaluated a generalized finite integral involving the product of two Bessel functions, the
multivariable Aleph-function,the generalized multiple-index Mittag-Leffler function,a class of polynomials of several
variables a sequence of functions and the multivariable I-function defined by Prasad. The integral established in this
paper is of very general nature as it contains Multivariable Aleph-function, which is a general function of several
variables studied so far. Thus, the integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special functions of one and several
variables can be obtained.
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