International Journal of Mathematics Trends and Technology (IJMTT) — Volume 53 Number 3 January 2018

Deriving Shape Functions and Verified
Hermite Functions for a Two Node Element
with Three Primary Variables at Each Node

P. Reddaiah™

* Professor of Mathematics, Global College of Engineering and Technology, kadapa, Andhra Pradesh, India.

Abstract — In this paper, | derived shape functions
for a two node element with three primary variables

ow
W,@,k,@za— and also | verified three
X

verification conditions for shape functions.
First verification condition at node 1 is

(i) N,=1and N, =0, N;=0,N, =0,N, =0,
N,=0

(i) oN, _1and oN, _o, ON, _o, oN, _o,
OX OX OX OX
ON; :0,6N6 0
OX OX
07N, o°N o°N
iii =1and L=, -0,
(iih) OX? OX? OX?
2 2 2
0 I\i4 :O’a I\:5 :0’6 I\i6 0
OX OX OX

Second Verification condition at node 2 is
(iv) N,=1andN, =0, N, =0,N, =0,

N, =0,N,=0
(V) N, =1and %:0, N, =0,
OX OX OX
ON, :O’aN4 :O’aN6 0
OX OX OX
. 82N6 0°N o°N
Vi =1and L=0, zZ =0,
(i) OX? ox? ox?
2 2 2
a [\2|3 20,6 |\2|4 20,8 I\ZIS =O
OX OX OX

Third Verification condition is N, + N, =1. For

computational purpose | used Mathematica 9
Software [2].

Keywords — Primary variables, Hermite
Functions, Two node element, Shape functions.

I. INTRODUCTION

Two-dimensional problems involve
the specification of the secondary variables
on discrete portions of the boundary of the
domain. In such cases, one can use appropriate
one-dimensional interpolation functions to
compute the contributions of the specified
secondary variables to the nodal force.

Il. GEOMETRICAL DESCRIPTION

& L 5 —>x
W .
S O,
K, K,
x=o e
1c
< h—"

Figure.1 Two noded Beam element

varying from 0 to h
A two noded beam element shown in

Figure.1 in which nodal unknowns are
the displacement W and Slope 6= Zﬂ
X

0*W

X2

and primary unknown k=
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111. DERIVING SHAPE FUNCTIONS FOR A
TWO NODE ELEMENT WITH THREE
PRIMARY VARIABLES AT EACH NODE

Since the element in figure.1 has six
degrees of freedom,We have to select
the polynomial with only 6 constants.
In this polynomial after substituting
boundary conditions we get shape
functions this we can take as first
order Hermitian Polynomials as shape
functions.

W(X)=A +Ax+AX*+AX
+A X +A X° 1)

Where W is the transverse displacement
and A, A, A;, A, A A, are polynomial
Coefficients

If higher order (i.e., higher
than cubic) approximation of w is desired,
one must identify additional dependent

(primary) unknowns at each of the two

: o’w
nodes. For example, if we add Fas
X

the primary unknown at each of the two
nodes, there will be total of six conditions,
and a fifth-order polynomial is required to
interpolate the end conditions.

Differentiating partially eq(1) w.r.t. X'

(1)3%—VXV=0+A2(1)+A3<2x)+A4(3x2)

+ A (4x%) + A, (Bx*)

% = A, +2AX+3AX°+HAX +5AX"  (2)

Differentiating partially egation(2) w.r.t. 'X'
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O*W

—7 =0+ 2A M) +3A,(2) + 4A(3X")
+5A,(4x°%)

CAL 2A, +6AX+12AX2 +20A  (3)

XZ

Applying the nodal conditions such that

oW o'W

W=W, , — =6 and —-=k, atx=0
S oxt t

and W=W, and %ﬁz,ﬂ
OX OX

at x=h, where h is step length

:k2

in equations (1), (2) and (3) we get
When W=W, and x =0
@D =W, =A +A,0)+A(0)° +A,0)°
W, =A+0+0+0
W, =A (4)
When (Mzel andx=0

OX
(2)= 6, = A, +2A,0) +3A,(0)°

6 =A+0+0

O=A Q)

When 86_2\/;/ =k, at x=0
X

() =k =2A (6)
When W=W, and x =h

O =W, =A +A (h)+Ah*+ AR’
+A.h*+A h° (7)
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When 8_W:92 andx=h
OX

(2)= 6, = A, +2Ah+3Ah*+4A.h°
+5A,h* 8)

When (Z—ZVZI: k, and x=h
X

(3) = 2A, +6Ah+12Ah2 +20Ah° (9)

U sin g Mathematica 9 Software Solving
(4),(5) .(6).(7).(8) and (9) we get A, A,,
A A A Ay

Input

Solve[A -W, ==0& &A, -6, ==0
&&2*A, -k =0&&A +A,*h
+A;*h? + A, *h + A *h* + A *h°
W, ==0& &A, +2* A, *h+3*A,
*h? +4* A *h®+5* A *h' -0, ==
&&A, +2* A, +6* A, *h+12* A *h’
+20* A, *h® —k, ==0,{A, A, A, A,,
A, A}l

Output
HA->W, A->0,

A-> 5 A

2 2

2h° '

A—>

2 2

2h4

2 2

A—>

2h5

Substituting A, A, Ay, ALACA ineq(l)
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A =W,
A =6
-
2

h2k h2k h h

A, . 3k —h"kp + 20W; —20W, +12n; +8h),
2h3
2 2
2h4

2 2

A= hky —h”ky +12W) —12W, + 6hdj + 6he,
' 5

2h

W(X)i=A+A*X+A*X+A*X +
A*X+A*X

Expand[W (x)]
Output
Xk, 3x°%k, 3k, Xk, N x°K,
2 2h 2h?  2h®*  2h
x'k, x°k 10x°w,  15x"W,  6x°W,
BT R B R
3
+1OXZW2 _15x'W, N 6XW, X, 6x°6,
h h* h® h?

8x'g, 3x°9, 4x%0, T7x‘6, 3x°,
+ -~ -~ + -~
h® h* h? h* h*

Xk, 3x%k N 3%k, x°k,

W (x) =
) 2 2h 2h? 2h®

. x’k,  x%k, N x°K, W _10Xw,
2h  h* 2p* ' R
15x*W,  6xW, 10xW, 15xW,
t—a T 3 4
h h h h
. 6X°W, xf— 6x°6, N 8x‘g,  3x°6,
h® 'oh? h® h*
4x°0, 7x'6, 3x°0,
TR n
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10x* 15x* 6X°
W(X):W1£l_ h3 + h4 - h5]

6x° 8x* 3x°
T T T

x2 3 3x* Xx°
th| -t -
2 2h 2h 2h

3 4 5
+W2{10x _15x* X j

h* h* h°

43’0, 7x' 3x°
9[? F‘F]

X xt X
+K,| ——=+— 10
Z(Zh h? 2h3) 10)

ie.,

Where N,,N,, N;,N,,N;,N, are
shape functions for the beam elements
and ¢,,9,,9,,9,,05,9, are the nodal
displacements

5 (w,
5| 16
5| |k

o G 1
4 2

5| |6,

56 k2

Comparing (10) and (11) we get

10x3 . 15x* ~ 6x°

Nl = H021(X) =1_ h3 h4 h5 (12)
6x> 8x* 3x°
NZZlel(X):X—F'FF—F (13)
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x2 3 3 X

N,=HZ(x)=2--2 122 _ 2 (14

2= Ha(¥) 2 2h 2h? 2h3()
10x* 15x* 6x°

N, =HZ(X) = PR + s (15)
4x30, T7x* 3x°

N5:H122(X)=—T2+F—F (16)
X xt X

Neszzz(X)ZE—FJFF (17)

Here

In HZ,(x), O represents Zero™ order
derivative, 1 represents node number
one and power 2 represents second order
Hermitian function.

In HZ,(x), 1 represents first order
derivative, 1 represents node number
one and power 2 represents second order
Hermitian function.

In H2,(x), 2 represents second order
derivative, 1 represents node number
one and power 2 represents second order
Hermitian function.

In HZ,(x), O represents Zero™ order
derivative, 2 represents node number

two and power 2 represents second order
Hermitian function.

In HZ,(x), 1 represents first order
derivative, 2 represents node number
two and power 2 represents second order
Hermitian function.
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In H2,(x), 2 represents second order
derivative, 2 represents node number
two and power 2 represents second order
Hermitian function.

IV. VERIFICATION
(1). 1 VERIFICATION CONDITION

First verification condition at node 1 is
(i) N,=1and N, =0, N,=0,N, =0,
N, =0,N,=0

(ii) ——1 nd Moo MNa_g
OX OX OX
N, g Ng o N,

OX OX OX

2 2
=land 0 ’\zl O,a ’\i =0,
19)4 oX

62N4 o°N; . 0°N

x> =0 x> =0 8x26 =0

At Node 1,x=0

Input
10x° 15x4 _ 6x°
h* h4 h°

N HOl( ) 1_

6x> 8x* 3x°

N, =H2(X):=x— 2 + T
x> 3 3 X°
H2(X) = - = =
a(X) 2 2h 2h* 2n®
10x3 15x4 6x°
N_HOZ()_h h4+h5
4x%0, 7x* 3x°
Ne = Hi (===~
3 X4 X5
22( ) = T2 _3
2h h 2h
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0

0
Finding first derivatives for

(12),(13),(14) , (15),(16), and (17)

Input
10x 15x4 6x°
Ol(X) 1_ h4 - h5
6x> 8x* 3x°
N =HA00 =X T+ 3 =
x2 3¢ 3 X
N,=H (X)=———+— ——
2= Ha(¥) 2 2h 2h* 2K
10x3 15x4 6x°
N_HOZ()_ h h4 +h5

Page 188



International Journal of Mathematics Trends and Technology (IJMTT) — Volume 53 Number 3 January 2018

N5 = H122 (X) == h?

3

Ng = H, (%) =

0, (N,)
9,(N,)
9,(N5)
9, (N,)
9,(Ns)
9,(Ns)

Output

X X X
2h h? 2h°

30x*> 60x* 30x*
R b

n 18x> 32x3

4

15x*

R b

B 5x*
2h3

9x*> 6x°

X———+
2h  h?

30x* 60x® 30x*
N h o pe

12x* 28x%® 15x*
TR Thr

3x? 4x®* 5x*
- 4

X

5

4x°9, 7x* 3x°
TR

h4

2h  h? 2h®
30x* 60x® 30x*
S0 (N =— 3 + o - s
18x* 32x* 15x*
0 (N,)=1- " + e - i
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(18)

(19)

9x* 6x° b5x*

S0, (N)=Xx— + — 20
x( 3) 2h h2 2h3 ( )
30x* 60x® 30x*
0N, = 3 — h4 + s (21)

12x* 28x%® 156x*
50, (Ng) =— Tt T (22)
3x? 4x® 5x*
5.0, (NL) = - + 23
«(Ne) 2h  h? 2h° 23)

Partial first derivative condition
atnode1,x=0

Input

N, .

30x* 60x* 30x*
- ER T E—
OX h h h

ON, . 18x* 32x° 15x*
— T T tTE T
OX h h h
N, X_9x2 . 6x’ 5x‘
X 2h h* 2n°

oN, ._30x* 60x® 30x*
ox  h*  ht o b

ONg _12X2 N 28x*  15x*

x  h?  h® h

5x*

oN, | .
2h?

3x? ~ 4x3
oXx 2h h?
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oN,
OX

ON,
OX

ON,
OX

Output

0

0
Finding second derivatives for (12),

(13),(14) , (15),(16), and (17)

10x* 15x* 6x°
N, =HZ (x):=1- T T

6x> 8x* 3x°

N, = H2(x) =X
N, = HZ(x) ::X?z_?’z_ﬁ+§_§_zx_;
N, = HZ (X) ::;(_;_;(_:+2X_;

O (N
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Output

60x 180x% 120%°
R TR

36x 96x°> 60x°
TR

_ 9x 18x* 10x®

1-224°0
h h h

60x 180x° N 120x°

h® h* h®
24x 84x* 60x°
T e
%_12x2+10x3
h h? h®
60x 180x%> 120x°
.~.aX,X(N1)=— 3 + T s
36x 96x° 60x°
.'.GXYX(NZ):— 2 + P
-9, (N )=1_%+ﬁ_ﬁ
TS h h* h
60x 180x> 120x°
.'.GX’X(N4)= =T + s
24x 84x* 60x°
-'-Gx,x(Ns):_ 2 + P
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3x  12x°

20,4 (Ng) =

10x3
h h2 et h®

Output

Partial second derivative condition

atnode1,x=0

&N, 60x 180X’

120x°

VR R R

N,  36x 96x* 60X
VR R

0°N, Ox 18x° 1Ox3
2 Si=l-— 2 3

OX h h h

o°N, _ 60x 180x* 120%°

o n e

O°Ny  24x  84x?
- +

_ 60x°
ox® h? h® h*

3 12x*  10x°

= —
ox’ h  h? R
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0

(11) 2" VERIFICATION CONDITION

Second Verification condition at

node 2 is

(iv) N,=1andN,=0, N, =0,N, =0,

N =O,N6:O
=1and Gi =0, al—0
ox ox
8N3_0 N, _ o Ny _ g
ox  ox | ox
2 2
1andaN O,a'\i =0,
OX OX
i qon oo
OX OX OX
At Node 2, x=h
10x3 15x4 6x°
—1— —
Ol( ) h h4 h5
6x° 8x4 3x°
N —Hll(X) =X—— 2 h3 —F
x2 3¢ 3 X
H2(X) = - 4 — =
a(X) 2 2h 2h* 2n°
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~10x* 15x* 6x°
N, =H5(X) = T TS

000, X 3¢

N, =H.(X)=— -2 + R

X xt X

N = Hz (x) = on _F+W

0

0

Partial first derivative condition
atnode 2, x=h

oN, . 30x? . 60x> 30x"

ox h® h* h°

oN, 1 18x* 32x® 15x*

= + —
OX h? h? h*

ISSN: 2231-5373

oN, X_9x2 6x’ 5x°

: +
OX 2h  h* 2n

oN, ._30x* 60x® 30x*
ox  h* ht b

ON, . 12x° . 28x*  15x*

&  h  h* hn

oNg . 3x* 4x* 5x*

; +
ox 2h h* 21

Output
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Partial second derivative condition Output
atnode 2, x=h

0
N, 60x+180x2 120x°

2 7R3 4 5

OX h h h 0
0°N,  36x 96x° 60x°
aXZ = h2 + h3 - h4 0
O°N;._, 9x 18x° 10x’ 0
ox’ h h? h*
2 2 3 0
0°N, . 60x 180x~ 120x
o h nh

1

2N 24 84x% 60X Third Verification Condition
5.

=—— —
ox’ h? h® h*

3" verification condition is N, + N, =1

O°Ng . 3x 12x* 10%°

———t— 10x3 15x4 6x°
x> h h? h X)=1- -
Ol( ) h h4 h5
X:=h
2N 10x* 15x"  6x°
1 N, = Hoz( )= —t—
ox? h* h h
FullSimplify[N; + N, ]
o°N, Output
OX? 1
2N V. CONCLUSIONS
8x23 1. Derived Shape Functions for a
two node element with three
N, primary variables at each node.
8X2 2. Verified First verification condition at node 1
(i) N,=1and N, =0, N,=0,N, =0,
0°N, N, =0,N, =0
a 2
X (||)—_1ada£ Oai=0,
, OX OX
0°N
25 6N4:O’6N5:076N6:0
OX OX OX OX
2 2
a N $=1and 0 |\2| O,6 l\2| =0,
OX OX
2 2 2
0 I\2I4 :O’a I\ZI5 :0’8 l\i6 0
OX OX OX

ISSN: 2231-5373 http://www.ijmttjournal.org Page 193




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 53 Number 3 January 2018

3. Verified Second Verification condition at
node 2

(iv) N,=1andN, =0, N, =0,N, =0,
N, =0,N,=0

W) Ns_gang Da_ogMNe_g
OX OX OX
ON, _o, oN, _o, ON, 0
OX OX OX
] 6’2N6 0°N o°N
Vi =1and 1=, 2 =0,
vi) ox? Ox? OX?
2 2 2
0 I\2I3 :O’a I\i4 :0’6 I\2I5 0
OX OX OX

4. Verified Third verification condition
N, +N, =1.
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