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ABSTRACT

In the present paper we evaluate a general integral involving the product of a generalized multiple-index Mittag-Leffler function,hyperbolic functions,
multivariable Aleph-function, the multivariable I-function defined by Prasad [4] and general class of polynomials of several variables. The importance
of the result established in this paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and
capable to yielding a large of results merely by specializating the parameters their in.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [5] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
bj,j=1,---,Qa;,j =1, ,P;
522k>,j—nk+1 Pz<k>,§)j 1,---, Ny
A5 = M+ 1,0+, Qa1 d” j =1, My
with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S, B /S, ’7/8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

P k) M,
k
A SR RIS LD SR LS oy
j=N+1 j=ng+1 =1
Q, (k)
J=Mj+1

The reals numbers 7; are positives for ¢ = 1 to 2, 7;(x) are positives for i*®) =11 RW

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(d§k) — (5](~k)8k) with 7 =1 to my are separated from those of
'l —a; + Za( ) ) with j =1 to N and I'(1 — (k) +7( )sk) with 7 = 1 to N}, to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

largzi| < A( )7, where

. N P; Qi Np P
k k k k
A0 =3 a3l a0 ’V(u)fw
j=1 j=N+1 j=1 j=1 J=Nr+1
M, Qi k)
+Z§§-k)—n(k> 6ﬂ(,€>>0, with k=1---,ri=1,---,R,i® =1-.. R® 15
] J=Mi+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
N(Z1, e ,Zr) — 0( ’Z1|a1, e ‘Zrla’") ’maflj( |Z1|,'~' , ‘Zr| ) -0

N(Z17"' ’ZT):O( |Zl|ﬁ17”' 7|Z7"|ﬁr)’m7:n( |Z1|7"' s |Z7"|)_> o0

where, withk = 1,--- ,r:ap = min[Re(d§k)/5](-k))],j =1,---, Mjand
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By, = maz[Re((c{") — 1)/, j =1, | N,

Serie representation of Aleph-function of several variables is given by

G1+ 4G,
N(yh'" ,yT‘) = Z Z Z 5 Gl .60 Gr!w(nGlaglﬂ'” 777Gmgr)
1, 70 gl— i
X 010Gy ,g) - Or (1Grg ) yr 7 ey O (1.6)

Where (., -+ ,.),0;(.),i =1, - ,r are given respectively in (1.2), (1.3) and

: dgy + G ) dy) + G,
Gi,91 — = (1) o Gr:r_irr
g 55(]1) g 5( )
which is valid under the conditions 5&) [d; +pi] # 5§i)[d; + Gi] (1.7)
fOI‘j 7& ]\/IzaML = 17"'nGi,gi;Pi7Ni = 07172a"' sy Yi 7é 072 - 17 s T (18)

In the document , we will note :
G(nthl’ T 777Gr,9r> = ¢(77G17917 T 777Gr79r)91 (T]Glygl) T 07“(77Gr79r) (1.9
where @(NGy g1 s NGrgr ) 01(NG1 .01 ), -+ 5 Or(NG,..q, ) are given respectively in (1.2) and (1.3)

Al

We will note the Aleph-function of r variables N0 | . . . (1.10)
Z?“

The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :

71
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I(z1, 22,25 = D2,42,P3,43; 3Ps,qs:P’q 3+ ;09 ,q(2)
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S
(asji 0l ol . (@ )i 5 (a0l
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(s) ) . (1(8) pls)
(bSJ’ sjr " B ) 1,qs - (b;WB;')LQ’?"' a(bj 75]‘ )1,q(s)
_ H@ zidty - - - dt (1.12)

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [3]. Throughout
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the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzy| < EQER)W , Wwhere

p® q® no P
(k) Za(z)_ Z oz(l)JrZB(z)— Z 5}(:)+ Zagik)_ f: agik) 4t

k=n()+1 k=m() +1 k=1 k=no+1
0 S0 (@) SIC
¥ 1 1 ¥
Za Yooag | = (D8 +Zﬁ B (1.13)
k=ns+1 k=1 k=1
wherei=1,---,s

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :
I(z1,-+ 25) = O([z1|, - [2] ) s maz([z1], -+ |2s] ) = 0

/ / .
I(z1,- -+, 26) = 0( |21, - |2l ) omin(|z], -+, |26] ) = 00

wherek = 1,--+ ,2:q), = min[Re(b;k)/ﬁgk))],j =1,---,myand

B, = maz[Re((@\® — 1)/a{)],j=1,--- ny

We will use these following notations in this paper :

U =Dp2,q2;p3,q3; "+ ;Ps—1,qs—1; V = 0,n2;0,n3;- -~ ;0,51 (1.14)
W= q); 50", q¢9);X = @m n); s (m),n) (1.15)
A = (azk, 0, )i+ 5 (A 1)k)> @ (s— 1)k A5 1y Eijgk) (1.16)

= (bak, Bogs Bar)i 5 (Ds—1)mys B (s— k> Bls—1ypr - ,/3((2:3,4;) (1.17)
A= (Ask; & sk, Uy 5 A5g) 2 B = (bsr; B shr Beg> - > Ber) (1.18)
A= (dyaf) 1 1 (@l 0l) i B = (B Bi)rgs -+ (08, B) oo (1.19)

The multivariable I-function write :
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71

A LAY
I(zb T 7'28) = I(‘J/:;z?;?;s;;)‘(/‘/ : (1.20)
B; %; B’
Zg

The generalized polynomials defined by Srivastava [6], is given in the following manner :

[Ny/My] [N, /M]

’ —N7) (=N{)nr
My ,-- 1 ]\/[ K t) MKy
SNII - [yl’ . 7yt — Z Z e Kt! t
K1=0 K¢=0
K K
AINT K- NG Kyt oy (1.21)
Where M7, , M are arbitrary positive integers and the coefficients A[N7, K1;--- ; N;, K;] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(—NDwmgr,  (=N)wmyx
a; = 1L VAN, K-+ N K (1.22)

K, K,

2. Generalized multiple-index Mittag-Leffler function

A further generalization of the Mittag-Leffler functions is proposed recently in Paneva-Konovska [2]. These are 3m-
parametric Mittag-Leffler type functions generalizing the Prabhakar [3] 3-parametric function , defined as:

k

(N (Y)k - - (Ym) #*
E@60) = 2 T i) Tlank 5] B e

where o, 8,7 € C,i =1,--- ;m, Re(a;) >0
Required formula

See Gradshteyn and Ryzhik ([1], 3.518, eq.4 page 576 and eq.5 page 577), we have respectively

Lemme 1

0o _ p+2—pu—uv,p
sinh# ! 2(coshz 4 1)V~ o2 11—
/0 (b + coshz)? der =2 B( ,0+2—,LL—U)><2F1 R s —— 1 (3.1

p—5+2
where Re(u) > 0, Re(p — p—v) > =2, |larg(1 +b)| < 7

Lemme 2
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oo
sinh*~! z(coshz — 1)V 1 w
dz =20 725 (Lt v—1,p+2—p—v)
/0 (b + cosh z)r g TV et

pr2—p—uv,p 4
X oFy S (3.2)

where b ¢ (—o0,1), Re(2 4 p) > Re(u + v), Re(2v + p) > 2

3. General integral

M)k (Fm)k sinh® z(cosh z + 1)¢

Let bx = NCE AR and Xc 4. = (bt cosha)e we have the following integrals,
m m " L
Theorem 1
X 721X,
© Gnp*l 2(coshz + 1)v~1 (Fs)m (22%) SM{”Mg Y1A681,u1,p1 RON v 14 a1,61,m
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(1—ﬂ—(p + 7k + 22:1 Klpl + 22:1 ﬁGi,gi’Yi); 517 v ags)a Al; A27 Q’[a A
S (4.1)
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¢
where : A1 = (-1-n+pu+v—p+(a+p—-7)k 2(5 + i — PtK+Za+ﬂa Vi)G g5
i=1 i=1

§1—m —e€,- & — s — €5)

t
0 s
andBlz(l—n+g—p+(§—v)k+Z 5~ P +Z VG015 €1 = B e = )

« 51’ - (6% s
Ay = (1+ g —P+(§ —7)/‘34‘2(— —Pi)KH-Z(? = %iMNGi,g:361 — %7 &s — 77_)
3 =1

Provided

a) min{awgvf}/?5i7uiapi7aj76j7’yjanka6l7§l} >07'L:17 7t7j: 1) ,’I“,k’: ]-7 y S

. 3 '7
b) Re(p + ka) +;a11<%1i1}\41 Re (5@ ) +Z 1<?2:71%(” <5]@> >0

r () s (4)
d b
C)Re(p*M*U+k(’77Q*ﬂ)+Z(’}/i*Ozi*ﬁi) min Re ((;Z )+Z —n; —€) min Re( J(l)) > -2

e 1<y<M; ) 1<G<m ™ 5],
L) (k) . :
d)|argzi| < §Ai 7, where A, is defined by (1.5);7 =1,--- , 7
1 ) k) . o .
e)|argZi| < EQZ 7, where " is defined by (1.11) ;4 = 1,--- , s
f) larg(1 +b)| < Trand oy, B, 7 € C,o =1, - -+ ,m,Re(&i) >0

g) The series occuring on the right-hand side of (4.1) is absolutely and uniformly convergent.

Theorem 2
X5 721X,
> sinh#~! z(coshz — 1)v=1 F(3)m (22%) M M 100,01 RO N:v et
0 (b + coshx)r (ai),(Bi) Ny, Ny Ce wiw .
théL:H'LvPL ZTXarylgrvf}/r
V0 X ZlX'nl,el,El 1 [N{/M{] [N /M ] [S.9) oo M1 MT.
UMis; _
U:ps,qs; W T d’I,’ - 1 Z Z
Z3X7757637£7~ K1=0 Ki=0 n=0k=0Gq,-,G,-=0g1=0 g-=0
(_)G1+-..—|—Gr f‘( )a b zk NG1.01 zncr ar yK1 . th (1 — b)n
5, Gl -5, GT!\J’ NGi,g1:" NG, g9, ) 01 P r 1 b o)

2u+ak+25=1 Kibi+Y 11 cing, g, Tv+Bk+3 1 Kipi+320_ 1 Bina, g, —p—Yk—3 51 pi Ki—>1_1 vinG, .9
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2mM +e1—£€1 A

. 1 t r . s
V04X A a(l'i(ﬂ + ak + 21:1 Kib; + 21:1 nGiygiai)’ %17 T %)7

U:ps+4,qs+2;W
— B.
INs+es—Es 7 5

(1—H—(p + 7k + 25:1 Klpl + 22:1 nGi,gi%); 517 te )58)7 Al; A27 Q’[a A
4.2)

(1_(p + ’}/k’ + Zzzl szl + Z::l nGi,gi’Yi); 517 e ?58)7 Bl7 %7 B/

t

where: A1 = (-1—-n4+p+v—p+ (OH-ﬁ—W)k—i—Z(&, + i — pi) K; +Z(ai + Bi —Yi)nc, .9

i=1 1=1
51_771_61;"' 758_775_68)
t T
« 51 Q; s
and B = (—nt bt Gkt (% K+ (g - e
i=1 1=1
I o L5 n
1 s
A2:(§_p+(§_’7)k Z K+Z - nG“qlagl "753_5)
i=1

Provided that :

a) min{a»57775i7ui7p’ivajaﬁja7j>nkaelvfl} >0,i=1,---,t,5=1,--- ,r,k=1,--- s

()
. J

b)Re(2+p+ky)+ E Vi, mm Re( l)> + E & 1<§-r£,11<¢>R6 (,B(i)> >
J

=1 1<isM; 1<G<m@®

r 4 s pli)
> Re(u—&-v—l—k(a-l—ﬁ))‘f‘z:(ai—i-ﬁi) min Re <ﬁ> +Z;(77i+€i) min  Re (3—
j i=

T ) d( i) s . b(')
c) Re(p +2v + k(o +28)) + Z(ai +26;) min Re 5@ + Z n; +2¢) min  Re > 2

P 1<G<M; P 1<G<m® ﬁ]@
Lk (k). oo :
d)|argzi| < §Ai 7, where A, is defined by (1.5);4 = 1,--- , 7
0] k). .
e)|argZi| < 592 7, where ;" is defined by (1.11) ;4 = 1,--- , s

f)bgé(—oo,l)ando_zi,Bi,% E(C,i: 1, ,m,Re((li) >0

g) The series occuring on the right-hand side of (4.1) is absolutely and uniformly convergent.

Proof of theorem 1

First, expressing the generalized multiple-index Mittag-Leffler function £ ((Z))’TB) (Z:Ea) in serie with the help of

equation (2.1), the Aleph-function of r variables in series with the help of equation (1.6), the general class of polynomial
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SM17... 5Mt

of several variables Ny, N, with the help of equation (1.22) and the Prasad's multivariable I-function of s

variables in Mellin-Barnes contour integral with the help of equation (1.9), changing the order of integration ans
summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) and then evaluating the resulting integral with the help of equation (3.1) and expressing the

generalized hypergeometric function 3% in serie ,use several times the following relations I'(a)(a), = I'(a +n) and
I'(ae+1
a= g with Re(a) > 0 . Finally interpreting the result thus obtained with the Mellin-barnes contour integral, we

['(a)

arrive at the desired result. The proof of the theorem 2 use the similar methods.

The quantities U, V, W, X, A,, B, 2,8, A’ and B’ are defined by the equations (1.14) to (1;19)

5. Particular case

If U=V = A= B =0, the multivariable I-function defined by Prasad degenere in multivariable H-function defined

by Srivastava et al [7]. We have the following results.

Corollary 1

s _ V1X5, 1, 21X a1,
st afcoshr 4171 pm (ay gMi M, P goN e
0 (b+ coshx)r (@:),(B:) Ny, 5Ny uiw
thét,Nt,Pt ZTXaraBry'Yr
L1 X118 LA INM) 00 o oo My M,
0,mns;X _
Ps,ds;W Co dr = 4 Z Z ' Z
ZSXnS>€57£'r K1:0 Kt:o n=0 k=0 Gl:"' 7G7‘:0 91:0 ngO
Gt 4G k n
(—)™ L EAPTR P U ¢ (1-0)
! ¢ 2np)

ﬂ “ e
5!]1 Gl' v dqur!\J(nGl,gl? nGmgr)al _kl Zl

2“+o‘k+25=1 Ki5i+2:=1 UG, ,9; +U+/Bk+22=1 K¢,LL¢+Z§=1 BinG;,g; *ﬂ*’Yk*Zf:l piKi*Z:=1 YiNG;,9;

on+e1—&1 A

0o
o

0,ns+4; X

(1—%(#4—0[]{?4—2::1 K251+Z::1 nGi,giai)§%17"‘,
ps+4,9s+2;W ..

Mstes—8s 7

(1_n_(p + fyk + ijl KZP’L + ZZ:I 7701-791'%')3 517 T a§S)7 A17 A27 Qla A/
o (5.1)

(1_(p + Fyk + Zle szz + Z;:l nGi,giFY’i); 517 e 758)7 B17 iB) B/
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t
where : A1 =(-1-n+p+v—p+(a+B-7)k 2(5 + i — PtKJFZOé + Bi —vi)nG. g5
i=1 i=1
§1—m —e€1, 0, & — 15 — €s)
t
7 Q@ 05 771 s
and31:(1—n+§—/?+(§—7)k+z——PzK-i-Z YiING: g€ — o 5 Es )

A=(1+E—p4 (&

51’ - (6% s
5 5~ e+ (5 —p)Ki + Z(? = Yi)NGi,gi &1 — %7 s — %)
3 =1

under the same conditions that (4.1)

Corollary 2
X 721X,
© Ginh#—1! a(coshz — 1)1 (¥i),m ( a) S]\"I{V"' M Y1A61,p1,01 RO.Nv 1A a1,B1,m
0 (b+ coshz)r (@:),(8:) \*Y Ny, Ny T wiw R
thét“Uat”Ut ZTXO‘TnB'm’Y'r
0me: X Z1X7I17517£1 1 [Ny/M [N{/M{] 0o oo oo M, M,
7ns; —_ - . ..
HGw| oo A =3 Z )P I
ZS‘X’r]S7€Sa§T K =0 f:(] n=0 k=0 Gl:"' 7G7’:0 91:0 g’r:O
(_)G1+...+GT ﬂ( )LL bkzk NG1.91 | . NGrgr yKl e th (1 - b)n
0g Gl 0, Gyl 1 MG )1 41 T

2M+ak+z Kibi+>0_1 cing, g, +o+Bk+> 0 Kipi+320_ 1 Bing,;.g; —P—Yk—> 51 pi Ki—Y_1_1 ¥inG,,g;

2771-1-61—5121 ,
(1'%(“ + ok + 21:1 Kido; + 2;1 77Gi,gi04i)§ 77717 SR

0ol
>

0,ns+4; X
ps+4,9s+2;W

2"73 +es—&s ZS

(1_n_(p + ’}/k + ZE:I sz’b + 2221 nGi,gi%)B 517 e 758)7 A17 A27 2[7 A,
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6.Conclusion

In this paper we have evaluated a generalized finite integral involving the generalized multiple-index Mittag-Leffler
function, the hyperbolic functions, the multivariable Aleph-function, a class of polynomials of several variables a
sequence of functions and the multivariable I-function defined by Prasad. The integral established in this paper is of
very general nature as it contains Multivariable Aleph-function, which is a general function of several variables studied
so far. Thus, the integral established in this research work would serve as a key formula from which, upon specializing
the parameters, as many as desired results involving the special functions of one and several variables can be
obtained.
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