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Abstract

The system consists of a two-dissimilar components working in parallel, say A and B. Both the components are
operative initially at time t=0. A single repair facility is available for the repair. Upon failure of a component
the repair facility, if not busy, is available with some fixed probability p. If repair facility is not available at the
time of a failure of a component, it is called for repair. The repair facility appearance time distribution is
exponential. When repair facility is busy in repair of the failed component, the other failed component waits for
its repair. After repair, the components become as good as new. The repair time of both the components are
arbitrary functions of time. Failure time distributions are assumed to be exponential.
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Introduction
Two-unit standby redundant systems have been extensively studied by several authors in the past. Said and
Sherbeny (2010) analyzed a two-unit cold standby system with two stage repair and waiting time. In this paper a
two dis-similar component system is considered. The system operates even if a single component operates. A
single repair facility is available with some fixed probability for the repair of failed components.

System Assumption and Description

The system consists of a two-dissimilar components working in parallel, say A and B. Both the components are
operative initially at time t=0. A single repair facility is available for the repair. Upon failure of a component
the repair facility, if not busy, is available with some fixed probability p. If repair facility is not available at the
time of a failure of a component, it is called for repair. The repair facility appearance time distribution is
exponential. When repair facility is busy in repair of the failed component, the other failed component waits for
its repair. After repair, the components become as good as new. The repair time of both the components are
arbitrary functions of time. Failure time distributions are assumed to be exponential. Several measures of system
effectiveness such as MTSF, A, B etc. are obtained by using regenerative point technique.

Notations and States of the System

set of regenerative states {Sy, S1, Sz, S4, Se }

set of non-regenerative states {Ss, S;}
= failure rate of component A.
= failure rate of component B.
= rate of appearance of repair facility.
Pdf of repair rate of component A.
Pdf of repair rate of component B.
P = (1-qg)=probability that the repairman is available for repairs.

cTEem
I

=
—=
o

The system may be in one of the following states:

So (AxBn) = The components A and B both are in normal operative mode.

S1 (ArBu) = Failed component A is waiting for repair and component B is operative.
S3 (ArBn) = Component A is under repair and B is operative.

S4 (AnBg) = Component A is in operative mode and component B is under repair.
Ss (AwrBRr) = Component A waits for repair and component B is under repair.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 232




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 53 Number 3 January 2018

Se6(ArRBwr) = Component A is under repair and component B waits for its repair.

Figure 1 Analysis of two dissimilar component with uncertain availability of repairman+

Transition Probabilities and Sojourn Times

Let T (=0), T4, T, ... be the epochs at which the system enters the state ;71 [1 Eand
Let X, denotes the state entered at epoch T4, i.€. just after the transition at T,. Then

{X,, Tn} constitutes a Markov-renewal process with the state space E and
Qjj(t) = Pr[Xn+1 = Sj | Ta+1 — Tu< t]xa = Si.
The transition probability matrix of the embedded Markov chain is:

P = (py) = { Qy (1)} = {Qy (=)}

t—o

By simple probabilistic considerations, the non-zero elements of Q = {Qj;(t)} can be obtained as follows: For the
system to reach state S; from S, on or before time t, we suppose that the system transits from Sy to S; during (u,
u+du); u <t while it does not transits to any of the state’s S,, Sz and S, up to the time u. The probability of
this event is:

qoe*udu.(p + g)e-pu = qoe *Pudu.

Since u varies from 0 to 1, therefore

t
Qoilt) = Iqae—(owﬁ)udu
0

Taking limit t tends to infinity, we have
p; = ImQj(t).
t—o0
The non-zero elements of p;; are given below:

Por = 9o/ (at+B), Py, =aB /(o +P),
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Pos =p0£/(0t+[3), Poa =pB/(OL+B),
p13=9/(9+B), p16:B/(e+B)7
p24=9/(6+oc), p25=a/(9+a),

P30 = ﬁ\(B)’ pg = |:1 - ﬁ\(B)] = Pae>
Py = G(a), pi) =[1-G(a) |=pas.

We observe the following relationships among the above study state probabilities:
Po1 + Poz + Pos + Pos =1,
Pz +Pis =1,
Pos + P25 =1,
DPso + P36 = Pag + Pag =1,
Pao + Pas = Pao +p£f?3 =1.
Mean sojourn timey; in state S; is defined as the time that the system continues in state S; before

transiting to any state. If T denotes the sojourn timein S; then win S; is:- . = E(T) = IP(T > t)dt.
0

Using this we can obtain the following expressions,

U, = Te(mﬁ)tdt =1/(a+B),
0

b, = Te“*mtdt =1/(6+B),
>

W, = Te(e”)tdt =1/(6+a),
>

by = IF(t)dt,

u, = [G()dt.
0
In terms of Laplace-Stieltje’s transform of Q; (t), we define mj; as follows:-
= . d
m; =—-Q;(0) = 181_1})1_ s @ij (s).

o0

Q,,(s) = J.qaef(s““ﬁ)udu =qo/(s+a+p),

0

Qpals) = [aBe ™M du=qB /(s + o +B),

@03 (s)= J‘paei(ﬁmmudu =pa / (S To+ B),
0
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Que) = [phe " du=pp /(s +a+P)
0,,(s) = Tee@*e*f‘)“du =0/(s+0+B),
Oyols) = [P du=p /(s +0 +B),
Q,.(s) = Tee<s+e+“)“du =0/(s+6+a),
Qso(s) =
Qyo(s)

(6)
34(S)

e P"*MdFu) = BF" (B +s),

e “*MdG(u) = aG (a +s),

ot (1 B efﬁt)dp(t), f'(s)—f (s +P)

Ot——8 O—=—38 O%=—8 O%——— 38

(5)
43(8)

We have,

=

o = ~Qou(8) = qa / (o +B)°,
0 =-Q,0)=aB/(a+BY,
0s =0 (0)=pa/(a+B),
m,, =-Q,, (0)=pB/(a +p)’,
m,, =-Q_(0)=6/(8+p)
m,, =-Q_(0)=B/(6+p

m,, =-Q,(0)=6/(6+a)’,
m,, =-Q _(0)=6/(0+0a),

=

3

i

>

)
)2

m) = -0;(0) = [ te " dF(t) - B[ te "E(t)dt,
0 0

mf) = -0, (0) = [te 'dG(t) - o[ te “G(t)dt,
0 0

g, = ~,(0) = [ te AR (1),
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m,, = ~0,0(0) = [t 'dG(t),

It can be easily seen that,

My, + My, + Mg + My, = Ky,
mye + 113 = Uy,

m,, +My5 = Uy,

(6) _
my, + My, = U,

(5) _
My + M3 = Hy.

Reliability and Mean Time to System Failure (MTSF)

Let the random variable T; be the time to system failure (TSF) when the system starts its operation
from S;[J [ E, then the reliability of the sysem is given by,

Ri(t) = P (Ti> t).

In order to determine R;(t), we regard the failed states Ss, Sg of the system as absorbing states. By
simple probabilistic reasoning, we observe that Ro (t) is the sum of following contingencies:

(i) System remains up in state S, without making any transition to any other state up to time t. The
probability of this contingency is,

(o)t _
e =z,(t).
(ii) System first enters the regenerative state S, during

(u, utdu), u <t and then starting from S;, it remains up without any break down for the time
duration (t — v). The probability of this contingency is,

[ doy ()R, (t — 1) = g, (£) © Rfe):
0

(iii) System first enters the regenerative state S during
(u, u+du), u <t and then starting from S,, it remains up without any breakdown for the time
duration (t — v). The probability of this contingency is,

t
quQ (U)duR, (t —u) = q,(t) ©Ra(t).
0

(iv) System first enters the regenerative state Sz during
(u, ut+du), u <t and then starting from S, it remains up without any breakdown for the time duration
(t—v). The probability of this contingency is,

t
[ os (W)dUR, (£ — 1) = q5(t) © Roft)
0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 236




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 53 Number 3 January 2018

(v) System first enters the regenerative state S4 during
(u, u+du); u [J [ t and then starting from §, it remains up without any breakdown for the time duration
(t—v). The probability of this contingency is,

[ o (WAUR,, (t = 1) = Qs (1) © Rafo).
0

Thus,
Ro(t) = Z1(t) + qua(t) © Rs(t)
Similarly,
Ru(t) = Zy(t) + qus(t) © Rs(t)
Ra(t) = Za(t) + Gaa(t) © Ry(t)
Ra(t) = Za(t) + dao(t) © Ro(t)
Ra(t) = Z4(t) + gao(t) © Ro(1),
Where,

Zy(t)=e P, Z ()=,

Z,(t)=e",  Z,(t)=e"F(),
Z,(t) = e “Glt).
For brevity, we have omitted the argument‘s’ from q; (S) , Zj (S) and Rj (S) Solving the above equation for

R, (s). we get

N, (s)
Dy(s)’

Ro(s) =

Where, N,(s) = | Zg + o, Z; +(dordrs + oa ) (Z5 + e Z5 )
(s + ) (Z5 + 925 |
D,(s)= [1 - qglcﬂsq;o - quqgof - qgsq;o - q;4q;0 }

Taking the inverse Laplace transform (ILT) of the above equation, we can get the reliability of the
system when it starts from state Sy, the mean time to system failure (MTSF) can be obtained on using the
formula

E(T,) = TRO(t)dt
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To determine N; (0) and D, (0), we must first obtain Z: (S), using the result

limZ(s) = ! Z.(t)dt.

Therefore,
Z(0) = py, Z,(0) = p,,
Z,(0) = s, Z,(0) = p,.

Thus, using q;. (0) = p;; and above Z:(s). we get,

N,(0) = by + po;by + (po1p13 + poz)(“z + p24“4)

+(po1p13 + p24)(“3 + p34“4)

And, D1 (O) = (1 ~ P01P13P30 = Po2P24 — PosP3o — po4p4o) .

Availability Analysis

Let A;(t), AZ(t) and A} (t) be the probabilities that the system is up at epoch t due to first

component, due to second component and due to both the components in parallel respectively when initially
system starts from S;J [J E.

Using simple probabilistic laws it can be seen that A, (t) is the sum of the following probabilities of

mutually exclusive contingencies.

(i)

(1)

(i)

(iv)

The system does not transits to state Sy till time t. The probability of this event is
~(osB)t _
e =Z,(t).

The system transits to S; from Sy in (u, u+du); u < t and then starting from S, it is observed to be up
at epoch t, with probability A;(t — u). Therefore

[ Qo lu)tu, ¢~ v

The system transits to S, from Sy in (u, u+du); u < t and then starting from S, it is observed to be up
at epoch t, with probability A,(t — u). Therefore,

j.qOQ (WduA,(t —u).

The system transits to S; from Sy in (u, u+du); u < t and then starting from S, it is observed to be up
at epoch t, with probability As(t — u). Therefore

j.QOs (W)duA,(t —u).

The system transits to S, from Sy in (u, u+du); u < t and then starting from S, it is observed to be up
at epoch t, with probability A4(t — u). Therefore
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jq04 (u)duA, (t —v).

Taking Laplace Transform (L.T.) of the above relation and writing the resulting set of equation in the matrix
form, we get

Al o
;’ G Go 9 O 0 0 01z
Allo 00 g 0 0 0o
1 * ¥ *
A, 00 1 0 -q -q5 0|7,
All=l-gy, 0 0 0 g5 0 0|0
A 00 qf 10 0|z
Al 0 0 0 < 0 0 0]f0
pl L0 0 0 0 = 0 0f|o]

For brevity, the argument‘s’ has been omitted from (S), Ail (S) and Zl (S) . Solving the above

matrix for A (S), we get,

A, (s) =N,(s) / D,(s),

Where N, (s) = (ZO + qggz;)(1 - q;4Z’;3) + [qm (13954 +916)

And,

D, (s) = (1~ 050 ) (1~ 00,900 )~ Gon (G5 *+ ey D0 ~ Do

~04955% 64950 — Dor (D134 + 913 ) Do — DoaTeaTss ~Usa (Ao + AoaT55T64 ) Lao-

Now to obtain the steady-state probabilities that the system will be operative due to first component, we proceed
as follows —

Z:(0) = IZi(t)dt =W (i=0,2,4
and using the resultq;. (O) = pj;, we have

D,(0) = (1~ Pa:Pss (1~ PioPor )~ Por (Pis * PoaPss ) Pao = PosPig
~PosPssPsaPs0 — Por (P1sPas + Prs ) Pao — PoaPesPss
~Psa (Pos + PoaPssPes ) Pao
= 1= DyyPss =~ PosPry + PosPioPssPis ~ PorPiaPao ~ PorPaePesPao
~DyaDao = PosPsPePso ~PosPraPsPio ~PoiPrabeo
~Po4PesPs3PasPosPao ~ PssPaoPosPssPes
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= 1= Poy Do = Pos ~PPes (1~ Py =P = Pos )~ Doz (Pro + P15

+P02P34P43 (plo + p13)

= Poz ~ P34PasPos ~ Poz T Po2aP3sPas
=0.

Therefore, the steady-state probability that the system will be operative due to first component

is given by,

A, =lim A, (t)
=limsA,(t) = lims N,(8)

s—>0 s—50 ]:)2 (S)

_N,0)
D,(0)

Similarly, the steady state probabilities that the system will be operative due to second component,

,as Do(0) = 0.

A2 =Tlim A2(t)

t—o0
=limsA? (s) = lims Ns_(s)
s—0 s—0 D2 (S)
= g?’ Eg; ,as Dy(0) =0
2
A} = ltimAg (t)
=limsA] (t) = lims N,4 )
s—0 s—0 ]:)2 (S)
= g“tg;,a D,(0) = 0,
2

Where,
N,(0) = (1o + Pootty ) (1= PsaPas ) +| Pos (P13Pss + Prs)

+Poy (Pas + PasPeaPss ) +Pas (Pos + Pos + PaaPsaPes ) | Ma
N;(0) = 1oPo; (P15 + PasPes ) + Pos (P24Pas + PasPas)

+tPosP3oMs + H1Ps3 (p04p40 + p03p30)

And,

N,(0) =py, (1 —P34Pas ) Ly + Poy (1 ~ P24Pao ) K,
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To obtain D, (0), we collect the coefficient of —q;(O)(z mij) in D, (O)for various values of i and j as

follows —
Coefficient of My, = (1= PauPas ) Pro + (Pis + Pus ) Pao +(P1sPas + Paa ) Pao
= (1~ PasPas ) Pio + (P15 + 6 ) (Pso + Pao ~ PsoPao)
= (1= PasPus) Pro + (P15 + Py ) (1~ PasPss)
=1-P3Pus
Coefficient of M, = (DPy4Pas + PasPes ) Pao + (Pas + PasPesPas ) Pao
=1-P34Pss
Coefficient of M5 = Psy + PsaPao

=1-DPyPas
Conclusion

This paper describes an improvement over the Said and Sherbeny (2010).They analyzed a two-unit cold standby
system with two stage repair and waiting time. In this paper we analyzed a two dis-similar component system.
The system operates even if a single component operates. A single repair facility is available with some fixed
probability for the repair of failed components. . Several measures of system effectiveness such as MTSF,
A,B etc. are obtained by using regenerative point technique which shows that the proposed model is
better than Said and Sherbeny (2010).
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