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1. INTRODUCTION 

 

Levine[2] initiated the study of generalized closed sets in topological spaces. In 1963 levine[3] 

introduced semi-open sets in topological spaces. Robert. A[4] et al., and selvi. T[6] introduced semi*-open sets 

and pre*-open sets respectively, using the generalized closure operator 𝑐𝑙∗ due to Dunham[1]. Saranya. S and 

Bageerathi. K[5]., introduced 𝑣-open sets in topological spaces. In this paper, we introduce a new operators 

using 𝑣-open sets and 𝑣-closed sets and study the basic properties and characterization of these operators. 

 

2. PRELIMINARIES 

 

Throughout this paper, spaces (𝑋, 𝜏) (or simply 𝑋) always mean non empty topological spaces on 

which no separation axioms are assumed unless explicity stated. For a subset A of a space 

(𝑋, 𝜏 ), 𝑐𝑙(𝐴), 𝑖𝑛𝑡(𝐴), 𝑐𝑙∗(𝐴), 𝑖𝑛𝑡∗(𝐴) and 𝑋/𝐴 denote the closure of 𝐴, the interior of 𝐴, 𝑔-closure of 𝐴, 𝑔-

interior of 𝐴 and the complement of 𝐴 respectively. The following definitions and results are very useful in the 

subsequent sections 

 

Definition 2.1. A subset 𝐴 of a topological space (𝑋, 𝜏 ) is said to be a 𝑣-open set if 𝐴 ⊆ 𝑖𝑛𝑡∗(𝑐𝑙(𝐴))  ∪

 𝑐𝑙∗(𝑖𝑛𝑡(𝐴)). 

 

3. 𝒗-INTERIOR OPERATOR 

 

Definition 3.1. Let 𝐴 be a subset of a topological space (𝑋, 𝜏). Then the union of all v-open sets contained in 𝐴 

is called the 𝑣-interior of 𝐴 and it is denoted by 𝑣𝑖𝑛𝑡(𝐴). That is, 𝑣𝑖𝑛𝑡 𝐴 = {𝑉 𝑉 ⊆ 𝐴 𝑎𝑛𝑑 𝑉 ∈  𝑣 − 𝑂(𝑋)}. 

Remark 3.2. Since the union of 𝑣-open subsets of 𝑋 is 𝑣-open in 𝑋, then 𝑣𝑖𝑛𝑡(𝐴) is 𝑣-open in 𝑋. 

Definition 3.3. Let 𝐴 be a subset of a topological space 𝑋. A point 𝑥 ∈ 𝑋 is called a 𝑣-interior point of 𝐴 if there 

exists a 𝑣-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝐴.  

Theorem 3.4. Let 𝐴 be a subset of a topological space (𝑋, 𝜏). Then  

(i) 𝑣𝑖𝑛𝑡(𝐴) is the largest 𝑣-open set contained in 𝐴. 

(ii) 𝐴 is 𝑣-open if and only if  𝑣𝑖𝑛𝑡𝐴𝐴. 

(iii)  𝑣𝑖𝑛𝑡(𝐴) is the set of all 𝑣-interior points of 𝐴. 

(iv)  𝐴 is 𝑣-open if and only if every point of 𝐴 is a 𝑣-interior point of 𝐴. 

Proof:  
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(i) Being the union of all 𝑣-open sets, 𝑣𝑖𝑛𝑡(𝐴) is 𝑣-open and contains every 𝑣-open subset of 𝐴. Hence 

𝑣𝑖𝑛𝑡(𝐴) is the largest 𝑣-open set contained in 𝐴. 

(ii) Necessity: Suppose 𝐴 is 𝑣-open. Then by Definition 3.1, 𝐴 ⊆ 𝑣𝑖𝑛𝑡𝐴. But 𝑣𝑖𝑛𝑡(𝐴) ⊆ 𝐴 and therefore, 

𝑣𝑖𝑛𝑡(𝐴) = 𝐴. Sufficiency: suppose 𝑣𝑖𝑛𝑡𝐴 = 𝐴. Then by Remark 3.2, 𝑣𝑖𝑛𝑡(𝐴) is 𝑣-open set. Hence 

𝐴 is 𝑣-open. 

(iii) Let 𝑥 ∈ 𝑣𝑖𝑛𝑡(𝐴) ⇔ 𝑥 ∈∪ {𝑉 𝑉 ⊆  𝐴 𝑎𝑛𝑑 𝑉 ∈  𝑣 − О(𝑋)} 

    ⇔there exists a 𝑣-open set 𝐺 such that x ∈ 𝐺  𝐴. 

    ⇔ 𝐴 is a 𝑣-nbhd of 𝑥. 

    ⇔ 𝑥 is a 𝑣-interior point of 𝐴. 

 Hence 𝑣𝑖𝑛𝑡(𝐴) is the set of all 𝑣-interior points of 𝐴. 

(iv) Suppose 𝐴 is 𝑣-open. Then by part (ii) and (iii), we have every point of 𝐴 is the 𝑣-interior point of 𝐴. 

Theorem 3.5. Let 𝐴 and  be subsets of (𝑋, 𝜏). Then the following results hold. 

(i) 𝑣𝑖𝑛𝑡(𝜙) = 𝜙 and 𝑣𝑖𝑛𝑡(𝑋) = 𝑋. 

(ii) If 𝐵 is any 𝑣-open set contained in 𝐴, then 𝐵 ⊆ 𝑣𝑖𝑛𝑡(𝐴) . 

(iii) If 𝐴 ⊆ , then 𝑣𝑖𝑛𝑡(𝐴) ⊆ 𝑣𝑖𝑛𝑡(𝐵). 

(iv) 𝑖𝑛𝑡 𝐴 ⊆ 𝑠∗𝑖𝑛𝑡(𝐴) ⊆ 𝑣𝑖𝑛𝑡(𝐴) ⊆ 𝐴. 

(v) 𝑣𝑖𝑛𝑡(𝑣𝑖𝑛𝑡 𝐴 ) = 𝑣𝑖𝑛𝑡(𝐴).  

Proof:  

(i) Since 𝜙 is the only 𝑣-open set contained in 𝜙, then 𝑣𝑐𝑙(𝜙)= 𝜙. Since 𝑋 is 𝑣-open and 𝑣𝑖𝑛𝑡(𝑋) is the 

union of all 𝑣-open sets contained in 𝑋, 𝑣𝑖𝑛𝑡(𝑋) = 𝑋.  

(ii) Suppose 𝐵 is 𝑣-open set contained in 𝐴. Since 𝑣𝑖𝑛𝑡(𝐴) is the union of all 𝑣-open set contained in 𝐴, 

then we have 𝐵 ⊆ 𝑣𝑖𝑛𝑡(𝐴). 

(iii)  Suppose 𝐴 ⊆  𝐵. Let 𝑥 ∈ 𝑣𝑖𝑛𝑡(𝐴). Then 𝑥 is a 𝑣-interior point of 𝐴 and hence there exists a 𝑣-open set 

𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝐴. Since 𝐴 ⊆ 𝐵, then 𝑥 ∈ 𝐺 ⊆ 𝐵. Therefore 𝑥 is a 𝑣-interior point of 𝐴. 

Hence 𝑥 ∈ 𝑣𝑖𝑛𝑡(𝐵). This proves (iii). 

(iv)  Since semi*-open set is 𝑣-open, 𝑠∗𝑖𝑛𝑡𝐴 ⊆ 𝑣𝑖𝑛𝑡𝐴. Every open set is semi*-open, 𝑖𝑛𝑡(𝐴) ⊆

𝑠∗𝑖𝑛𝑡(𝐴). Therefore 𝑖𝑛𝑡 𝐴 ⊆ 𝑠∗𝑖𝑛𝑡(𝐴) ⊆ 𝑣𝑖𝑛𝑡(𝐴) ⊆ 𝐴. This proves (iv). 

(v) By Remark 3.2, 𝑣𝑖𝑛𝑡(𝐴) is 𝑣-open and by Theorem 3.4, 𝑣𝑖𝑛𝑡(𝑣𝑖𝑛𝑡 𝐴 ) = 𝑣𝑖𝑛𝑡(𝐴). This proves (v). 

Theorem 3.6. Let 𝐴 and 𝐵 are the subsets of a topological space 𝑋. Then, 

(i) 𝑣𝑖𝑛𝑡(𝐴) ∪ 𝑣𝑖𝑛𝑡(𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐴 ∪ 𝐵). 

(ii) 𝑣𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐴) ∩ 𝑣𝑖𝑛𝑡(𝐵).  

Proof: 

(i) Let 𝐴 and 𝐵 be subsets of 𝑋. We have 𝐴 ⊆ 𝐴 ∪ 𝐵 and 𝐵 ⊆ 𝐴 ∪ 𝐵. By Theorem 3.5(iii), 𝑣𝑖𝑛𝑡(𝐴) ⊆

𝑣𝑖𝑛𝑡(𝐴 ∪ 𝐵) and 𝑣𝑖𝑛𝑡(𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐴 ∪ 𝐵) which implies that,  𝑣𝑖𝑛𝑡(𝐴) ∪ 𝑣𝑖𝑛𝑡(𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐴 ∪ 𝐵). 

This proves (i). 

(ii) We have 𝐴 ∩ 𝐵 ⊆ 𝐴 and 𝐴 ∩ 𝐵𝐵. Then by Theorem 3.5(iii), 𝑣𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐴) and 𝑣𝑖𝑛𝑡(𝐴 ∩

𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐵) which implies, 𝑣𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑣𝑖𝑛𝑡(𝐴) ∩ 𝑣𝑖𝑛𝑡(𝐵). This proves (ii). 

Theorem 3.7. For any subset 𝐴 of 𝑋, 

(i) 𝑖𝑛𝑡(𝑣𝑖𝑛𝑡(𝐴)) = 𝑖𝑛𝑡(𝐴) 

(ii) 𝑣𝑖𝑛𝑡(𝑖𝑛𝑡(𝐴)) = 𝑖𝑛𝑡(𝐴). 
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Proof:(i) Since 𝑣𝑖𝑛𝑡(𝐴) ⊆ 𝐴 , then 𝑖𝑛𝑡(𝑣𝑖𝑛𝑡(𝐴)) ⊆ 𝑖𝑛𝑡(𝐴). By Theorem 3.5(iv), 𝑖𝑛𝑡(𝐴) ⊆ (𝑣𝑖𝑛𝑡(𝐴)), we have 

𝑖𝑛𝑡(𝐴) = 𝑖𝑛𝑡(𝑖𝑛𝑡(𝐴)) ⊆ 𝑖𝑛𝑡(𝑣𝑐𝑙(𝐴)). Hence 𝑖𝑛𝑡(𝑣𝑖𝑛𝑡(𝐴)) = 𝑖𝑛𝑡(𝐴). 

(ii) Since 𝑖𝑛𝑡(𝐴) is open and hence 𝑣-open, by Theorem 3.3, 𝑣𝑖𝑛𝑡(𝑖𝑛𝑡(𝐴)) = 𝑖𝑛𝑡(𝐴). 

4. 𝒗-CLOSURE OPERATOR  

Definition  4.1. Let 𝐴 be a subset of a topological space (𝑋, 𝜏). Then the intersection of all 𝑣-closed sets in 𝑋 

containing 𝐴 is called the 𝑣-closure of 𝐴 and it is denoted by 𝑣𝑐𝑙𝐴. That is, 𝑣𝑐𝑙𝐴 =∩ {𝐹: 𝐴 ⊆ 𝐹 𝑎𝑛𝑑 𝐹 ∈

𝑣 − Ϲ(𝑋)}. 

Remark 4.2. Since the intersection of 𝑣-closed set is 𝑣-closed, then 𝑣𝑐𝑙(𝐴) is 𝑣-closed. 

Theorem 4.3. Let 𝐴 be a subset of a topological space (𝑋, 𝜏). Then  

(i) 𝑣𝑐𝑙(𝐴) is the smallest 𝑣-closed set containing 𝐴. 

(ii) 𝐴 is 𝑣-closed if and only if 𝑣𝑐𝑙(𝐴)𝐴. 

Proof:  

(i) Being the intersection of all 𝑣-closed sets, 𝑣𝑐𝑙(𝐴) is 𝑣-closed and contained in every 𝑣-closed set 

containing 𝐴. Hence 𝑣𝑐𝑙(𝐴) is the smallest 𝑣-closed set containing 𝐴. 

(ii) Necessity: Suppose 𝐴 is 𝑣-closed. Then by Definition 4.1, 𝑣𝑐𝑙𝐴 ⊆ 𝐴. But 𝐴 ⊆ 𝑣𝑐𝑙(𝐴) and therefore 

𝑣𝑐𝑙(𝐴) = 𝐴. Sufficiency: Suppose 𝑣𝑐𝑙 𝐴 = 𝐴. Then by Remark, 𝑣𝑐𝑙(𝐴) is 𝑣-closed set. Hence 𝐴 is 𝑣-

closed. 

 

Theorem 4.4. Let 𝐴 and 𝐵 be a two subsets of a topological space (𝑋, 𝜏). Then the following results hold. 

(i) 𝑣𝑐𝑙 𝜙 = 𝜙 and 𝑣𝑐𝑙 𝑋 = . 

(ii) If 𝐵 is any 𝑣-closed set containing 𝐴, then 𝑣𝑐𝑙(𝐴) ⊆  𝐵. 

(iii)  If 𝐴 ⊆ 𝐵, then 𝑣𝑐𝑙𝐴 ⊆ 𝑣𝑐𝑙𝐵. 

(iv) 𝐴 ⊆ 𝑣𝑐𝑙 𝐴 ⊆ 𝑠∗𝑐𝑙(𝐴) ⊆ 𝑐𝑙(𝐴). 

(v) 𝑣𝑐𝑙 𝑣𝑐𝑙 𝐴  = 𝑣𝑐𝑙(𝐴). 

Proof: 

(i) Since 𝜙 is 𝑣-closed and 𝑣𝑐𝑙(𝜙) is the intersection of all 𝑣-closed sets containing 𝜙, 𝑣𝑐𝑙(𝜙) =  𝜙. since 

𝑋 is the only 𝑣-closed set containing 𝑋, then 𝑣𝑐𝑙(𝑋) = 𝑋. 

(ii) Suppose 𝐵 is 𝑣-closed set containing 𝐴. Since 𝑣𝑐𝑙(𝐴) is the intersection of all 𝑣-closed set containing 

𝐴, then we have 𝑣𝑐𝑙(𝐴) ⊆  𝐵. 

(iii) suppose 𝐴 ⊆  𝐵. Let 𝐹 be any 𝑣-closed set containing 𝐵. Since 𝐴 ⊆  𝐵, then 𝐴 ⊆ 𝐹 and hence by part 

(ii), 𝑣𝑐𝑙(𝐴)  ⊆ 𝐹. Therefore 𝑣𝑐𝑙(𝐴) ⊆∩ {𝐹/ 𝐵 ⊆  𝐹 and 𝐹 is 𝑣-closed}= 𝑣𝑐𝑙(𝐵). This proves (iii). 

(iv)  Since  semi*-closed set is 𝑣-closed, 𝑣𝑐𝑙(𝐴) ⊆ 𝑠∗𝑐𝑙(𝐴) and every closed set is 𝑣-closed, 𝑣𝑐𝑙𝐴 ⊆

𝑐𝑙𝐴. Therefore 𝐴 ⊆ 𝑣𝑐𝑙 𝐴 ⊆ 𝑠∗𝑐𝑙(𝐴) ⊆ 𝑐𝑙(𝐴). This proves (iv). 

(v) By Remark 4.2, 𝑣𝑐𝑙(𝐴) is 𝑣-closed and by Theorem 4.3, 𝑣𝑐𝑙 𝑣𝑐𝑙 𝐴  = 𝑣𝑐𝑙(𝐴). This proves (v). 

Theorem 4.5. Let 𝐴 and 𝐵 be subsets of a topological space (𝑋, 𝜏). Then, 

(i) 𝑣𝑐𝑙(𝐴) ∪ 𝑣𝑐𝑙(𝐵) ⊆ 𝑣𝑐𝑙(𝐴 ∪ 𝐵). 

(ii) 𝑣𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑣𝑐𝑙(𝐴) ∩ 𝑣𝑐𝑙(𝐵).  

Proof:(i) Let 𝐴 and 𝐵 be subsets of 𝑋. We have 𝐴 ⊆ 𝐴 ∪ 𝐵 and 𝐵 ⊆ 𝐴 ∪ 𝐵. By Theorem 4.4 (iii), 𝑣𝑐𝑙(𝐴) ⊆

𝑣𝑐𝑙(𝐴 ∪ 𝐵) and 𝑣𝑐𝑙(𝐵) ⊆ 𝑣𝑐𝑙(𝐴 ∪ 𝐵) which implies that,  𝑣𝑐𝑙(𝐴) ∪ 𝑣𝑐𝑙(𝐵) ⊆ 𝑣𝑐𝑙(𝐴 ∪ 𝐵). This proves (i). (ii) 

We have 𝐴 ∩ 𝐵 ⊆ 𝐴 and 𝐴 ∩ 𝐵 ⊆ 𝐵. Then by Theorem 4.4(iii), 𝑣𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑣𝑐𝑙(𝐴) and 𝑣𝑐𝑙(𝐴 ∩ 𝐵) ⊆

𝑣𝑐𝑙(𝐵) which implies, 𝑣𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑣𝑐𝑙(𝐴) ∩ 𝑣𝑐𝑙(𝐵). This proves (ii). 
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Theorem 4.6. For a subset 𝐴 of 𝑋 and 𝑥 ∈ 𝑋, 𝑥 ∈ 𝑣𝑐𝑙(𝐴) if and only if  𝑉 ∩ 𝐴 ≠  𝜙 for every 𝑣-open set 𝑉 

containing 𝑥.      

Proof: Necessity: Let 𝑥 ∈ 𝑣𝑐𝑙𝐴. Suppose there is a 𝑣-open set 𝑉 containing 𝑥 such that 𝑉 ∩ 𝐴 =  𝜙. Then 

𝐴 ⊆ 𝑋\𝑉 and 𝑋\𝑉 is 𝑣-closed and hence 𝑣𝑐𝑙(𝐴) ⊆ 𝑋\𝑉. Since 𝑥 ∈ 𝑣𝑐𝑙(𝐴), then 𝑥 ∈ 𝑋\𝑉 which contradicts to 

𝑥 ∈ 𝑉.  

Sufficiency: Assume that 𝑉 ∩ 𝐴 ≠  𝜙 for every 𝑣-open set 𝑉 containing 𝑥. Suppose 𝑥 ∉ 𝑣𝑐𝑙(𝐴). Then there 

exists a 𝑣-closed set 𝐹 such that 𝐴 ⊆ 𝐹 and 𝑥 ∉ 𝐹. Therefore 𝑥 ∈ 𝑋\𝐹, 𝐴 ∩ (𝑋\𝐹) 𝜙 and 𝑋\𝐹 is 𝑣-open. This 

is a contradiction to our assumption. Hence 𝑥 ∈ 𝑣𝑐𝑙(𝐴). 

Theorem 4.7. For any subset 𝐴 of 𝑋, 

(i) 𝑐𝑙(𝑣𝑐𝑙(𝐴)) = 𝑐𝑙(𝐴) 

(ii) 𝑣𝑐𝑙(𝑐𝑙(𝐴)) = 𝑐𝑙(𝐴). 

Proof:(i) Since 𝐴 ⊆ 𝑣𝑐𝑙(𝐴), then 𝑐𝑙(𝐴)  ⊆ 𝑐𝑙(𝑣𝑐𝑙(𝐴)). By Theorem 4.4(iv), 𝑣𝑐𝑙(𝐴) ⊆ 𝑐𝑙(𝐴), we have 

𝑐𝑙 𝑣𝑐𝑙 𝐴  ⊆ 𝑐𝑙 𝑐𝑙 𝐴  = 𝑐𝑙(𝐴). Hence 𝑐𝑙(𝑣𝑐𝑙(𝐴)) = 𝑐𝑙(𝐴). (ii) Since 𝑐𝑙(𝐴) is closed and hence 𝑣-closed, by 

Theorem 4.3, 𝑣𝑐𝑙(𝑐𝑙(𝐴)) = 𝑐𝑙(𝐴). 
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