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Abstract—Let G be an simple undirected graphs. A subset D of V is said to be a chromatic strong(weak)
dominating set if D is a strong(weak) dominating set and y(<D>) = y (G). The minimum cardinality of a
chromatic strong(weak) dominating set in a graph G is called the chromatic strong(weak) dominating humber
and is denoted by Y$(G) (v, (G)).A graph G is called a y5(ys,) -excellent if every vertex of G belongs to a
YE(YS,) - set. We find that the necessary and sufficient condition for some particular graph, of the form K., Py,
is y<- excellent and g, - excellent.
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. INTRODUCTION

Let G=(V,E) be a simple undirected graph with vertex set V and edge set E.An — coloringof a graph G is an
assignment of n colors to its vertices so that no two adjacent vertices have the same color. The chromatic
number y(G) is defined as the minimum n for which G has an n- coloring.The diameter of a connected graph G
is defined by max{ d(u,v) : u,ve V(G)}and is denoted by diam(G). Note that diameter of a path P, is the
distance betweenthe its end vertices. That is diam(P,)=n-1.For graph theoretic terminology, we refer to [2] and
[4]. A subset D of V is a dominating set of G if every vertex in V-D is adjacent to atleast one vertex in D. The
domination numbery(G) of G is the minimum cardinality of the dominating set of G.A dominating set with
minimum cardinality is called a y - set of G.A study of domination in graphs and its advanced topics are given
in [6].Prof. E.Sampathkumar and L.Pushpalatha have defined strong(weak) domination in graphs shown in
[8].A subset D of V is called a strong(weak) dominating set of G if for every vertex in V-D there exists u € D
such that uv € E and deg u >deg v (deg v >deg u).The strong(weak) domination numbery,(G) (y,,(G)) of G is the
minimum cardinality of a strong(weak) dominating set of G.A Strong(Weak) dominating set with minimum
cardinality is called a y, -set (y,, - set)of G.

Prof. T. N. Janakiramanand M. Poobalaranjani [7] introduced a new conditional dom chromatic setand Prof.
S. Balamurugan et al [3] extended this dom chromatic set to chromatic strong (weak) dominating set.A subset D
of V is said to be a chromatic strong(weak) dominating set if D is a strong(weak) dominating set and
x(<D>)=x(G).The minimum cardinality of a chromatic strong(Weak) dominating set in a graph G is called
thechromatic strong(weak) dominating number and is denoted by y<(G) (vS, (G)).A chromatic strong dominating
set with cardinality yS (vS,) iscalled yS- set (S, - set) of G.

Prof N Sridharan and M. Yamuna [9] defined some new classes of excellent graphs with respect to y - set.
Prof CVRHarinarayanan et al [5] extended it to strong (weak) domination excellent graphs.We introduce a
chromatic strong (weak) excellent in graphs and find the condition for chromatic strong (weak) very excellent
caterpillar in [1].

Il. CHROMATIC STRONG (WEAK) EXCELLENT

A. Y5 (vS) —Excellent [1]

A vertex u in G is said to be y¢ (y5)-good ifu belongs to some vs (vS,) - set of G andyS (¥5)- bad otherwise.
A graph G is a called y¢ (y5)-excellentif every vertex of G is y¢ (¥5)- good. Equivalently,A graph G is said to
be excellent with respect to chromatic strong (Weak) dominationif each
u€ V(G) is contained in some y¢ (y5)- set of G.
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B. y$ (v5,) —Just Excellent [1]

A graph G is said to be just excellent with respect to chromatic strong (Weak) domination if each ueV(G)
iscontained in a unique y¢ (y) - set of G. We also says that G is y< (5) - just excellent graph.

C. ¥< (vS,) —Very Excellent [1]

A graph G is said to be very excellent with respect to chromatic strong (Weak) dominationif there is ay< (y5)
- set of G such that to each vertex ue V-D, there exists a vertex v € D such that (D - {v}) U {u} is ay¢ (y5)- set
of G. We also says that G isy$ (y)- very excellent graph.

D. ¥¢ (y§,) —Rigid Very Excellent [1]

letG be a very excellent graph and D be a very excellenty$ (y5)- set of G.To each u not in D, let E(u,D) be
the set of vertices of D which are exchangeable with u.
ie.,, E(u,D)={v e D] (D-v)u{u} isay$ (y5) - set of G}
If |E(u,D) |=1, for all unot in D,then D is said to be a rigid very excellenty$ () - set of G.If G has atleast one
rigid very excellenty$ (y5) - set then G is said to be rigid very excellent.

I1l. CHROMATIC STRONG EXCELLENT GRAPHS

A. Theorem

Let G = K,UP,, be a graph where K, is the complete graph with m(>3) vertices andP,(n> 2) is the path with
the vertex set {1,2,3,... ,n}. Let X={X1,X2,Xs,... ,Xx}be a non empty set where x; is the i"" vertex of P,such that
Xi€EV(Kp). then G is y¢ - excellent graph if and only if the following hold

i V(Ky) is a subset of every chromatic strong dominating set of G.
ii. In P, for te N,

a.  d(1,x)) =d(Xg,n) = 3t-1

b.  d(xXj+1)=3t-2, for all i=1,2,... , k-1

Proof:

Given G=KP,. Clearly, the chromatic number of G is m. Let D bey¢- set of G.If G is y<- excellent,
thenClearly, V(K,)cV(G) is a subset of every chromatic strong dominating set, D of G.Therefore (i) holds.

Case:1
If k=1,ie., V(K;)) N V(P,)={x:}.Then, we have to prove that both d(1,x;) and d(xz,n) is of the form 3t-1, te N,
in Pn.Suppose d(x;,n)#3t-1 if x;# n.If d(xy,n)=3t, thenthe vertices x;+1,x;+4, X;+7, ..., n-2,n belongs to no y¢-

set of G.Otherwise, |D|>y<. If d(xg,n)= 3t+1, then D=V(Kqy)u{x1+3,X+6,...,n-1} is a unique y<- set of
G.Otherwise, |D|>y¢. Since both sub cases lead to contradiction, d(x3,n)=3t-1.Similarly, d(1,x;)=3t-1 if x;#1

Case: 2

If k= 1,If x;# 1, thenBy case : 1, the result,d(1,x,)=3t-1 is true. Similarly, d(x,, n)=3t-1 if x,# n.Hence, (ii)-
(@) holds.Let S; be the set of all vertices lies between x; and X1 in P,. That is Si={s€ Py| Xj<s<Xi.1}.Let Si={si1,
Si,- .- ,Siniy}- Suppose that d(x;,Xi+1) # 3t-2 in Py.If d(Xi,Xi+1) =3t, thenD=V(K){Si3,Sis, --- , Sian} IS @ unique y¢ -

set of G.If d(x;Xi.+1)=3t-1, thenthe vertices Si3,Sia, ... , Siarr1) Delong to no y¢- set of G.Otherwise, |D|>y¢. Since
both sub cases lead to contradiction, d(x;,xi+1) = 3t-2 in P,.Hence (ii)-(b) holds.
Conversely,

Now, we assume that the given graph G=K,UP, satisfies the condition (i) and (ii)Suppose G is not a
yEexcellent. Let D be any y¢- set of G.Then there exists a vertex x in V(G) such that no y&- set,D of G
containing X. Since by (i), xnotin V(Ky,). Hence xe V(P,)-V(Ky,).

Case:1

If x lies between 1 and x; then,Let She the set of all vertices lies between x; and 1 including x; and 1. Let
R=SND ={ry, 1y, .... fg}.(say).Clearly, x,€R and x not in R.If d(r;,ri;1)=3, for all 1 <i <q, then, d(x;,1)=3t+1,(te
N), contradicts (ii)-(a).Otherwise, If d(r;rj:1)=2, for a unique j, then d(x;,1)=3t,(t€ N), contradicts (ii)-(a).If

ISSN: 2231-5373 http://www.ijmttjournal.org Page 497




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 53 Number 6 January 2018

d(r,rj+1)=2, for any two j, j=1,2, ... ,g-lie., d(rjurj+1)=d(ri2,rji2+1)=2 then,in particular, let j2=j1+1 and ri.; is
adjacent to x.Let r be the adjacent vertex of rjp.; other than x as shown in the following figure.

M1 M2 M2+1
[} L L 2 L 2 @ ® -
r X

Then, clearly, D-{rjz+1, Mo} {rx} is a y¢- set of G containing x.which is contradiction. If d(rj,rj:1)=2, for
more than two j. then,|D[>y¢.Hence G is y¢ - excellent.

Case :2
I x lies between x, and n.It is similar to case : 1.Hence, by case :1, G is y<¢ - excellent.

Case : 3

If x lies between x; and x;.; then,Let S be the set of all vertices lies between x; and Xx;.; including x; and
Xinandlet T=S N D = {ty,b,, ... ,t}(say).Clearly, €T, xi1€ T and x not in T. If d(titix1)=3, for all 1 <i < p,
then, d(x;xi+1)=3t,(t€ N). Which is contradiction to (ii)-(b). Otherwise, If d(tjt:1)=2, for a unique j, then
d(xi,Xi+1)=3t-1,(te N).Which is contradiction to (ii)-(b). If d(tt.)=2, for any two jj=1,2, ... ,p-
L.ie.,d(tj1, tj1+1)=d(t;2, tj2+1)=2 thenin particular, let j2=j1+1 and tj., is adjacent to x.Let t, be the adjacent vertex of
tj+1 other than x as shown in the following figure.

Xi tjl
o——eo
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Xis1 X fper o

Then, clearly, D-{tp..tp} W{to, X} is a y¢ - set of G containing x.which is contradiction. Suppose, if
d(t;,tj+1)=2, for more than two j. then,|D|>y¢.Hence G isys - excellent.

B. Corollary

Let G = KU P be a graph Where Km |s the complete graph Wlth m(>33 vertlces andP is the union of disjoint
paths P;(j>2)with the vertex set {19,2030 = n@} et XO={x,9 x,% x,7, ... ,x} be a non empty set, where
) is the i™ vertex of Pjsuch that x.“)eV(Km) then G is y<- excellent graph if and only if the following hold
i. V(Kn) is a subset of every chromatic strong dominating set of G.

ii.  InP;, foreach jand for te N
a.  d(1,x9)=d(x2 n)=3t-1
b. d(x.“),x.+1“)) 3t-2, for all i=1,2, ..., k-1

C. Theorem

Let G = K,uC, be a connected graph where K, is the complete graph with m(>3) vertices andC, is the cycle
with the (n > 3) vertices. Let H=( {V(G)-V(K»)} ) and let Hy,H,, ... , H, be a components of H Then G is
yE- excellent graph if and only if the following hold

i.  V(Kp) is a subset of every chromatic strong dominating set of G.

ii. diam(H; = 3t-1, teN, for each i=1,2, ... ,p

Proof:

Given G=K,,uC, is a connected graph.Then H is a disjoint union of paths. ie., each H; is a path.Let Hi=Py; be
a path with the vertex set {hy, hy,... ,h}. It is clear that the chromatic number and clique number of the graph G
is m.Let D be y&- set of G.If G is y£- excellent,Clearly, V(Ky)c V(G) is a subset of every chromatic strong
dominating set, D of G.Therefore (i) holds. Now we have to prove thatdiam(H;) = 3t-1, t€ N, for each i=1,2,
...,p.It is enough to prove that ki=3t, for each i.It is clear that the end vertex of Py is adjacent to vertex of D,
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since V(Ky)c D. Suppose ki 3t. If ki=3t+1, thenthe vertices hy,hyh7, ... sy belongs to no yé- set of G.
Otherwise, |D[>y¢.If ki=3t-1, then D=V (Ky)w{hs,he, ... , ha} is a unique y¢- set of G.Since both cases lead to
contradiction, ki=3t.

Hence (ii) holds.
Conversely,

Now, we assume that the given graph G=KuC, satisfies the condition (i) and (ii). Suppose G is not
ayfexcellent. Let D be any y¢- set of G.Then there exists a vertex x in V(G) such that no y¢- set,D of G
containing x. Since by (i), x not in V(K). Hence xe H implies x € H; for some i.Let p and g be the vertices of
V(Kn) which is also adjacent to the pendant vertex of H;. Let S= (HiN D)u{p,q} and let S={p=s:,%, ...
,S=q}(say).Clearly, x not in S.If d(s;,si.1)=3, for all 1<i <, then, d(p,q)=3t,(te N) impliesdiam (H;)=3t-2, (te
N),contradicts (ii). Otherwise, If d(s;,sj+1)=2, for a unique j, then d(p,q)=3t-1,(t€ N) impliesdiam (H;)=3t, (t€ N)
contradicts (2). If d(s;,sj+1)=2, for any two j, j=1,2, ... ,r-1. ie., d(Sj1,S1+1)=0(Sj2,Sj2+1)=2 thenin particular, let
j2=j1+1 and x is adjacent to both s;; and sj;.+1 as shown in the following figure.

Sjt Si2 Sj2+1

@ @ L 4 @ \ L SR
X

Then, clearly, (S-sj+1){x} isa y$ - set of G containing x.which is also contradiction. If d(s;,s;+1)=2, for more
than two j. then,|D|>y¢.
Hence G is y¢ - excellent.

D. Corollary

Let G = K,u C be a connected graph where K, is the complete graph with m(>3) vertices andC is the union
of disjoint cycles, C;,(n > 3). LetH=( {V(G)-V(Kn)} )and letHy, H,, ..., H, be a components of H Then G
is y<- excellent graph if and only if the following hold

i V(Kn) is a subset of every chromatic strong dominating set of G.

ii. diam(H;) = 3t-1,te N, for each i=1,2, ... ,p

IV. CHROMATIC WEAK EXCELLENT GRAPHS

A. Theorem

Let G = K,UP, be a graph where K, is the complete graph with m(>3) vertices andP,(n> 2) is the path with
the vertex set {1,2,3,... ,n}. Let X={X1,X2,Xs,... ,Xk}iS hon empty, where x; is the i"" vertex of P,such that x;€
V(K. then G is ¥ - excellent graph if and only if the following hold

i V(K) is a subset of every chromatic weak dominating set of G.

ii. In P, for te N,

a.  d(1,x)=d(xg,n)=1or 3t
b. d(xixi+1)=3 or3t-1, for all i=1,2, ..., k-1

B. Corollary

Let G = KU P be a graph where K, is the complete graph with m(>3) vertices andP is the union of disjoint
paths Pj(j> 2)with the vertex set {19,20,39, . n0}. Let XO={x,9,x,%,x;7,...,x@}is non empty where x;? is
the i vertex of P; such that x;e€ V(K). thenG is ;S - excellent graph if and only if the following hold

i.  V(Kp) is a subset of every chromatic weak dominating set of G.

ii.  InP;, for each j and for te N

a.  d@x)=d(x?,n)=1or 3t
b. d(x?, xi1¥) =3 or 3t-1,
for all i=1,2,....k-1
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C. Theorem

Let G = K,wC, be a connected graph where Ky, is the complete graph with m(>3) vertices andC,, is the cycle
with the (n > 3) vertices. Let H=( {V(G)-V(Kn)} )and let H;, H,, ..., H, be a components of H Then G is
y¢- excellent graph if and only if the following hold

i.  V(Kp) is a subset of every chromatic weak dominating set of G.

ii.  diam(H;) = lor3tte N, for each i=1,2,...,p

D. Corollary

Let G = K,u C be a connected graph where K, is the complete graph with m(>3) vertices andC is the union
of disjoint cycles, Cy(n > 3). Let H = ( {V(G)-V(Kn)} ) andlet Hy,H,, ..., Hy, be a components of H Then G
is 5 - excellent graph if and only if the following hold

i.  V(Kp) is a subset of every chromatic weak dominating set of G.

ii.  diam(H;) = lor3tte N, for each i=1,2, ... ,p
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