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ABSTRACT

In the present paper we evaluate a general multiple integrals involving the product of the extension of the Hurwitz-Lerch Zeta function, the
multivariable Aleph-functions and general class of polynomials of several variables. The importance of the result established in this paper lies in the
fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of results merely by
specializating the parameters their in.. We will the particular case concerning the multivariable I-function defined by Sharma et al [2].
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1.Introduction and preliminaries.

The Alephfunction of several variables generalizes the multivariable I-function recently studied by C.K. Sharma and
Ahmad [2], itself is a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integrals
occurring in this paper will be referred to as the multivariables Aleph-function throughout our present study and will be
defined and represented as follows.
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Suppose , as usual , that the parameters
aj,j: 17 ,p;bj,j — 1, ,q;
J J=1 e (k()k)7.7—nk+1 Y LT
j 7j:17"' mkyd(()k)7j mk+1a"'>Qi(k);

with k=1---,ri=1,---,R,i® =1,... ,R(k)

are complex numbers , and the O/S, 15} /8, ’)//8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

pi P, (k) i 9;(k)
k k k k k
v = 4r, > a§-i) T Y VJ(-i()m +75 ) :53('1') ~Tw Y 5]('i()k) <0 (14)
j=n+1 Jj=nk+1 Jj=1 Jj=mp+1

The reals numbers 7; are positives fori = 1to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly is in the Sp-p lane and run Igrom o k_ 100 to 0 + 100 where O is a real number with loop , if
necessary ensure that the poles of F(d< ) _ (5(» )Sk) with 7 =1 to my are separated from those of
I'(1 - a; +Za( Vo) with j =1 to 7 and D(1 — ! 4+ % sp) with j =1 to ny, to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where

n P, (k)
(k) (k) _ (k:) (k) (k)
AP = a-r 30 o) Yl Z —Ti D Y
7j=1 Jj=n+1 j=1 Jj=nk+1
mpg q,(k)
+Z5J(~k)— §(k) Z 5(k()k)>0 wihk=1---,ri=1,---,R i®=1... R® (5
] j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
Nz, ) = 0|4l |2l ) maa [, [2]) = 0
N(Zlv"' 727’):0( |21|617"' >|Z7"|Br)’min( |z1|7"' ) |Z7"|)_> o0
where, k =1,--- ,r:qp = mz’n[Re(dg-k)/éj(-k))],j =1,---,myand
k k .
Br = mcwc[Re((cg. ) _ 1)/7](. ))],J =1, ,ng

Serie representations of Aleph-function of several variables is given by

N(yly'“ 7y7“) - Z Z 25q G1'5 G |¢(77G1,g17"' 777GT,gT)
= —0 91 : gr :
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X 91 (77@1,91) T GT(nGr,gr)yl_nGLgl T yT_nGT’gT (1.6)

Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and

: a3 + G, ; a5 + G,
G1,91 — 1 s NGrgr = Ty
o5 54
which is valid under the conditions 55? [d? + pi] # 5§i)[dgi + Gy 1.7)
forj 7é mi,m; = 17"'77Gi,gi;pi7,n’i = 07172:"' y oy Yi 7é 072 = 1: , T (1.8)

Consider the Aleph-function of s variables
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are complex numbers , and the O/S, 5/8, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that

P Q, k)
(k) _ k k
U — b Z ’uﬂ i Z Oé;z()k) +14 Z'U —Li(k) Z /Bj(’L()k> S (1.12)
j=N+1 Jj=Nj+1 Jj=Mi+1
The reals numbers T; are positives forz = 1, -+ |7, ¢,(x) are positives for i(k) =1--- T(k)

The contour Ly is in the tp-p lane and run from 0 — 200 to 0 + 200 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b(k) ﬁ(k)tk) with 7 =1 to M} are separated from those of

'l —wu; + ZIJ’J )tk with 7 =1 to N and T'(1 — a(-k) + Oz(-k)tk) with 7 =1 to Nj to the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §Bz‘(k)7r’ where

P
k
B ZM(“ Y LZZUWZM ' D0 el
J=N+1 J=Ni+1
q,(k)
+Zﬁ( ) — Lik) Z 5g(f<)k)>0, with k=1 ,si=1,---,r i® =1,... 7& (3
J=M;p+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
(21,5 25) = 0(|2]*%, -, |2l ) smaz(|2], -, [2s] ) = 0
(21,5 2) = 0( |20, [zl ) omin( [z, - |24 ) = 00
where, k = 1,--+ ,2:a) = min[Re(bgk)/ﬁj(.k))],j =1,--+, Myand
B, = maz[Re((@\™ — 1)/a{)],j=1,--- | N, (1.14)

We will use these following notations in this paper

U=P,Qiir'; V=>M,Ny---; Mg, N (1.15)
W= Py, Qi ti; T, Py, Qi tycors 7 (1.16)
A= {(ugn g iy v ) (1.17)
B = {ui(vji;vjis - o e} (118)

1 1 1 1 s s
C :((l§ );Oég ))1,N1 7Li(l)((lg-i()n;a;i()l))NlJrl,Pi(l)y e, (CL§ );Oz;- ))17Ns s Li(s) (CL( 2 e ( ()))N +1,P () (1.19)

1 1 1 1 s s s s
D :(b§- );5§ NVian s b (b;ign;/3;1()1))Ml+1,c2i(1), . a(b§ );3](' Dt tico (53(«,L~<)s);/3§i<)s))1\45+1,cgi(s> (1.20)
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The multivariable Aleph-function writes :

N(Zl7"' 7z8) - []:W .. (121)

The generalized polynomials defined by Srivastava [5], is given in the following manner :

[N{/M]]  [N]/M]]

/ N (—N/> ’
M, M 1) MK, t)M!K
SN’l . [yla '7yt - Z Z K't -
K1=0 K,=0 r
K K
AINT, Ky s NG Kyt ey (1.22)
Where M, -+, M| are arbitrary positive integers and the coefficients A[N7, K1;--- ; N;, K;] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(—NDmyr, (=N

p— 1 1 .« .. t Mth , Te e e * /
In the document , we note :
G(nGl,g17 e 7nGT7gT) - QS(T}Gl»gl’ U 777Gragr>01 (nthl) e QT(nGragr) (124)
where d)(nGl’gl, s 777G7.7g7.), 0, (77(;1,‘(,1 ), SN 97«(77(;,,,97,) are given respectively in (1.2) and (1.3)

2. Extension of the Hurwitz-Lerch Zeta function

The extension of the Hurwitz-Lerch Zeta function ¢(z, s, a) is introduced by Srivastava et al. ([6],eq.(6.2), page 503) as
follows :

[e'e} P
(p17 5 PpyT1,ctt 7‘7q) ()\j)npj <
Doy A (2;5,a) X — (2.1)

Y15 s g ) . |
Ap — a+n j:1(M3)n0j n!

with:p,q € No,\; € C(j = 1,---,p),a,p; € C\Zy (j=1,---,q),pj,0n € RT

1
where A > —1whens,2 € C; A = —lands € C,when|z| < V", A = —1 and Re(x) > §when
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We denote these conditions the conditions (f).

3.Required formula

We have the following multiple integral transformation, see Marichev et al ([1], 33.5 11 page 595).

Lemma.

1 1 mn
/ .. / f(xl QTn) (1 _ xl)mfl Hx;)1+--.+vi—1(1 o xi)vifldxl . dxn
0 0 i=2

I'(vy) - (v

_ (v1) - n) / Fla)(1 — ) tton—l dg 3.1
(v +-4vy)

where v; > 0,9 =1,--- ,n, provided that the integral of the right hand side converges absolutely.

4. Main integral.

n p .
H (e +U[ o xl)v _ j:l(/\J)npj

"and bn =
9 (a+mn)* ;1':1 (Mj)naj

Let th...,U 1 —ZIZ‘l

and we have the following formula :

Theorem .
- ( )
o vt v _ vp—1 4 (P1,5Pp,01," " ,0¢q .
/ / [z 1 1171) sz (1 ) Qb()\l’ e Ap e 7“q)(ZX§1,""7§n557a)
=2
Y1X’y(1) ] (n) Zanlmnn ZlXa(l) (™
SM{,~~,M; 1o RO v v ROAV:V 1ot d d
Ny N : wiw ce Uw R L1 Gdn
YtX%mA..%w 2y Xty ZoX 1.
[Ny /M{] [N;/M{] oo 0o My M, ( )G1+ +G bkzk
5 G' 5 G 'U(TIG17.‘717”'7’GT797’>0’1 k'
K1=0 Ki=0 k=0G1,-,Gpr=091=0 g,—0 ~91 17" Tgrtr '

1
I n . t ) ™
Z{IGMI .. ‘Z?GT’QT?J{(I .. yth/ (1 _ x)zz':l(kfz"‘Zj:l i 2= 1MGj.9; J ) 1
0]

Zo(1 — )+

0,N+n:V
f(z) NUn,1:W

Z4(1 — x)n§1)+~"+n§")
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[1_(U2+k£Z+Z 273 +Zg 17MG;,9: % ()) 7752)7 ",ngi)]l A C
" dz (4.1)

Bi,B:D

where : By =

—A—
—_
|
S

vz+k£Z+ZKJ +ZnGJ,g] R B
=1 71=1

,n§1)+...+n§”)} 4.2)
Ung =P +n;Qi + 157

Provided that

a)min{éi’vz”yy) al(cz’,r]lZ) }>OZ—]_ j:].,"',t,k‘:l,"',’l“,l:l,”',S
(i) s ()
(4) : dy, M i b;. B
b) Re(v; + k&;) +Za  Jnin (5(] >+Z  dnin <ﬁ(’)) >0,i=1,---,n

1
o |argzi| < §A§k)7r , where Agk) is defined by (1.5) ;2 = 1,--- ,r

1
d) |argZi| < §Bi(k)7'r, where Bi(k) is defined by (1.13) ;4 = 1,--- , s

e)aivﬁh’n € Cal = 11 U 7m7R6(05i) >0
f)The integral of the right hand side converges absolutely.
g) The series occurring on the right-hand side of (4.1) is absolutely and uniformly convergent.

The quantities U, V, W, A, B, C and D are defined by the equations (1.15) to (1;20) respectively.

Proof of (4.1) : Let M{ } =

/l'" lCtly H¢k 23 {} . We have :

(27mw)*
X n
Mo M YIAL Ly ) 21 X1 ey
E(%) (X, )S v N0, 1w
( ) (/8 ) 517...{”’ N17 . Nt o e ww
YtX%(U__.%(n) Z’”Xn§~'-772,es

L1 X ) . m

00 M1
RO A 2;; Z Z

ZsXaQ)...ai")

&0 GH— +G,
Zaqul 5, Gl
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bkzk neG ! T

1,91 NGr,gr ,, K1 K K; k NG+ g
G(NG1.g1: 7 sNGrgr) G1 Il 21 T Rr Uity H Xﬁ) B Xf(l)f'wf(n)HXa(_lJ) ™

. - g g j=1 J g
t
| | 27 X", Mo dty - - - dt, (4.3)
e
C . . 1 _ Ul v1t-tug 1 _ v —1 . . .

Multiplying both sides of (4.3) by f(z1--- ) »’151 €, xl) and integrating with
respect to x1,--- ,xsverifying the conditions e), changing the order of integration ans summations (which is easily

seen to be justified due to the absolute convergence of the integrals and the summations involved in the process), we
obtain :

M M, [N1/M; Ni/M;
i 1 [Ny/Mi] [Ny t]i (=)GrttGs 6 ) by, 2
NG1,915° " »NGr,g, )01
5 ' 6 ' ) ryYr k'
G, . Gr=0g1=0  g,=0 K1=0 K;=0 k=0 7 G1! Gy
1 1 ¢
NnGq,91 NGr,gr , K1 K K;
2 U LI, t/ HXV({) e Xt énHX (1) e
0 0 j=1 i =1 J i
S n
MATT Zixg o | dt -dts}f<w1---xn> (1= )™ [Tap o — )
j=1 J J 1—o
dzq---dx, (4.4)
Change the order of the (z1,- - , z,)-integrals and (¢y, - - - , t,)-integrals ,we get :
M M,. [Ni/M] N!/M! e
1 (N7 /M) [N/ /M}] (_)(,H_ +G, kak

Z 5‘]1 Gl' 5 G ‘ (nG17q1’ o ,nG’l‘vgr)a’l T

S

V)| s e €S
Z?Glm ..'Z?Grag'r yf{l ”.yfftM HZ / / (1—z )ul+£1k+2 Ky 42251 MG ,0, 05 +225 -1 tin;

H(]- o )vl+k51+z ]’Y( )+Z 1MGj,9;¢ J +EJ 1 tj "7]])) 1 f(xl .. In)

1=2

ﬁﬂT i G+ Ky 4 o 650,057 5 iy +us) dzy -+ -day, [ty - .dts} (4.5)
1=2

Use the equation (3.1) and interpreting the result thus obtained in the Mellin-barnes contour integral (1.9), we arrive at
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the desired result.

5. Multivariable I-function

If Li, Li1), -+ + 4 Lis) — 1, the Aleph-function of several variables reduces in the I-function of several variables. The
multiple integrals transformation have been derived in this section for multivariable I-functions defined by Sharma et
Ahmad [2].

Corollary

n

1 1
/0 . /0 f(fﬂl » xn)(l . xl)vl Hm$1+...+vl(1 _ )vl_lgbgii .-.,Pp;;j;‘lla’ qu))(ZXgl,... ,Sn;57 a)

=2
X n n
Y R Rt 21 X1 21X 0 o
S 1° sVl IOTI v IO,NV d ~--d
N1, ,N¢ o ww ot U-w I T L
th'Yt(l)""Yt(n) Zang-nng ZSXO“(})_.O&”)
N{/M{] [Né/Mt/] e o] oo I\/[{ 7' ( )G1_|_ +G, bkzk
G -~
Z Z Z Z Z Z S G5 G (G611 116, 9 )01 k!
K1=0 Ki=0 k=0 G1,-,Gp=0g1=0 —o "9l gr e :
! n ¢ (i), NO
Z?Gl’gl ,..Z:]Grvgry{(l .. .yth/ (1 _ x)Zi:l(kEi+Zj:1 iy 2 =1MG;,9;%; )—1
0
(1 n
Zo(1 — z)m+on”
0,N+n:V
f(z) IUnJ:W ‘
Zs(1 — x)n51>+ ™)
( AV Q) (2) .
[1—(%4—]6&4—2 +Z] 1NGa,g: O )i Tl ) A C
N
dx 4.1)
B,B:D
under the same existence conditions and notations that (4.1) with ¢;, L;(1),*** , Lis)—> 1
Remarks :

If s= 2, we obtain the similar relation with the Aleph-function of two variables defined by Sharma [4]

If s= 2 and ¢4, ¢ 1, L; " — 1, the multivariable Aleph-function reduces to the I-function of two variables defined by
Sharma and Mishra [3].
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6. Conclusion

In this paper we have evaluated multiple integrals transformation involving the multivariable Aleph-functions, class of
polynomials of several variables and the extension of the Hurwitz-Lerch Zeta function ¢(z, s, a) .This transformation
established in this paper is of very general nature as it contains two multivariable Aleph-functions, which are a general
function of several variables studied so far. Thus, the result established in this research work would serve as a key
formula from which, upon specializing the parameters, as many as desired results involving the special functions of one
and several variables can be obtained.
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