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Abstract: Einstein’s field equation for a homogeneous spherically symmetric space-time with the field of
gravitations viz: Magnetic field and zero mass scalar field has been considered. The solution for the cosmic
parameters A ana M ', which are function of ‘t’ only are obtained in three cases viz: (i)
m=0,n=0,v=0 (ii) m=0,n=0,v=0 (iii) n=0, m=0, v;t07 here m and n are the

components of electromagnetic potential where as V is the scalar potential of the zero mass scalar field. The
variation of A, pym,n and V' with the cosmic time has been discussed followed by the concluding remark.

Keywords: Spherically Symmetric, Electromagnetic Field, Zero Rest Mass Scalar Field, Radiation.

l. INTRODUCTION:

The Einstein’s theory of gravity is exceedingly compelling and stands out sharp and clear as it agrees with
experiments. It describes gravity entirely in terms of geometry without depending on prior geometry. The
spherical symmetry has immediate relation to our intuitive notions pertaining to the structure of the nature.
Every physical theory carries its own mathematical structure in form of tensor equation and the validity of the
theory is usually studied through the solutions of the mathematical structure.

The scalar fields represent matter field with spin loss quanta. The zero rest mass scalar field describes long
range interactions where as the massive scalar field describes short range interaction. Photon particles carrying
the energy of radiation in the electromagnetic field are associated with forces between the electric charges. They
are similar to the relativistic particles with zero rest mass. In this paper we have taken zero rest mass scalar field
along with electromagnetic field in a spherically symmetric metric to construct a new model of the universe.

Il. METRIC AND FIELD EQUATIONS:
In this paper, we consider a spherically symmetric space-time of the form
ds®=—e*dr®> —r?d@* —r*sin® 6 d¢® +e“dt’
(1)

where ﬂ(t) and ,u(t) are the cosmic scale factors.
The field equation of electromagnetic field is,

1 a 1 ab
= :E(_ Fo F; "‘Z 9; Foo F j

’

(2)
- (F,) . . . .
where the electromagnetic field tensor * "’ satisfies the following equations
Fij :¢j,i - ¢i,j
(3)

and
FI =470V’
(4)
i
where (,) denotes ordinary differentiation. Here, O is the charge density, U is the four velocity

¢, =(0,m,n,0)

vector and 2 is the electromagnetic four potential of the form .
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The field equation of zero mass scalar field is,

1 1 .
T; :4_(V,i Vit % VaV J

T

(5)

which satisfies the relativistically invariant Klein-Gorden equation

9" v, =0
(6)
Here v’ is the real scalar field with "2 — '3 = 0
byt V2 and v, =0

(7)

By taking both electromagnetic field and zero mass scalar field as the field of gravitation, we

consider the following field equation that

1
G; =R, _ERgij :_k(Eij + Tij)
(8)
The existing values of equation (5) for metric (1) with help of (6) and (7) are
1 _
T, = —(vl2 +e’ “vf),
87[
Ty = (V1V4) 41
1 vrt ovir?
Ty =— 7 |
8| e” e
Ty, =SiN6T,,,
1 _
87

(9)

The existing values of equation(2) for metric(1) with the help of equation (3) and (4) are

2 2 2 2 A-u
11:i_§ﬂ+1 n]- +m4 el_”+L
47\ 2 r? 27r%sin?60 2r? 2r%sin2 @
By =En=— 2 2 2 J
A\ r resin @
1(1m? m; n? mZ n?
Boo= | 5~ ot it i |
A7\ 2 e e 2e*sin“@ 2e 2e”sin“ g
E _E _i mlnl _m4n4
23 32 A u )
A\ e e
e _1 g n; mZsin’@ n} +m§ sin29+ n?
3B~ . | 1 a - )
A\ et e 2e* 2e* 2e# 2e"
1 (mm, nn,
Eyn=Ey=— 2 24 )
Y A § resin<e@
2 2 2
_1img 4 u W o Ny s
Eu 2 © 2 7 € 7 2 ¢
A\ r resin-g@ 2r 2resinc @

g

 2r%sin2g

|

(10)
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Using equation (9) and (10) in equation (8), the existing field equations are
A

G __l/ﬁeﬂ‘” _ Hably gin —iz+e—=

L=y 8 r2 r?

2 2

1( 3m*> 1 n m n2 1
K-> 2+ I+t et |+ (v et V]
{47;[ 2 r2  2r?sin?20  2r? 2r%sin? @ J 87z(l 4)
r? A
Gpp = | Aua + A3 — 4 | =
2e* 4

_k i m12 _ m‘% _ n12 + n‘% +ﬁ __\/12_|_ﬁ
Az | 2¢*  2e* 2e*sin?@ 2e*sin?0) 8z et e

(12)

2 - 2
_resin“@ 2 Aty
Gy, = e (/1444‘&4 T4
n, n;

_ Wt ng m sin249+mf sin? @ +r23in2¢9 -7 +ﬁ
4r | 2" 2e* 2e* 2e* 87 et e

(13)

2 u=1 Y7
G —_fa_ Ay €7 €
4 — 2 2

4 8 r r

2 2 2= 2,4
:—k i(vi _|_Vlzel1—j-)+i rnA(e/J _1j+2n42(eﬂ_1j+ mlez n n;e g
87 4z | T, 2) r°sin“0 2) 2% 2tsin®d

(14)

k (mm nn
A\ r resin“é
(15)
-k(mn  myn,
G23:G3254 7 _u =0
T\ € €
(16)
I11. SOLUTION TO FIELD EQUATIONS (11) TO EQUATION (16):
We can find the solution in three different cases.
Case-l : m=0,n=0v=0
Case-llI: m=0,nz0,v=0
Case-l11: m=0,n=0,v=0
Case-lI:

This case have three sub-cases:
Sub-Case(a): m= f(r,t), n= f(r,t)v=0.

From equation (16), we get
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(17)
Substracting equation (14), with the help of the reciprocal of equation (17) multiplied with

%, from equation (11) with the help of equation (17), we get
4774

k ng mn ko omn +2e”‘ 2 km  kmgmn,
4z r?sin?0 myn, 4z “myn, 12 r? 2m? Axrin,
e’ mn, (1_ kmin,  kn} m, ]
r> m,n,\  4zmn, 4zsin® 6 mn,
(18)

2
Dividing by 4" and taking
mlnl
—2m,n m,m,n 2
p=—2%4% _ K mmn, Jerj+L—_n2 —ij r?
m,n, 2r n 4r 4z sin“@ 4r

3

. n, m
=1-— 44 _ > sin?@ 24 equation (10) yields
Adr mn, 4rx m,n,

1nl

(19)
By solving equation (18) after using equation (17), we get

u=1In ( —P J
Q+P
(20)
Using equation (20) in equation (17), we get

/Izln{mlnl ( —P ﬂ
m,n, \ 2+Q

(21)
Putting the values of ‘P’ and ‘Q’, equation (20) and equation (21) becomes
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4z, 2 2mnm,  2mnn, +2m1n1v§r2

1 i 2
k n, m,sin“é@ m,n,

A=In 3 3
6z 2m;n, 2n;m,
I k  mn  sin®omn, |
(22)
[ 4zm,n,  mn,m 2n? |
o MM o2 _ 24 oy2 ¢
kmn, n sin“ 6
p=In 3 3
6z 2m;n, 2n,m,
i k mn mn |
(23)

Taking ‘m’ and ‘n’ as function of ‘r’ and ‘t’, we find that the scalar field is also function of r
and t.

Sub-Case(b): m= f(r);n=f(t)and v=0:
For this case, equation (22) and equation (23) yields

A= |n[12‘;2 (47 + kmf)} - |n£4’Zk + kzzf(r)j.

127

From which we get

2,4
/14:0andrnl2:1272'ek2 47Z'k

The value of cosmic parameter 4 is found to be

i In{—knf + k2 r? sinze} _ In{kvﬁ r sinZH—kf(t)}

127 sin? 60 127 sin? 0

T2
Thus n} = W e”. Equation (15) yields v,v, =0, taking v, =0 and v, #0

—kf(t)
=h| ————1|.
# {127: sin? 0}

Putting 4, =0,n, =0,v, =0,m, =0 in equation (11), we get

. 87, 3k
_ 787 (), 3K
Tk e 1)+ 4x

Thus we conclude that
A= f(r)u=ft) v=f(r)
m=f(r),n=f(t).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 15




International Journal of Mathematics Trends and Technology (IIMTT) — Volume 54 Issue 1- February 2018

Sub-Case(c): m= f(t), n=f(r)and v=0:
For this sub-case, equation (22) and (23) yields

o[ ] (00|

127 127

Thus m; =_—:'” e. Equation (15) yields, v,v, =0, taking v, =0 and v, # 0

u=1In (%T))

Taking m, =0,n, =0,v, =0,4, =0 in equation (11), we get
—-8r t2
Vi=— (e’l —1)— — et
kr r

This contradicts to my assumption that v, = 0. Hence this case is not considered.

Case-1l (m=0,n=0,v=0):
Putting m =0 in equations from (11) to (16), we get

12 gn Aglly 2o 1 ¢
G,=-- Qe # Bt _— 4 2
11 27 3 2 2

k n/ knZ e** k

2 2 AA-u
- : _ : ——(v +vie )
8r2sin?@ 8rxr’sin’¢9 8r - °

(24)
1 5 2 Al
G,==r%e* A,+1; -2
22 2 ( 44 4 4
k. oon kg krPvy  kr*vg
8z e*sin?@ 8re“sin’0  8zet  8me”
(25)
Gy =Gy sin? @
(26)
G E_ﬂ“i _14;!4 + e,u—/i _i
"oy 8 r2 r?
1
kn? (e“ —j
=—L(v2 +v2e”‘l)— ' 2) _ kny pH=A
gr -t 1 87r2sin?0 8ar’sin?0
(27)
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-k{ nn
=G, = L +vwv, |=0.
Gu=Cu 4n(rzsin2¢9 14}

(28)
Solution of Field Equations from (24) to (28):
Subtracting equation (25) by multiplying e* from equation (24) by multiplying r?,

we get
3 . r .
3 Artet et 5 gy €7
2
_X _”12 _ervlz _
4z sin“ 6@ Ar
(29)
Subtracting equation (25) multiplied by e** from equation (23), we get
A_1= knj ﬂr//.
327sin® @
(30)
But this case can have two sub-cases.
Sub-Case(a): n= f(t),v=0
Sub-Case(b): n = f(r),v=0
Sub-Case(a) n= f(t):
Equation (29) yields
3 . r . -k
—Zﬂj rze** +et > Ay €77 = r’v?.

(31)
Equation(28) yields

v,v, =0,let v, =0 andv, #0.

(32)
Putting equation (32) in equation (31), we get
3., 2
—E /14+ r—2 eﬂ —/144 :0.
Using A =In(t)
(33)

in the above equation and solving, we get

r2
=In|—|.
H At?

(34)
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Equation (30) reduces to

27z sin® 6

—

Putting equation (33) and (34) in the above equation, we get

1
n, = (t_gl)327zr2 sin2@} |
4rk
(35)

Putting v, =0, n, =0 and the values of A and x and using equation (33) and (34) in
equation (32), we get

n? =(e* —e**)

3

At 43 cos u?6
v2—8”e_m(r]1—elnt+2lnr2 _g£(£+q—'[r2}rz
4 n

kr? k \t? 43

(36)
Conclusion A= f(t), u= f(r,t), v, = f(r,t), n, = f(r,t).
Sub Case(b): n= f(r):
Equation (28) yields vyv,=0. Let v,=0andv,=0 and putting v, =0,
equation(29) yields

2

rze** _—3/1§+—2—— _k _n12
4 r 2 4z sin“ @

(37)
Equation (30) becomes

e’ —1=0=1=In1=c(constant)
(38)

Using the value of 4 in equation (37), we get
n, =2siné e°’2\/g.
k
| kr?v:

Putting n, =0, v, =0, 4, = 4,, =0 in equation(25), we get x =-" 2
T

(39)

By taking v = at?, v, = 2at
sou=In (kr2 7zt2).
(40)
We conclude that A = const, = f(r,t), v,= f(t), n= f(r,t).
Case-111 (m#0,n=0,v#0):
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Putting n = 0 in equations from (11) to (15), we get

X . A L, 1 ¢
Gy=—= R a2t
4 8 r- r
:__k _3n12 +m_§ e}“ﬂ” +1V2 +ﬁ e}“ﬂ” ,
4| 2r*  2r? 21 2
(41)
2
r A,
Gy = | Aua + 4 ——
2e” 4
—k(m} mi orv: v
—_—— —_— — + )
4z | 2e* 2" 28 2e
(42)
Gy =G,, SiN° 6,
(43)
2 -2
G. = A Aaty + e e
Moy 8 r’  r?
— __k ﬁ + ﬁ e/‘*/1 + m_j(eﬂ _l)_'_ m_l2 e,ufﬁ.
Ar| 2 2 r? 2) 2r?
(44)
and
—k({ mm
A\ r
(45)
IV.SOLUTION OF FIELD EQUATIONS FROM (41) TO (45):
Substracting equation (44) multiplied by e** from equation (41), we get
el(87z +kmg e — kmf): 2k’ +87.
(46)

This case can have two possible sub-cases.
Sub-Case (a): m= f(t), v=0:
Equation(45) yields v,v, =0. Taking v, =0 and v, #0, equation (46) yields

2 2
et 2+m g~ _kmy =2.
47 A

Taking A =Int and e* =t in the above equation, we get
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_h km? t
e e —sa+ kmZt

Let

4k (t) j

_ )= u=|
M= ft)=u n(87r—87zt+4kf(t)

Putting n=0,m, =0, v, =0,m, = f(t) and A =1In t in equation (41) we get,

—2m; 87 ., 8« f(t)
vZ = by ——— e et - L
! k KTk kr? r?

Since A4 and u are function of ‘t” and hence V4 is also found to be function of ‘t’.
We conclude that A = f(t), = f(t), m,= f(t),v, = f(r,t).

Sub-Case-b: m= f(r),v=0

2
Equation (42) yields A = In(1+ k4ml ]
T

Taking m, = f(r), 1= In(l+ MJ =1, =0,
4
from equation (42), we get
2
“o_ km, .
(2km? +87f~* —87 + km?

Now putting n=0.m, =0, v, =0, 4, =0 in equation (41), we get

kr 2
](Sz—zkrztj

—In| 1+

2 8x [ iz

V,=—¢€ 5
k 8ar

Hence V, is also a function of ‘t’and ‘r’.

We conclude that A = f(r), v=f(r,t), m=f(r).
V. STUDY OF SOME PHYSICAL PROPERTIES AND ENERGY

CONDITIONS:
(@).  Energy density of electromagnetic field is found to be
e“*n/ . e n;  ng
2r’sin?@ 2r* 2r?sin’@

1(e“n;  e“n;
2 + 2 ain?2 2
rcsin“ @ 2r

E, 6 =—
“ Al r

At ‘t’ constant hyper surface, we have E,, — o as r — oo and .. for all sub cases but

[ ]
E,, — 0as r — o for Case-lII.
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e At ‘r’ constant hyper surface, E,,—>o as r >« and E,, >cwast—ow and

E,, > 0ast—0 for all sub-cases except Case-ll(b) and Case- I11(b) which remain
unaffected.

(b). Energy condition of Scalar field is found to be
1 "~
T44=§ (vj +e vf)

At ‘t’ constant hyper surface, T,, > ast—>oandT,,—>0ast— 0, for all cases and at

‘r’ constant hyper surface, also T,, > and r »>o and T,, >0 as r — 0 for all sub cases
except Case-I11(b) which remains unaffected.

GRAVITATIONAL RADIATION:

The scalar field has gravitation field radiation, if T = 0. In our investigation for the
spherically symmetric space-time,

1 _ _ . _ _ .
T :8_[v§ (1+ " riet +r% ”S|n20)+vf(e“ G iS|n26?)+2v1v4]
T

#0
Hence the scalar field possesses gravitational field radiation.
UNIFORMITY:

The electromagnetic field is said to be uniform, if F;, =0.

In the present investigation, F;, =0 in all the cases because the existing values of
F; and
F,=m =-F, Fpp=m, =-F,
Fo=n =-F; F=n,=-F,
and the electromagnetic four potentials m and n are found to be functions of r and t except
Case-11(b). Hence the field is uniform in this particular case except all cases.
NEW FORM OF THE SPACE TIME:

According to the various of 4 and u in different cases of our investigation , the
structure of the universe can be of different types as follows:

Case-I:
Sub-Case-a:

Ar amnm, 2mnn,  2mnvir? |
L2 cMimy M, 20,

k ' n,  msih’d mpn .
ds?=- T 4 ldr? -rfde* -rPsin?0dg’ +
6r 2m;n, 2n,m,

)
k  mn  sin“Omn
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[ 2
My | MMy _ oz 20 o2 2
kmn, n sin“ @ qt?
67 2m;n, 2n;m, '
i k mn mn |
Sub-Case-b:
2 _ 20,2 qin 2
dSZ _ _47Zk +k 2f (I’) drz _ r2d¢92 _ rzsin 2 aj¢2 n kf (t)+ 3kr2V4 sin“é dt2
127 127

Sub-Case-c:

ds? = - dr?~ r2de? - rsin? adgp® + (_ kf(t)j dt?,

3z 127
Case-lI:
Sub-Case-a:
2

ds? = —t dr? —r?d6” — r?sin? &d¢? +# dt?.

Sub-Case-b:
2
ds? = —e® dr? —r2d6* —r?sin* &g’ + ke f(r) dt?.
4

Case-l111:
Sub Case-a:

ds? =—t dr? —r? d@* —r? sin? d¢’ + Kt () dt?.

87 — 8t +kf(t)
Sub-Case-b:
2 2
ds? = | 14+ KM |4r2 _ 2 492 _ 2 sin? deg® + S kg“ - dt?.
4 (2qu +87z)3 —8x + km;

VI. CONCLUSION:

In this paper, we have instructed a spherically symmetric space time with the mutual
affect of electromagnetic field and zero mass scalar field. We got solution of the field
equations in three cases and their sub cases and various models of the universe has been
constructed. The energy conditions of the gravitational fields has been studied at ‘t” constant
and ‘r’ constant, hyper surfaces.

The gravitational field radiation is found to exist as T = 0. The electromagnetic field

is found to be uniform only in Case-ll(b) as F;, =0 but in all other cases the field is found

to be non uniform.
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