International Journal of Mathematics Trends and Technology (IJMTT) - Volume 54 Number 1- February 2018

General class of Eulerian integrals involving
the multivariable I-function

FY. AYANT!

1 Teacher in High School , France

ABSTRACT

In this paper, we derive a general Eulerian integral involving the multivariable I-function defined by Prathima et al. [3], the Aleph-function of one
variable and general class of polynomials of several variables . Some of this key formula could provide useful generalizations of some known as well
as of some new results concerning the multivariable I-function. We shall study two particular cases.
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1.Introduction

In this paper, we evaluate a general class of Eulerian integrals involving the multivariable I-function, the multivariable
class of polynomials and the Aleph-function with general arguments.

The multivariable I-function defined by Prathima et al. [3] is an extension of the multivariable H-function defined by
Srivastava and Panda [7]. We shall use the contracted form. The I-function of r-variables is defined in term of multiple
Mellin-Barnes type integral :
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wherei=1,--- ,r.Also z; #0fori=1,--- ,r
The parameters m;,n;,p;,q;(j =1,---,7),n,p, ¢ are non negative integers (for more details, see Nambisan [6])
a_gi)(j =1, ,pi=1,-- 7r)75_§i)(]‘ =1, ,qi=1, ,r),y;i)(j =1, ,ppi=1,-,r) andé_,f.i)
(j=1,---,q;i=1,--- ,r) are assumed to be positive quantities for standardisation purpose.

a](]: 1, ’p)7b](.]:17 ’q)7c7 (J: 1’ 7p“1: 1’ 7T)’d§z)(.]:1, ’ql71:1, 77') are Complex
numbers.

The exposantSAj(j = 17 7p)7Bj(j = la ’q)’cj(l>(] = 1; ,pi;i = 17 ar)aDJ(‘i)(j = 17 qu';i = la ,7")
of various gamma function involved in (2.2) and (2.3) may take non integer values.

The contour L; in the complex s;-plane is of Mellin Barnes type which runs from ¢ —ioc to ¢+ ioco (¢ real) with
G (i . . .
indentation, if necessary, in such a manner that all singularities of i (d(] ) _ o§. ) si) ,j=1,--- ,mylie to the right and
() i i . ’ ’
% (1 cg-)—fyj()si),j:l,---,niaretotheleftofLi.

Following the result of Braaksma ([1], p.278) the I-function of r variables is analytic if :
p .
U= 4 ZBﬁ“+ZC“ @ ZD RN T (1.5)
Jj=1

The integral (2.1) converges absolutely if

1
larg(zi)| < EAkﬁ,k =1,---,r where

K Nk Pk
() (k) ) _ () 5(k) (), (F) () ()
Z Ajaf ZBﬁ —i—ZD 5 o DG Y oY = > Py >0 (16)

j=n-+1 j=mr+1 j=1 j=nr+1

We will use these notations for this paper :

X =my,ni; - sme, sV o=p1,q15 - 5Pr dr (1.7)
1
A= (i A, (1.8)
1
B = (bj;6§ ) 75‘7(‘T);Bj)1,q (1.9)
1 1 1
C= (cg- )773( );CJ( Nipe ;(cgr),vﬁr);cy(r))l,pr (1.10)
1 1 1
D =(d§~ )75](' )5D3(~ Mg ;(dY),(SJ(");DY))l,qT (1.11)
the contracted form is
7
N B e
M5
p,a;V SR (1.12)
.. B:D
Srivastava and Garg [5] introduced and defined a general class of multivariable polynomials as follows
h1R1+"'hSRS<L Rl ZRS
hi, ks
Syt e, 2] = > (=L)ns Ry4-tho R, B(R1, -+, Rs )ﬁ (1.13)
Ry, ,Rs=0 ’ s
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The coefficients B(Ry, - -+ , Rs) are arbitrary constants, real or complex.

(=L)nRytth.R.B(E; Ry, -+ R,)

We shall note : B, = Rl R
e Ry

(1.14)

The Aleph- function introduced by Siidland [8] et al. , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

N(Z)ZNM’N (aJJAJ)l m[Cz(CLJuAji)]n+1,p7:;r :L/ Q%:ghci.T(S)z—st (1.15)
L

P;,Qici;r ( by, Bj)1,ms [ci(bji, Bji)lmtt.qisr | 27w 7

for all z different to 0 and

M N
Q M.N (5) = Hj:l I'(b; + Bjs) Hj:l I'(1—a; — A;js) (L16)
Pi,Qiscisr\7) T P; i ’
Sy e Ty Dlagi + Ajis) [T 01 T(1 = bji — Bjis)
with |argz| < 7rQ where (2 = Zﬁj + ZO‘J — ¢ Z Bji + Z aj;) >0,i= LT

j=1 j=M+1 j=N+1

For convergence conditions and other details of Aleph-function , see Siidland et al. [8]. The serie representation of
Aleph-function is given by Chaurasia and Singh [2].

& () 00 (8)

NMN _ Pi,Qicior 1.17
Pi,Qi,ci;r(Z) Z Z BGq! < ( )

ba +g
with § = 1NGg g =

—= P, < Q]2 < 1andQP '0;.c;.r(8) s given in (1.2) (1.18)
BG 2

2. Required formulae.

v _ I'(a)(B)
. _ a=1/1 __ p\B—=1734
We have : B(a, () —/0 (1=t dt = Ta+th) Re(a) > 0, Re(B) >0 (2.1)
(2.1) can be rewritten in the form
b _ _ [(a)T(B)
o Na—=1/p  N\B=1734__ (1 _ \o+B—1
/a (t—a)* '(b—t)’tdt=(b—a)*" T@th) ,Re(ar) > 0,Re(B) > 0,b# a (2.2)

The binomial expansions for t € [a, b] yields :

(ut + )" = (au + v)? i; (=)m {—u(a —t) }m here

(t—a)u
u—+v

<1
m/! au + v 2:3)

With the help of (2.2) we obtain (see Srivastava and Hussain, [6])
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b I
/a (t —a)* Y b —t)° "L (ut + v)Ydt= (b—a)*™P~1B(a, B)(at + U)’YQF1< g’;g;—%)(z.@

3. General Eulerian integral

(t—a)%(b—t)n (ut +v)t=0r—m
B(ut+v) + (A — B)(t — a)

(t —a)®2(b— t)72(yt + z)1 %272
D(yt+z) + (C — D)(t — a)

Let g1 (t) = ; g2(t) =

We shall derive the following general Eulerian integral involving the multivariable I-function.

Theorem
y1 (g1(5)" (g2(1))™

/b(t —a)* (b — 1) (ut +v) (gt + 2)P5y " .
Vs (g1 ()% (g2())%

z1 (1(6)" (g2())™
N (2 (910 (o)) 235 N o

7 (91(£)" (92(1))™

ety S 3OS S (B A/B (D-C/D)"

l,m,k1,ke=0G=1g9g=0 Ry, ,Rs=0

A

M,N k k
(_)QQPz’,Qi7Ci77” <nGvg)YR1 LY Rsxmee) (b — a)u ' (b — a)y ’ 0,n+7; X
Bgg! ! s (au + v) (by + 2) PHTa+6V -
Zy
(1_1+C77G,g - 25:1 ciRi PUL, 7ur)7(1'm+d77(}’,g - Zle dsz UL, 77]7’)7

(I4eng,g — >y GiRitur, -+ yuy), (I+dngg — >0 diRi v, -+ ,vp),

(l—a —l—m—-—k + (6(51 + d52)ngyg — Zle(élci + 52di)Ri t 01U + O2v1, ¢, 01Uy + 52’07«),

B17

(1-8 = ko + (em + dn2)ng.g — Yoiey(mci + nedi) Ry - iug + 0201, -+, Mty + 120,
(I+y =1+ (01 +m)ena,g — D1 (01 + m)eiRis (01 +mu)ua, - -+, (01 + m)ur),
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(I4+p—m — ko + (N2 + 62)dng,g — > i—1 (N2 + 2)d; R; : (n2 + 02)v1, - -+, (n2 + 82)vy.),

(I+p —m+ (n2 + 62)dng,g — >7_1 (N2 + 02)d; R; = (n2 + 02)v1,- -+, (2 + d2)vr),

(Iy =l =k 4+ 01+ m)engg — Yoy (m 4+ 01)ciRi = (1 + 01)ua, -+, (m + 61)uy), A, A: C
o G.1)
By, B: D

Where
By =(l-a—B—m—c(01 +m)ng,g +d(02+n2)nc,g — Doy (01 +m)ciRi — >0 (02 + 1n2)d; Rs;

(61 +m)ur + (62 +m2)v1, - -+, (61 + m1)ur + (02 + m2)vr)

Ar =(l-a =B —=1—m+c(d1 +m)nc,g — d(02 +m2)0,g — 2=y (01 +mi)eiRs — 305 (02 + 1) di i
(61 +m)ur + (62 +m2)vr, - -+, (61 + m1)ur + (02 + m2)vr)

By=(1-a—B—m—1—Fki —ka+c(d01 +m)ng,g +d02 +mn2)ncG,9 — > i_1(61 +m1)c;i Ri—
S0 (62 + m2)di Ris (61 +m)ug + (82 + ma)vr, - -+, (61 4+ m)ur + (82 + m2)vy)

Zl(b _ a)(51+771)ui+(52+n2)’0i

Zi = 3 ) = ]-7 Tty
B DV (au + 0)C1Hm)u: (by 1 2)Gatm)e; 7" "
ryl(b — a)(61+nl)cz+(62+n2)d
Y, = ,0=1,---,sand
Bei Ddi (qu 4 v)@1+m)ei (by 4 z)(02+n2)di
x(b _ a)(51+771)c+(52+772)d
- BeDA(au + v)G1m)e(by + z)02+n2)d
Provided that
aymin{c,d,c;,d;,uj,v;} >0,i=1,--- ,s;5=1,---,r
bmin{Re(«), Re(f)} > 0,b # a
b— b— t— —
c) max ub—a)l lylb-a)| |t—a) (t—a) ) < 1,t € [a,b
au + v by + 2 ut-l—v yt+z

1
d) |arg(zi)| < §Ak7r, k=1,---,r where Ay is defined by (1.6)

e) largz| < 7TQ Where §2 = Zﬁ]—f—zag—cz Z Bji + Z aji)

J=M-+1 J=N+1
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prantor G L M) = e [ [t TT000 )
1 r k=1

We first replace the multivariable I-function on the L.H.S of (3.1) by its Mellin-barnes contour integrals (1.1), the
Aleph-function and general class of polynomials of several variables in series by using respectively (1.17) and (1.13),
Now we interchange the order of summations and integrations (which is permissible under the conditions stated) . We
get:

00 h1Ri+hsR.<L

M
oM b )
3 S A G e U)o J R R A

Beag!
G=19g=0 Ry, R.=0 a9

T

(yt + Z)p{M{(gl (t))CnG,g+Zf=1 iR+ uisi(g2 (t))dnc,g+2fz1 diRi+3 71 visi Zfl . zST}

dsy--- dsr}dt (3.2)
We evaluate the inner integrals with the help of (2.1) and (2.3) and applying (1.1)
00 hiRi+ hsRs<L (—)9 M,N

Sy Uy p e 0] ey

Bag!
G=19=0 Ry, R.=0 Gy

M{B(cnc,g+z§=1 CRiAY wisi) P—(dne.g+ 35, di Rt S, vis:)

b
/ (t — a)oﬁL(Sl (enG.g+2 7=y ciRi+227 1 wisi)+o2(dna,g+2 271 diRi+3 27 visi)—1
a

(b— t),3+771(c77c:,g+2f=1 ciRi+3 5 wisi)+n2(dnG,g+2 25y diRi+3 iy visi)—1 81 . sr
1 r

(ut + ,U)’Y—(51+771)(C77G,g+Zf:1 ciRi+>7 4 uisi)(yt + Z)P—(52+772)(d?7c,g+2f:1 di Ri+> 71 visi)

B (B _ A) (t _ a) _(CUG,9+25=1 CiRi+Z:=l u;is;) B (D _ Cf) (t _ a) _(d77G.g+Zf=1 diRi_l—Z::l v;8;)
B(ut +v) D(yt + 2)

dtzgt - - sz}dsl .- ds, (3.3)

(t—a)(B-A) ‘(t—a)(D—C)

B(ut + v) D(yt + z) ‘} <Lté€lad)

Using binomial expansion (2.3) provided that max { ‘

and also that the order of binomial summation and integration can be inversed, we get

M oo hiRi+---hsR;<L

i > 2 5= V8 Qi (G.0) (B — A/B)' (D - C/D)" ne.s

ng! I'm!

l,m=0G=1g=0 Ry, ,Rs=0
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yfl e yESA[{B_(C”Gv9+Z%=1 ciRi+3>77_ uisi) D_(dnG,g+Z%=1 diRi+>27_, visi)

F(l + C?]th + Zj:l CiRZ‘ + 22:1 UZS@)F(T)’L -+ d??G,g + Zle dzRZ + Z;'Hzl visi)
['(eng,g + Zf:] iR + Zle u;si)(dng,g + Zle d;R; + 22:1 ;8;)

b
/ (t _ a)a+l+m+51 (enG,g+2 051 ciRi+2 051 wisi)+2(dng,g+>°i_1 diRi+3 07 visi)—1
a

(b _ t),3+771(C?7G,g+Zf:1 ciRi+> 7 uisi)+n2(dng,g+> i diRi+> 7 visi)—1

(’U,t + U)’Y—l—(51+771)(677c:,g+2§=1 G Ri+>07 uisi)(yt + Z)p—m—(52+772)(d77c,g+25=1 diRi+> 71 visi)

dtzjt - - -zﬁr}dsl ---ds, (34

The inner integral in (3.4) can be evaluated by using the following extension of Eulerian integral of Beta function given
by Hussain and Srivastava [6].

b
/ (t—a)*"L(b—t)P~L(ut + v)(yt + 2)Pdt = (b — a)*T P~ (au + v) (by + 2)° B(a, )

(3.5)

b

and where F5 denote the Appell function of two variables, see Appell and Kampe de Feriet [1]. Finally interpreting the
resulting Mellin-Barnes contour integrals as a multivariable I-function, we obtain the desired result (3.1).

(b—a)u (b— a)y}

x F. . —p; -
3|:Oé,ﬁ, Y, p7a+67 CEU+U’ by+Z

u(b—a)
au + v

where for convergence min{Re(«), Re(5)} > 0,b # a and max {

'y(b—a)
| by +t

4. Multivariable H-function

If A;j=B;= Cj(-i) = D](-i) = 1, the multivariable I-function defined by Prathima et al. [3] reduces in the multivariable
H-funcction defined by Srivastava and Panda [7] and we have the following result.

Corollaryl
' yi(g1(8) (g2(8)"
/ (t — a)a_l(b — t)B_l(ut + o) (yt + Z)pSZ“"' .

o (g1 () (g2(6))

2 (91(1)" (92(1))"
R (2 (0)° (g (0) ) Hy Y o dt

7 (91(£)"" (g2(1))"™
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i sh (g 4/BY (D - C/D)™

0o M oo
=(b-a)" M auto) by +2)” Y D> z}; 1l !

l,m,kl,kz 0G= 1g= 0 R yig=

B;

Zy
M,N k k
(_)gQPiaQiaciar/ (,rlG’g)YRl N YRSX"]G,g . (b B a)u ! (b - a)y 2H0,n+7;X
Bgg! ! 3 (au + v) (by + z) PTGV
Z,

(1'1+C77G,g - Zf:l iR tuy, - 7ur)7(1‘m+d77G,g - Zf:l diR; : vy, - 7'07“):

(1+C77G,g - Zle il Uy, - 7ur)> (1+dnG,g - Zle d;R; : (O 7'07');

(1—0& — l —m — kl —|— (061 —|— d52>nG7g — 2521(6101' + (SgdZ)Rz . 6111,1 + (521}1, e ,51U7~ —|— (SQ'UT),
B17
(1-8 — ka2 + (em + dn2)na,g — > iey (mci + nadi) Ry - mug + ngvr, -+ 1ty + 1205,

(I+y =1+ (61 +m)engy — i (61 +m)eiRi; (61 + m)ua, -+, (01 + m1)uy),

(I+p—m —ky+ (n2 + 02)dng,g — > ;1 (N2 + 02)d; R; = (2 + 02)v1, -+, (2 + 02)v,),

(I+p —m+ (n2 + d2)dng,g — > i1 (2 + 62)di Ry = (n2 + 2)v1, -, (12 + d2)vp),

(I4y =l —ki 4+ (0 +m)engg — > iy (m +01)ciRi = (m + 0w, -+, (m +01)u,), A, A: C
L G.1)
By, B: D

under the same existence conditions and notations that (3.1) with A; = B; = C;i) = D§i) =1

4. Srivastava-Daoust polynomial

A B’ B®) (s
Hj:l(a')319/+ 4R, 9<S> Hj:l(b/‘)quﬁ; "'Hj:l (bg )>RS¢<,SJ
If B(Ry, - ,Rs) = E SIOPFe) J (4.1)
[Tj=1(e )mlw +otmapl?) H 1 (d Py = (d )Rs&('S)

-k

then the general class of multivariable polynomial Szl e [Zl, N zs] reduces in generalized Srivastava-Daoust

polynomial defined by Srivastava and Daoust [4].
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Z1
Fl"‘[l,:B/;'”(;?(S) T [(_L);Rlﬂ T RSH(G); 9/7 T (
RO () ] [(d);

4.2)

D[0); )55 [(00); 0]
s [(d9)); 600

and we have the following formula

Corollary 2 .,
b y1 (910" (92(0))"
- - 1+AB Y1) ce
/ (t— @) (b= 1)t +v) (gt + 2 EL AP

e (91 () (g2(0)™

[(L)iRy, -, Rel(a); 0, -, 0] [( D5 @5 [(0)); 6]
()’ 9 ]-[( );8]; ,[(d‘s)) 5

2 (91(8)" (g2(6)"
N, core (2 (01 (0)° (920 I o at
2 (91 ()" (g2(6))"

M oo hiRi+--hsR.<L m
=(b- a)o‘+'8_l(au+v)7(by + 2)P Z Z Z (B — A/B)l (D —-C/D) B

lamaklakQZO G=1g=0 Rl,"‘yRs:O

Zy

M,N k k
( ) QP’HQ'H("L;T (nG’g)YRl . YRSXWG’Q . (b — CL)U ! (b B a)y : 0,n+7;X
Bgg! ! s (au + v) (by + 2) PTGV .
Ly
(1_1_C77G,g - Z::l C’iRi ULyt 7u7“)7(]-_m_dnG,g - ijl d’LR’L U1, 7”7“)7

(I-eng,g — > oiq CiRi tur, -+ uy), (1-dng,g — D07  diRi v1,- -+, vp),

(1—Oé —l—m— ]Cl - (061 + d62)nG7g - Zle(5lci + (SQdZ)JRZ . 61%1 + 521]1, s ,51UT + (SQUT),
Bla

(1-8 — kg — (em + d772)77G,g - Zle(mci +mad;i) Ryt muy + 21,00, Mty + N20r),

(I+y =1 —= (61 +m)ena,g — Doy (01 +mu)eiRis (01 +mu)ug, - -+, (61 + m1)uy),
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(I4+p—m —ky — (n2 + d2)dng,g — >_;_1 (N2 + 02)d; R; = (2 + 02)v1, -+, (n2 + d2)vy),

(I+p—m— (n2 + 62)dng,g — >;_1 (N2 + 02)d; R; = (n2 + 02)v1, -+, (2 + d2)vr),

(I4y =l =k = (O +m)engg — Yooy (m 4 01)ciRi = (m +61)ur, -+, (m +01)u,), A, A: C
L (4.3)
By, B: D

(=L)n,Ry++h.rR.B(R1, -+, Ry)
Ryl R,

under the same notations and existence conditions that (3.1) with : B =

andB(Ry,--- , Ry) is defined by (4.1).

5. Conclusion

Due to general character of the multivariable I-function defined by Prathima et al. [3], the Aleph-function and the
Eulerian integral involving here, our formulae are capable to be reduced into many known and new integrals involving
the special functions of one and several variables and polynomials of one and several variables.
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