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In the present paper we evaluate a generalized multiple integrals involving the product of rhe S generalized Gauss hypergeometric function, the
multivariable Aleph-function, and general class of polynomials of several variables. The importance of the result established in this paper lies in the
fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of results merely by
specializating the parameters their in. We will study the case concerning the multivariable I-function defined by Sharma et al [2].
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1.Introduction and preliminaries.

The function Aleph of several variables is an extension the multivariable I-function recently studied by C.K. Sharma
and Ahmad [2] , itself is a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integrals occurring in this paper will be referred to as the multivariable Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
aj,j:17...,p;bj,j:1,...7q;
S =1 e (<)k>»7—nk+1 Dk
j >j:17"'>mk§d§’:()k)aj:mk+1a"'aqi(k>;
with k=1--- ,ri=1,--- ,R,i® =1,... RW®

are complex numbers , and the O/S, 15} /S, ’yls and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

Di Pi(k) qi (k)
(k) _ § : (k) § : (k) § : (k) 2 : k
Ui = T Q" — Tk z(k) +7i Bji —Ti(k) 5§i()k) <0 (1.4)
j=n+1 j=nr+1 7j=1 j=mg+1

The reals numbers 7; are positives for 2 = 1 to R, 7;(x) are positives for i*) =11 R®

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to 0 + 900 where 0 is a real number with loop , if
k k . .
necessary ensure that the poles of F(dg ) — 53( )Sk) with 7 =1 to my are separated from those of

1—%—}—2(1() ) with j =1 to n and I'(1 — (k)-l- () 1) with 5 =1 to ny to the left of the

contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where

n D,(k)
() (1 5k (k)
AP Yol 3 ol Y sl Z =T D, Vi
Jj=1 j=n+1 Jj=1 Jj=nr+1
mpg qi(k)
+3 6 = Y 650 wim k=1 =1 R, =1, RO (5
] j=mr+1

The complex numbers Z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(z1,-- 5 20) =0(|21|*, -+, |2]%) ,maz( |21, -, |2 ) = O
R(z1, - 20) = 0( ||, -zl ) cmin( [z, 20 ) = 00
wherek =1,--- |r:qp = min[Re(dg.k)/é;k))],j =1,---,myand

B = maz[Re((c]") — 1) /4N, 5 =1, m

Serie representation of Aleph-function of several variables is given by

N(yly'“ 7y7“) - Z Z 25q G1'5 G |¢(77G1,g17"' 777GT,gT)
= —0 91 : gr :
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X 91 (77@1,91) T GT(nGr,gr)yl_nGLgl T yT_nGT’gT (1.6)

Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and

: a3 + G, ; a5 + G,
G1,91 — 1 s NGrgr = Ty
o5 54
which is valid under the conditions 55? [d? + pi] # 5§i)[dgi + Gy 1.7)
forj 7é mi,m; = 17"'77Gi,gi;pi7,n’i = 07172:"' y oy Yi 7é 072 = 1: , T (1.8)

Consider the Aleph-function of s variables

Al
o O,N:My,Ny,--- ,Ms,Ng
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[(b§ ))a ﬁj( ))l,Ml]v [Li(l) (b§2(1) ) 53(121))M1+1 Q(l)] [(bg )), ﬁ]( ))17]\/15], [ ( §z<)5> ; 6;2()3) )MS+17Q,ES):|

C tr, -, ts) H¢k(tk)27;i'“ dty - --dts (1.9)

k=1

with w = /—1

N s k
[, ra —uj +zk lﬂg- i)

et = ' K (1.10)
izl Hf;NH T (uji = 35— 1” tk)H L(1—wvj +> 0, y()tk)]
k k L L
B [ T — W6 TV T = o + alPsy)
and Pk(tk) = — (1.11)

Q. k k P k k
St = a0 TLZ%0 40 T = 00 + 8% 1) TT2N, 41 T(ali, — alb si)]

Suppose , as usual , that the parameters
U]‘,jzl,"‘ ,P;’Uj,jzl,"' 7Q’
o5 =1, Nl g =i+ L P

b(k()k),j—mk‘Fl,"' ,in);bgk),j:l,'” , My
with k=1 ,s5i=1,--,r ,i® =1,... &
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are complex numbers , and the O/S, 5/8, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that

o _ P (k) Q1)
_ E : § : (k)
U 23 § ,U/ﬂ —Li(k) E Q‘ﬂ(k) +i4 Vii™ —litk) B i) < (1.12)
Jj=N+1 J=Nk+1 Jj=Mp+1
The reals numbers T; are positives forz = 1, -+ |7, ¢,(x) are positives for i(k) =1--- T(k)

The contour Ly is in the tp-p lane and run from 0 — 200 to 0 + 200 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b(k) ﬁ(k)tk) with 7 =1 to M} are separated from those of

'l —wu; + ZIJ’J )tk with 7 =1 to N and I'(1 — a(-k) + Oz(-k)tk) with 7 =1 to N to the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §Bz‘(k)7r’ where

Pik)
k k k k k
ZEE WL ST IS S AL
Jj=N+1 j=Np+1
My, (k)
+Zﬁ§k)_bi(k) Z ﬁ(z(k)>0 Wlthk;zl...,S’Z':l,...,r,i(k’)zl,...,r(k:) (1.13)
j= J=Mp+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
(21,5 25) = 0(|21]°0, -, |2l ) smaz(|2], -, [26] ) = 0
(21,5 26) = 0|21, |2l ) omin( |z, - |24 ) = 00
where, k = 1,--+ ,2:a) = min[Re(bgk)/ﬁj(.k))],j =1,--+, Myand
B, = maz[Re((@\™ — 1)/a{)],j=1,--- | N, (1.14)

We will use these following notations in this paper

U=P,Qiir'; V=>M,Ny---; Mg, N (1.15)
W= Py, Qi ti; T, Py, Qi tycors 7 (1.16)
A= {(ugn g iy v ) (1.17)
B = {ui(vji;vjis - o e} (118)

1 1 1 1 s s
C :((l§ );Oég ))1,N1 7Li(l)((lg-i()n;a;i()l))NlJrl,Pi(l)y e, (CL§ );Oz;- ))17Ns s Li(s) (CL( 2 e ( ()))N +1,P () (1.19)

1 1 1 1 s s s s
D :(b§- );5§ NVian s b (b;ign;/3;1()1))Ml+1,c2i(1), . a(b§ );3](' Dt tico (53(«,L~<)s);/3§i<)s))1\45+1,cgi(s> (1.20)
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The multivariable Aleph-function writess :

N(Zl7"' 7z8) - []:W .. (121)

The generalized polynomials defined by Srivastava [5], is given in the following manner :

[N{/M]]  [N]/M]]

/ N (—N/> ’
M, M 1) MK, t)M!K
SN’l . [yla '7yt - Z Z K't -
K1=0 K,=0 r
K K
AINT, Ky s NG Kyt ey (1.22)
Where M, -+, M| are arbitrary positive integers and the coefficients A[N7, K1;--- ; N;, K;] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(—NDmyr, (=N

p— 1 1 .« .. t Mth , Te e e * /
In the document , we note :
G(nGl,g17 e 7nGT7gT) - QS(T}Gl»gl’ U 777Gragr>01 (nthl) e QT(nGragr) (124)
where d)(nGl’gl, s 777G7.7g7.), 0, (77(;1,‘(,1 ), SN 97«(77(;,,,97,) are given respectively in (1.2) and (1.3)

2. S Generalized Gauss's hypergeometric function

The S generalized Gauss hypergeometric function F,S‘W 1) (a, b, ¢; 2) introduced and defined by Srivastava et al [5,
page 350, Eq.(1.12)] is represented in the following manner :

) & B(ayﬁﬂ'»ﬂ) (b dn,c— b) on

(0,57, 1) C ) 2 : P ) z
£ (a,b,¢52)= nzo(a)" B(b,c—b) !
provided that (Re(p) > 0, minRe(c, 8,7, 1) > 0; Re(c) > Re(b) > 0)

(J2] < 1) (2.1

where the S generalized Beta function B]S“’ﬁ 1) (2, ) was introduced and defined by Srivastava et al [6, page 350,
Eq( 1.13)]

1
Bz()a,ﬁ;fr,,u)(x’y) _ /] tm71(1 — 1)y 1 (a B; Tpt)>dt (2.2)

provided that (Re(p) > 0, minRe(x,y, «, 8) > 0; Min{Re(7), Re(u} > 0)

3. Required integral
We have the following multiple integrals transformation, see Marichev et al. ([1], 33.4 13 page 592).
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letar = a121 + -+ + aptn

/ / 1=z — - —mzp)ot wa—ldxl coda, = (o)l (1) - I'(vn) b Vo

(az + b)H sl F'(vy+---4+v, —p)T(p)

1 n
x/ o7 (14 b)) ™Yo H 1+b+ax) " de (3.1
0

=1
where 1 + -+ +x, < 1,0 > 0,v9,p,a; >0,0; >0,2=1,--- ;njug+vy+--4+v, >pn

4. Main integral

W X oy have the foll formul
e note =V .~ ,We ave the followin ormula
V1, Un L (aaH—b)# g
Theorem
X n
Y1 ’7§1)77’7£ )7’71
ViX_ 1) ()

Yt Tt Ve Tt

ZlXagl),magn) Zanil)” (n)

) . s 1 n
N o ROV mosm (1—2y— - —xy)¥0 vi—1
ww o U-w M (CL_.CC 4 b)'u’ Z;
ZrXaﬁl) o™ oy ZSXngl) ™ ng =1
0 mi M [N /M [Ne/M]] o (. Bim1)
N By (b+n,e—b)
dzy - --dx, = E E . E Z e Z Z (a)p Bl e b)’ I(vo)
Gi,,Gr=0 g1=0 gr=0 K1=0 K;=0 n’=0 ’
(_)G1+..‘+GT yn/ e n K
G a G a 2 1G1:91 ZGT‘M' K1, t
(SglG ' . 5gTG7‘! (77 1,919 3 Tl r,!]r) n/! 1 r yl yt
n
Zy .
” " (14btaz)™
1 xn/£+z§:1 Kj’}/j—l—zj:l ,r)Gj’gj Ozj—l 0 N+nv 1 k3
n nEAY Ky D4 na; g0l Un2iW o
0 (1 + bx>—vo H1',:1(1 + b+ aix) j=1Kij j=1 195 %5 7 e

s ®
[T}, (T+btaiz)s

[1_(Ui+n/£i+22:1 (Z)+Z] 1MGi,g: & ())777()7 7779) 7A:C

1,n

o dz @.1)
(L= '€ = 325y Kjj = X1 1G,.g; 063, 1), By, B D
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where Up 0 = P; +n;Q; + 254537

where:B1 = {_Z ’UZ+’I'L€Z+ZK] +ZT/G]793 () +
=1
t T
1

pA e+ S K+ a0 i ™ e D ™ =} @)

j=1 j=1
Provided that
aymin{&, v\, 0 gD} > 0, =1, n =1 k=1, ol =1, s

b)min{é-?ryj?ak?nl?} >07j:17 7t7k:17'” 77n7l:17"' ) S

r (7) s (7)
e @) i di @) i b~ =1 ...
) RC(UZ +n 'Sl) + Zlaj 1<I£gvlnj Re (6(3)> + 1 n; 15?%%3_ ( - ) >0, ) y TV
j= =

(7)
k Jj= ﬁkj
3 ~ 0 "\ <~ by’
] e { Y (@ . Yk
d) Z Re(v; +n'&;) + Za] 1<I£1£}nj Re 500 + ‘ ; 1513% 5(j) +1>
i=1 Jj=1 k 7j=1 k
r (J) s b}(j)
/ . 3 —
> Belptn'€) + 3oy, i 5@) Z "\ 5@ ) 70
1
d) largzi| < §A§k)7r, where Aq(;k) is defined by (1.5) ;i = 1,--- ,r
1
e) |largZi| < §Bi(k)7r, where Bi(k) is defined by (1.13);2 =1,--- ,s
f)ao,/t,ai,bi,'l)i > Oal = 17 y 1

g) The series occurring on the right-hand side of (4.1) is absolutely and uniformly convergent.
h) (Re(p) = 0, minRe(c, 8,7, u) > 0; Re(c) > Re(b) > 0)

The quantities U, V,W, A, B,C and D are defined by the equations (1.15) to (1;20)

Proof of (4.1) : Let M{} -

// 7 C by ts) H¢k(tk){} . We have :
k=1

X 721X n
M/ M/ yl 7%1)7 7'7%”)’71 0 n: 1 Oégl)a"'a§ )7a1
SP3T, . 17 M v
FISOZ ﬁ T“)((J,’b,c, yX§17“'7EYL;§) SNla"' aNt e . N’ll w0 e .
X n
YERA D ™ 2 X D). o
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0,N:V 21 g™ m [N1/Mi] - [Ne/M]
Ry o SIS Z Yo X
Z:X 1y () g1=0 gr=0 Gq,-,G K1=0
MNs ~ = Ms yMs
: Gi4-+G, !
0 (a) B;OL,BU'JL) (b + n/’ c— b) (_) 1+t G(TIG o nG ) 1£27]G1,g1 . Z”Gr,gy,yKl . th
’ THyIT T
P n B(b,c—b) 591G1!"'59rGr! 1,917 ) g n'! 1 1 t
t x T
J n’ NGj.94 ti ...
jl;[l X"/]<~1)a”' ;’Y](-,L),’Yj Xf(l), 1§(n) 5J1_[1X0‘J('1)a"' ,a;'l>,a H Z X (1) . ’n;n)mj dtl dts (42)
(]_ — T — UO_
Multiplying both sides of (4.3) by (a:(: T b H T " and integrating with respect to 1, , s

verifying the conditions f), changing the order of integrations and summatlons (which is easily seen to be justified due
to the absolute convergence of the integrals and the summations involved in the process), we obtain :

) My M, [Ni/M{] [N} /M) ( )G1_|_ 4G,
Z Z Z Z Z J G (5 G ! (776'1,917"' anGmgr)ZRal
Gryo Gr=091=0  g,=0 K;=0 K, U

o (@, Bs7, 1)
By (b+n',c—0) ”G1791 77Gr,gr Kl
2 (@ Blhe— L s Xf“ *E"H Xy AP

Jj=1

(l—xl—-.._x)vo_l n 1_1
/|H (1) 0 M H Z X<1> o dtl"'dts} n Hfﬂy

= CEOT
dzq---dx, (4.3)
Change the order of the (z1, - - - ,z,)-integrals and (¢1, - - - , ¢s)-integrals ,we get :
00 M M, [N{/Mi] [Ng/M{] _ ’
SO Y Y Y S, B e o R
B(b,c—b ... I/t
Gi,,Gr=0g1=0  gr.=0 K;=0 K,—0 n'=0 (b;c =) 0g,G1 04, Grln

5
R _NGq, NGr,gr K K t;
F(UO)G(T]GLQU'” 777Gr,gr)z 2 b Tt 2y . Ui ! Y t M HZJJ / /
i=1 x12>0 T

n

, — — e — vo—1
I’nlgiJrE;:l KJW§1)+E;:1 NGj.9; J +Z7 1 tin; ) v -1 (1 1 - xn)

I | —

i1 (di 4 b)P ™ 2= Km0 60594
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daq - daxy | dég -~ - dis } (4.4)

Now, we transform the inner (z1,--- ,,)-integrals by using the equation (3.1) and interpreting the result thus
obtained in the Mellin-barnes contour integrals (1.9), we arrive at the desired result.

5. Multivariable I-function

If Li, Lj1), - -+ 4 Lis) — 1, the Aleph-function of several variables reduces in the I-function of several variables. The
multiple integrals transformation have been derived in this section for multivariable I-functions defined by Sharma et
Ahmad [2].

Corollary
X n
M/ . M/ yl 7%1)>"'7’7§ )7'71
F(“'BT“)(abchE1 €) SN, v N, C.
X n
Yt Vgl),’}/ff )7’Yt
X ) o 21X ) 1 n
NOR:0 R R A e (1w — e — ) IE
T ux T zx (az + b)" el
r ag'l)“'a'g'n>7a7‘ s ngl)"‘ngn>7ns =
M [Ny /M) [Ne/M]] oo (o, B57,14) /
B R (b4 n! e —b)
ndn= Y 3N e
1 n Z Z B(b,C—b) ( 0)
1’... T_O ql_ qT—O Kq1=0 =0 n'=0
(=)GrttGr " e NGy, K K
29 T 9r
5 Gl""(s G,G(nGl,gu'”WGr,gr) |Z1 . 1“'27" gylln'ytt
g1 : gr T

x
Z (¥)
T (14b+a;z)M

’ t . ) s Pp—
" 251 K+ NG5 1 0,N+n:V
(z') Up,2:W

1
/0 (1 +ba)=v0 [T (14 b+ aga)™ 655 K0+ ma, 0,0

zs
Zs n (@)
T (I+b+ax)s

|:1_(U1+n/§1+z_§=1 (Z)+Zj 1?7 i,9: & ()) UY);" ’ngz) 7A:C

1,n

o dx (5.1)
(1-p —n'€ - Z§:1 Ky — 25:1 NGj,g; %51 11s), B1, B+ D

under the same conditions and notations that (4.1) with ¢;, £;(1), **+ 5 L — 1

Remarks :
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If s= 2, we obtain the similar relation with the Aleph-function of two variables defined by Sharma [4]
If s= 2 and ¢, L;, L;/ — 1, the multivariable Aleph-function reduces to the I-function of two variables defined by
Sharma and Mishra [3].

6. Conclusion

In this paper we have evaluated multiple integrals transformation involving the multivariable Aleph-functions, class of
polynomials of several variables and S generalized Gauss's hypergeometric function. The integral established in this
paper is of very general nature as it contains multivariable Aleph-function, which is a general function of several
variables studied so far. Thus, the integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special functions of one and several variables
can be obtained.
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