International Journal of Mathematics Trends and Technology (IJMTT) - Volume 54 Number 3- February 2018

Multiple integrals transformation about the generalized incomplete hypergeometric

function,a general class of polynomials and the multivariable Aleph-functions

FY. AYANT?!

1 Teacher in High School , France

ABSTRACT

In the present paper we evaluate a generalized multiple integrals transformation involving the product of rhe generalized incomplete hypergeometric
function, the multivariable Aleph-functions, and general class of polynomials of several variables. The importance of the result established in this
paper lies in the fact they involve the Aleph-function of several variables which is sufficiently general in nature and capable to yielding a large of
results merely by specializating the parameters their in.. We shall the case concerning the multivariable I-function defined by Sharma and Sharma [2].
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1.Introduction and preliminaries.

The function Aleph of several variables is an extension the multivariable I-function recently studied by C.K. Sharma
and Ahmad [6] , itself is a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occurring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
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aj,j=1,- pibjj=1-- ¢
(k)]_l cy TS c(k()k)7.7_nk+1 C L Dik) s
d(k)J—l "mk;dg‘l,j()k)aj:mk_l_la"'aqi(k);
with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S, I} /8, ’y/s and 0’ s are assumed to be positive real numbers for standardization
purpose such that

Pq P;(k) q;(k)
k k) k
Ui( )= 4, E 04;1- ) E A z<k> +7; E 5 —T; (k) E 6§i()k:) <0 (1.3)
j=n+1 j=nk+1 Jj=1 Jj=mp+1

The reals numbers 7; are positives for 2 = 1 to 2, T;(x) are positives for i*) =11 R®

The contour Ly, is in the Sg-p lane and run from 0 — 200 to 0 + 100 where 0 is a real number with loop , if
k k . .
necessary ,ensure that the poles of F(dS- ) — 51(' )Sk) with 7 =1 to my are separated from those of
T

I'l—aj; + Zagk)sk) with 7 =1 to n and I'(1 — Cg- ) —1—”}/;- )Sk.) with j = 1 to Ny to the left of the
=1

contour Lz . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
|argzk| < §A§k)7'r , Where

n Pi(k)
k k k k k
T P YL I oS S LRyl )
j=1 j=n+1 j=1 Jj=ng+1
q,(k)
+25()_T(k) Z 6;5()k)>0’ Withk:l"'7T,i:17"'aR,i(k):la"'aR(k) (1.4)
Jj=mp+1

The complex numbers Z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(zlv"' ’ZT):O( "Zl'ala"' 7‘Zrlar)’maw( |21‘,~~- 7‘27“‘ ) — 0
N(Zla"' ,ZT)ZO( |21|617"' 7|Z7"|ﬁr)’min(|21’7"' ’ |ZT|)_> oo
Wherek — 1, ,T:O[]g — mln[Re(dSk)/éj(k))],] — 1, ’mk and

B = max[Re((c)” = 1)/7))]j = 1.+ my

Series representation of Aleph-function of several variables is given by

G1+ +G,

N(yla' o 7y7‘) = Z Z 25 Gl '69 Gr' ¢(77G1,g17‘ o 777GT,gr)

Gi1,,Gr=0g1=0
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X 91 (77@1,91) T GT(nGr,gr)yl_nGLgl T yT_nGT’gT (1.5)

Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and

: a3 + G, ; a5 + G,
G1,91 — 1 s NGrgr = Ty
o5 54
which is valid under the conditions 55? [d? + pi] # 5§i)[dgi + Gy (1.6)
forj 7é mi,m; = 17"'77Gi,gi;pi7,n’i = 07172:"' y oy Yi 7é 072 = 1: , T 1.7)

Consider the Aleph-function of s variables
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Suppose , as usual , that the parameters

U],J: 17 7P,Uj)j: 1, an
k) . k .

CL; )a.] = 17 7Nk;a‘§~i()k)7] :nk+17 7P7;(k);
k . k) .

b( ()k)7.7 _mk+17 :Qi(k);bg‘ )7.7 = 17 7Mk,

with k:l ,S;izl,“' ’r/’i(k):17... 7r(k)
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are complex numbers , and the O/S, 5/8, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that

P Q, k)
(k) _ k k
U = b Z ’uﬂ —li( Z Oé;z()k) +t; Z'U —Li(k) Z /Bj(’L()k> X (1.11)
j=N+1 Jj=Nj+1 Jj=Mi+1
The reals numbers T; are positives forz = 1, -+ |7, ¢,(x) are positives for i(k) =1--- T(k)

The contour Ly is in the tp-p lane and run from 0 — 200 to 0 + 200 where 0 is a real number with loop , if
necessary ,ensure that the poles of F(b(k) ﬁ(k)tk) with 7 =1 to M} are separated from those of

'l —wu; + ZIJ’J )tk with 7 =1 to N and I'(1 — a(-k) + Oz(-k)tk) with 7 =1 to N to the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §Bz‘(k)7r’ where

Pik)
k k k k k
ZEE WL ST IS S AL
Jj=N+1 j=Np+1
My, (k)
+Zﬁ§k)_bi(k) Z ﬁ(z(k)>0 Wlthk;zl...,S’Z':l,...,r,i(k’)zl,...,r(k:) (1.12)
j= J=Mp+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

Rz, 26) = 0([21]™, - 4|20 ) vmaz( |z, -+ [z, ) = O

R(z1, o, z5) = 0(|2af ™, [z ) smin( |z, - [25] ) = 00

where, k = 1,--+ ,2:a) = min[Re(b(k)/ﬁ(.k))] =1, -+, Mjand
> ’ s~ g j »J ’ ’ k

B, = maz[Re((a}” —1)/af)],j =1,--- Ny (113)

We will use these following notations in this paper

U= Pi,Qi,vi;r'; V.= My, Ny;--- s Mg, Ny (1.14)
W= Py, Qi tis T, Py, Qi ticors 7 (1.15)
A = {(uy; p; (. 7/@ Nt {LZ(UJ’LMU’]Z yor 7#51))N+1,Pi} (1.16)
B :{Li(vji;vj(‘;‘l)a e 7U§f))M+1,Qi} (1.17)

(1), (1) n . @ N (s) . (s)
C =(a; 505 )1,y 5 4 (@005 00300 )N+, Pay o (055057 1N, 5 L (05003 Qi) )NG4+, P ) (118)

1 1 1 1 s s s s
D :<b§ )’ 55 ))171\’{1 ) Li<1) (bgl()l) 7 /B‘Ei()l))Mlﬁ'LQi(U? e ?(b‘g )) B]( ))17]\/[S ) Li(s) (5§l<)5) 7 /8.7('1'()5))M3+1,Qi(3) (]-]-9)
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The multivariable Aleph-function writes :

N(z1, -+ ,25) = Npowr e (1.20)

The generalized polynomials defined by Srivastava [5], is given in the following manner :

[N{/M]]  [N]/M]]

/ N (—N/> ’
M, M 1) MK, t)M!K
SN’l . [yla '7yt - Z Z K't -
K1=0 K,=0 r
K K
AINT, Ky s NG Kyt ey (1.21)
Where M, -+, M| are arbitrary positive integers and the coefficients A[N7, K1;--- ; N;, K;] are arbitrary
constants, real or complex. In the present paper, we use the following notation
(—NDmyr, (=N

p— 1 1 .« .. t Mth , Te e e * /
In the document , we note :
G(nGl,g17 e 7nGT7gT) - QS(T}Gl»gl’ U 777Gragr>01 (nthl) e QT(nGragr) (123)
where d)(nGl’gl, s 777G7.7g7.), 0, (77(;1,‘(,1 ), SN 97«(77(;,,,97,) are given respectively in (1.2) and (1.3)

2. Generalized incomplete hypergeometric function.

The generalized incomplete hypergeometric function introduced by Srivastava et al [6 page 675, Eq.(4.1) is represented
in the following manner.

(C1;0)7 (62>7 T (ep)

M e 2 | =2 (el;f f)f;iez : 7(~f-q->iep)n z 1)
(fl)v"' 7(f¢1) =0

where the incomplete Pochhammer symbols are defined as follows :

(a;0), = W (a,meC;z=0) (2.2)
(s, x) = /z t>"le7tdt  (Re(s) > 0,2 >0) (2.3)
0

3.Required formul.a

We have the following multiple integrals transformation, see Marichev et al. ([1], 33.4 16 page 590).
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n
/ .. / 6_p(g;1+...+l.n) H x;}i_ldxl . dajn _ F (U]_) oo F (Un) x
120 2z, >0 iy F(Ul 4+ ... +Un)

1
/ T Y- 3.1)
0

where 1 + -+ -+, < 1, Re(p) > 0,v; > 0,i=1,---,n

4. Main integral

(e1;0)n(e2)n - (ep)n

(fl)n e (fq)n

v v
We note le,m,vn :~T11 c " and A =

we have the following formula

Theorem
) X ,
(e1:0), (e2), -, (ep) T R Lo U e
T — T B
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80l el X0 g n [N{/M{] [Ny /M]]
O,n: 0,N:V o
Nu:wv P N(]!W .. Hxiz dl’1dxn: Z Z
ZrXail),..ai‘n) Zangl)...nng) i=1 Ki=0 Km0
o0 oo Ml M’r (—)G1++G'r An/ zn’ . N
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1 n
anﬁ Y™
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n > t o (2) r (4)y__ .
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7, 2+

1= 0’6+ Sy Ko 4+ e gol it 0] B D

o Lin dz (4.1)
Bl, C:D
n t ) T )
where : B1 = {I—Z v¢+n’§i+ZKj’y](-Z)-1-277(;].79].045-2) ;77§1)+"‘+77§n)7
i=1 Jj=1 J=1
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’ gl) W ng”) } 4.2)
Provided that
a)min{gl,vl,yj(z) al(; M, @ 3 >0i=1,--- nj=1,--- t,k=1,--- ,rl=1--- s
0 a; 0 b’
. ¢ 2 i _k =1
b) Re(v; +n'E;) + zzlozj Jin Re (J) Z  Jnin B,E:j) >0,i=1,---,n
j=

1
o) |argzi| < §A§k)ﬂ', where A,Ek) is defined by (1.5);2 =1, ,r

1
o |argZi| < EBi(k)ﬂ-’ where ng) is defined by (1.13);2 =1,--- ,s

d) The series occurring on the right-hand side of (4.1) is absolutely and uniformly convergent.

The quantities U, V, W, A, B, C and D are defined by the equations (1.14) to (1;19) respectively.

Proofof(4.1):LetM{} = (27T1w)8 /, C(tly'“ 7t5) H¢k(tk){} . We have :

’
S

(e150),(e2), -+, (€p) , , le’ﬁl),--- 7
X SMD... M/
pla <o s YArer 6 Ny, ,N: S
£), - X .
( 1)? ) (fQ) Yt T CATTI L
21X (0 o o X, o m m,. o0
NO;n:v ! NO,NV ! , — § E E
wuiw U:wW -
Zr X 1) () o ZSX?]S) ) g1=0 g9r=0 G1,-,G»=0
[N /M) [Ne/M;] oo ( )G1+"'+Gr yn/ -
Z Z Z A’ﬂ/ 5 G ' G(nG1,g17 e 777Gr79r) ai /|Z1G1 RER ”Gr gryl Yy tA'”l
Ki=0 =0 n/=0
t
t; ot
H e Xy 5<R)HX A H 27X e | Aty ds (4.2)

- ot Ty i—1 . . .
Mu]tlp]ylng both sides of (43) by f(t) e p(x1t-tan) H x;u and integrating with respect to *1, " ,Ts
=1
verifying the conditions e), changing the order of integrations and summations (which is easily seen to be justified due
to the absolute convergence of the integrals and the summations involved in the process), we obtain :

[Ni/M{]  [N{/M{] )Gt Gy A

Z Z E: > D § G(1G1,g1" "+ 571G, g,) 01—
. | 1,917 ) rdr ]
17"' G,-=0g1=0 g-=0 K1=0 K:;=0 n’ 691G1 697‘GT' n'!

ISSN: 2231-5373 http://www.ijmttjournal.org Page 199



SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 54 Number 3- February 2018


SSRG
Text Box
ISSN: 2231-5373                             http://www.ijmttjournal.org                              Page 199
   


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 54 Number 3- February 2018

NG1,91 | NGr.gr , K1 Ky . 1Gj.9;
Z1 " Zr Y1 Y . H X' LD NS X&,‘ ,anX <1J>,.<J< af"
r1z

$n>07 1 K 7j=1

S n
11 ZyX ' o | dbr 'dts}f(t) emPlort o) TT vt day -+ - day, 4.3)
j:]- 7 J Z:1
Change the order of the (z1,- - , z,)-integrals and (¢y, - - - , t)-integrals ,we get :
00 My M, [Ni/M{] [N} /M{] o G4t G n'
(_) " ~ An’z
3 T D i e TR e
G1,-,Gr=0g1=0 gr-=0 K;,=0 K;=0 n’=0 g1V1: gr T ).

S
NGy, NGr,gr , K K t; — n
e oner  Ki L Ke szj/ / F(t) Pt
j=1 120 Ty 20

n
’ t (i) E (i) s (4)
[ S Ko 4o,y S g day, dtlmdts} (4.4)
i=1
Now, we transform the inner (z1,--- ,,)-integrals by using the equation (3.1) and interpreting the result thus

obtained with the Mellin-barnes contour integrals (1.8), we arrive at the desired result.

5. Multivariable I-function

If Li, Lj1), - -+ 4 Lis) — 1, the Aleph-function of several variables reduces in the I-function of several variables. The
multiple integrals have been derived in this section about the multivariable I-functions defined by Sharma and Ahmad

[2].

Corollary
. X n
e1;0),(e2), -+, (ep) N V1A, Q) )
, ) 10 —p(z1+-+,
/ e / Yq e ; ZX&M... o€ ;SV]V1 Nt P € 1
! >0 (f1) (fq) yieX oo
21X, ) 21X, @) [N{/M{]  [N{/M{]
N0, mew o I,‘};%V C foi_ld:cl---dxn: E E
ZTXaﬂl)n-a(r”) ZSXn§1>~~-n§") i=1 K1=0 K,=0
o0 o0 —)Grt+Gr n’
> > E E G(G1,g:+ MG )al—A”’Z B
5 Gl 5 G ' 1,919 rgr n!! 1 r
n'=0 G, ,Gr=091=0  g,=0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 200



SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 54 Number 3- February 2018


SSRG
Text Box
ISSN: 2231-5373                             http://www.ijmttjournal.org                              Page 200
   


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 54 Number 3- February 2018

1 n
Ty +ns

1 ) )
n e t (1) ™ (4) _ .
y{ﬁ . yth/ xzz‘:1(n St Koy 42 i maj.e505) 1e—p$ I%an+nV
0 W

7, 2+

[1 - (U’i + nlgi + Z;’Zl KlﬁYJ(Z) + 2521 UGi,gia§Z)); 7751)7 e 777£Z) 1 7B : D
i dz (5.1)

Bl, C : D
under the same existence conditions and notations that (4.1) with t;, L;1), * =+, Lis)— 1

Remarks :

If s= 2, we obtain the similar relation with the Aleph-function of two variables defined by Sharma [4].
If s= 2 and ¢4, L;, L;/ — 1, the multivariable Aleph-function reduces to the I-function of two variables defined by
Sharma and Mishra [3].

6. Conclusion

In this paper we have evaluated multiple integrals transformation involving the multivariable Aleph-functions, class of
polynomials of several variables and generalized incomplete hypergeometric function. This relation established in this
paper is of very general nature as it contains multivariable Aleph-function, which is a general function of several
variables studied so far. Thus, the integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special functions of one and several variables
can be obtained.
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