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Abstract—Uncertainty can be expressed by fuzzy numbers. Some fuzzy numbers are triangular and trapezoidal.
Although it is easy to perform calculations on them, they are not flexible enough to show the uncertainty. Bell
shape fuzzy numbers are very flexible. However, it is very difficult to conduct arithmetic operations on them. In
this paper, a new bell shape fuzzy number has been developed. The new fuzzy number looks like a bell. Then,
arithmetic operations have been defined for the new fuzzy number. Also, it has been proven that the ranking of
the new fuzzy number can be done successfully. The above mentioned operationsand the ranking method of the
new fuzzy number have been described by some examples. The new fuzzy number is more flexible compared to
triangularand trapezoidal ones. Also, arithmetic calculation ofthe new fuzzy number is much simpler thanthat
of a bell shape fuzzy number.
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. INTRODUCTION

Before the advent of fuzzy set theory, researches used the random variables to describe the uncertainty. It is
obvious that it is difficult to perform arithmetic operations on random variables. In addition, random variables
cannot describe the all cases of uncertainty completely. So, Zade in 1965 introduced promising new horizons to
different scientific areas. Fuzzy theory, with presuming imprecision in deciding parameters and utilizing mental
models of experts, is a useful approach to adapt scheduling models into reality [1]. (it’s ok but read it again.)

In recent decades, trapezoidal fuzzy numbers have been used for describing uncertain parameters in
engineering systems. In special cases, these numbers can be transformed to triangular fuzzy numbers. Although
summation and subtraction can be performed on both numbers easily, they aren’t flexible enough to describe the
uncertain parameters. However, some researchers have used the trapezoidal fuzzy numbers to describe activity
durations in GERT-type Networks [2], [3] and Metagraphs [4], [5], [6], and [7].Although bell shape fuzzy
numbers are very flexible, performing summation and subtraction onthese numbers is challenging.

Therefore, in this paper, a new fuzzy number have been developed which is very similar to bell shape fuzzy
number. The new fuzzy number is called new bell shape fuzzy number (NBSFN). In addition to being a flexible
fuzzy number in describing the uncertainty, performing summation and subtraction on this number is much
easier due to the way it is defined. Also, a method has been introduced for ranking the numbers. The above
mentioned topics have been clarified more, through some examples.

Il. ANEW BELL SHAPE FUZZY NUMBER

The trapezoidal and triangular fuzzy numbers have been defined in reference [8].

Among the various types of fuzzy numbers, triangular and trapezoidal fuzzy numbers are the most important
ones. They are especially useful in solving possibility mathematical programming problems.

The triangular fuzzy numbers can be denoted as X=(x, a, B) and Y=(y,r,0), where x and y are the central
values(u, (x) = 1 and u,(y) = 1), o and r are the left spreads,and p and & are the right spreads (see figure 1).

Similarly, the trapezoidal fuzzy numbers can be denotedasX = (T, xJ%, a, 8).

H(x)

0 X-&¢ X X+p£ x; —a  xy x: x2+ 0

Fig. 1The triangular and trapezoidal fuzzy numbers
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The newly proposed fuzzy number is similar to bell shape fuzzy number. The membership function of the
new fuzzy number has eight parameters. a, b, c, d, e, f, g and h which show the parameters of the new fuzzy

number suchthatuz(a) = uz(h) = 0 and uz(d) = pz(e) =1.
Membership function of NBSFN is as follows:

0 x<a
b—a
(= ) (u()) + (c = ) (u;(b) b<x<c
c—b
d -0 (us() + & -0
2 c<x<d @
=11 dsxs=e
(x—e)(ll;(i)z’+(f_x) e<x<f
O = Nus(@) + (g — 0 (ua(P) f<x<g
g-—f
(“ﬁ(i))_# g<x<h
0 x=>h

The shape of NBSFN has been shown in fig.2.

g ()
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1
(e, peaCcd) (F. naCrd)
b, puz(b)
( A J (g.1alag))
A H
- X

(0] a b c o e r a h
Fig. 2 The general figure of the new bell shape fuzzy number

Itis obviousthat0 <a <b<c<d<e<f<g<h. )

There are some conditions related to membership function:

”A(b) -0 < ”Z{(C)_”Z{(b)

. b-a c-b (€))
For points A, B, C and D:
1—/,(_2{(6) < ug(c)—ul(b)
d-c — c-b
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Il;[(f) -1 > Mg(g)_ﬂg(f)

. f-e T g-f
For points E, F, G and H: 4)
O—ug(g) > ug(g)—u;{(f)
h-g = g-f

I b—-a c-b d-c
If | and
l,ul(f)—l _ uA(g)—yA(f) _ 0_#A(Q)J
f-e 9-f _h-g +
that trapezoidal fuzzy number is a special case of NBSFN.

[u;‘(b)—o _ ug(c)—u‘q(b) _ 1—;4;((1:)-'
| then NBSFN is transformed to a trapezoidal fuzzy number. It is evident

The above mentioned inequalities make the shape of NBSFN similar to a bell.
For showing(x, ug(x)), a matrix with 2 rows and 8 columns was used which is described as follows:

. (a b c d e f g h
A= < 0 pz®  wzl0d g 1w wale o ) )

. ARITHMETIC OPERATIONS ON THE NEW BELL SHAPE FUZZY NUMBER
Supposethat A and B are two bell shape fuzzy numbers:

= (a1 a, az a, as Qe a; as)
N0 pgla) pglay) 11 pala)  pga) 0

B'=<b1 b, b b, bs be b, bs)
0 wuglby) pplby) 1 1 uglbe) ;) o0

Then sum of the two new bell shape fuzzy numbers can be computed as follows:
APB =
(‘11 +b, a, +b, a; + by a, +b, as + bs ag + bg a; +b, ag +b8) 6
0 'max{us(ay),us (b;)Y max{u,as), us (b)Y 1’ 1 max{us(ae), ps(be) ¥ max{p (a),uz (b)Y 0 ( )

A subtraction operator is defined for the two positive trapezoidal fuzzy numbers such that the subtraction of
them is a positive trapezoidal fuzzy number [1].

By generalizing this operator to the new bell shape fuzzy numbers, subtraction of two NBSFNs will be a
positive bell shape fuzzy number as follows:

s o+ _A_ (€ C2 C3 Cy Cs Ce Cy Cg
B-d=0=(0 Ll mly 10T med ml) o) )
cg = max (0 ,min(bg — ag)), uclcg) = min(u(ag), uglbg)) = 0
¢, = max (0 ,min(cg, (b, — a))), uc(c,) = min(uz(a,), ugb,))
—prlcy)
Ifcy = max (0, min(c,, (bs — ag))), ueslcg) = min(ug(as),ug(bé))can satisfy this inequality (% >
peler)=kgleq) : : _ o
T) then c,is acceptable. Otherwise c, should be computed as follows:
(cg — C7)(#C“(Ce)) - Cs(#f(c7))
Ce =
—pele,)
(cg)—
Ifc; = max (0, min (cq, (bs — as))), ueles) = min(uz(ag), uz(bs)) can satisfy this inequality (""‘;C—Gcl >
6~ C5

(c)—pxlcg)
M) then c<is acceptable. Otherwise cg should be computed as follows:

(c; —ce) — 67(#6‘(66)) + Ce(/lé(c7))
peles) = ueles)

€7—Ce

Cg =

¢, = max(0 ,min(cq, (b, — a,))), uelc,) = min(us(a,), usb,))
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¢z = max (0 ,min(c,, (b3 — a3))), uclc;) = min(ug(a3),y§(b3))

—ux(cg)
Ifc, = max (0,min(cs, (b, — a,))), uslcy) = min(uz(ay), ug(b,))can satisfy this inequality (1 fels <

C4—C3
up(ca)—pples)

) then c,is acceptable. Otherwise c, should be computed as follows:

(e, — c)(ue(ey) — e (ueles)) + ¢4
1 —pelcy)

c3—Cy

Cy =

(c3)
Ifc, = max (0, min(c,, (b; — a;))), peley) = min(yg(al),ug(bl)) = 0 can satisfy this inequality (M <

(e)—prles) e
c3/)— c
M) then c,is acceptable. Otherwise ¢, should be computed as follows:

_ (Cz)(ﬂc‘(%)) —C3 (ﬂc(cz))
e peles) = peley)

€3—C2

3.1 Example A.
= (5 10 13 17 21 25 29 33)
0 03 08 1 1 0.8 0.2 0
5= (7 11 14 17 22 27 30 35)
O at o 34 4937 502'3 59 63
‘}@?—fo 03 08 1 1 08 03 0)
B-A=¢C
cg = max(0 ,min(35 — 33)) = 2 , uelcg) = min(0,0) =0
c; = max(0,min(2,(30 —29))) = 1 , tele;) = min(0.3,0.2) =0.2
cg = max(0,min(1,(27 — 25))) = 1 , teleg) = min(0.7,0.8) = 0.7
cs = max(0,min(1,(22 - 21))) =1 ueles) =min(1,1) =1
c, = max(0,min(1,(17 — 17))) = 0 cuele) =min(1,1) =1
c; = max(0,min(0,(14 — 13))) = 0 , te(ey) = min(0.7,0.8) = 0.7
¢, = max(0,min(0, (11 — 10))) = 0 , teley) = min(0.3,0.2) =0.2
c; =max(0,min(0,(7-5))) =0 , uelc) =min(0,0) =0
= (0 0 0 0 1 1 1 2)
0 02 07 1 1 07 02 0

IV. RANKING METHOD FOR THE NBSFNS

Ranking methods of fuzzy numbers can be used for comparing thetwo NBSFNSs. Like this method [9].

Now, Chen-Lu method is described:

For a fuzzy number A, the a-cuts (level sets)A, = {x € R |u,(x) = a}, a€ [0,1], are convexsubsets of R. the
lower and upper limits of the K a-cut for the fuzzy number A are defined as:

Lig = inflx uy(®) = a}, x €R

ik = suplx () = a,}, x €R

Where [;, and r; ,are left and right spreads, respectively. While two fuzzy numbers A; and4; are compared,
fig.3 illustrates their corresponding left and right spreads at a,, level.

1 “‘ A
0.5 —
a, ) e e
o : E.
Ly re Ly 5 Tk Tk

Fig. 3The left and right spreads of fuzzy numbers A; and 4; .

The left (right) dominance Difj(Di‘fj) of A; over 4; is defined as the average difference of the left (right)
spreads atsome a-levels. They are formulated as:
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.L. = —-—
L n+1

R _
Di'j_n+1

{o,1, ...

;cl=o(li,k -

n
Z (ri,k -
k=0

Where n+1 a-cuts are used to calculate the dominance. Let a, denotethe K a-level, and a;, =

Lix)

©)

©)

,n}. Therefore, the distance between each two adjacent a-level is equal; a,

_1
T -1 =

L=
n
k> 1.

The total dominance of A; over 4; with the index of optimism § € [0,1] can be defined as the convex
combination of Dj;and Dby

D, ;(B) = ,BDR + (1 —ﬁ)D

=B

oy

k=0

1
Tn+1

n+12(71k

lk

N+ -p

+ @ —ﬁ)z Lk]

k=0

(D 1fD; ;(B) >0, then 4; > 4;;
(2 1f D, ;(B) = 0,thenA; = A;;and
(3) 1D, ;(B) <0, thenA; < 4;;

4.1 Example B.

Fig.4 illustrates two new bell shape fuzzy numbers,

n+ 1 Z(ltk ],k)]
kA=Y z],k]}
k=0

The above equation |nd|cates that the total dominance is actually a comparison function.
A decision maker can rank a pair of fuzzy numbers, 4; and

A;, using D; ;(B) , based on the following rules:

A= (5 10 13 17 21 25 29 33)
0 03 0.8 1 1 0.8 0.2 0
5= (7 11 14 17 22 27 30 35)
0 0.2 0.8 1 1 0.7 0.3 0
Equation (10) with § = 0.5and n=4 was used
A % ~* B
1 \ \\
/ N
% N,
/ AN
/] \
/ \\\
/ A
A VAN
//// \\\
[N
Fig. 4 Graph of fuzzy numbers A andB
Table 1. The upper and lower limit of K" a-cut for fuzzy numbers 4 and B
a 0 0.25 0.5 0.75 1
Lyy 5 9.2 11.2 12.7 17
Ry 33 28.7 27 25.3 21
Lp x 7 11.2 125 13.75 17
Rpy 35 30.8 28.5 26.2 22
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n

1
DAL,B = n+—12(lA,k - lB,k)

k=0

(6-7)+09.2-11.2) + (11.2 - 12.5) + (12.7 - 13.75) + (17 — 17)) = —1.37

yl| =

n

1
Dip = H—lzm,k ~ o)

k=0

= %((33 —35) +(28.7 - 30.8) + (27 —28.5) + (25.3 — 26.2) + (21 — 22)) = —1.5

D, 5€0.5) = 0.5(~1.5) 4+ 0.5(-1.37) = —1.43
We concludethat: D, 53(0.5) < 0= B > 4.

V. CONCLUSIONS AND RECOMENDATIONS

The NBSFN is more flexible than triangular and trapezoidal fuzzy numbers. The arithmetic calculations
performed on NBSFNs are simpler than those performed on the already existing bell shape fuzzy numbers.
A. In the future, researchers can develop suitable operations to recognize the maximum and minimum of

NBSFNs.
B. A method can be developed for fuzzification of the new fuzzy number.

In project planning and control, new bell shape fuzzy nhumbers can show activity durations. In addition, the
forward and backward computations can be generalized for fuzzy metagraphs.
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