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Abstract: Neelam Kumari, and Seema Mehra [2013] gave the contributions (1) P, admits n-edge magic labeling for
all positive integer t; (2) C, admits n-edge magic labeling when t is even; (3) A sun graph S; is n-edge magic only
when t is even; (4) If G admits n-edge magic labeling, then G + K; admits n-edge magic labeling; and (5) Let S, { be
a double star graph, then the graph Sy, ; admits n-edge magic labeling. Antony Xavier [2014] verified (1) Let G be
a graph. If G has a vertex magic total labeling then it has a modular super vertex magic labelling. But converse need
not be true;(2) Km,m has no modular super vertex magic total labeling; (3) IfG is a star graph with odd number of
vertices then there exist a modular super vertex magic total labeling with k = 1. Ponnappan, Nagaraj, and Prabakaran
[2014] found (1)Let G be a nontrivial graph G with m > n-1 is odd vertex magic labeling then the magic constant k
is given by k =3n-2 when m = n-1 otherwise k = 1 + 2m + otherwise k = 1 + 2m +(m?+m)/n; (2) A cycle Cn is odd
vertex magic labeling iff n is odd;(3) A path Pn is odd super vertex magic labeling if and only if n is odd and n> 3;
(4) All n-suns are not odd vertex magic labelling. The aim of the paper is to find super magic labelings for the
graphs2nP,, P, * 2nPs, P, * 2nP,, and P, * 2nPs,.

Keywords:Magic graph, super magic graph

Section 1: Introduction and definitions:
Neelam Kumari, Seema Mehra[2014] proved (1)the graph C, admits V-super vertex

magic labeling and E-super vertex magic labeling only if n is odd positive integer; (2) The path
P, admits E-super vertex magic labeling for all n > 3, but not admits V- super vertex magic
labeling corresponding to this E-super vertex magic labeling of Pn; (3) mC, admits V-super
vertex magic labelingand E-super vertex magic labeling if and only if m and n are odd positive
integers.

Jayapal Baskar Babujee, Babitha Suresh [2011] established the results (1)If G has super
edge edge-magic total labeling, then Go6P,, admits edge bi-magic total labeling; (2) If G has
super edge edge-magic total labeling then G6F; , admits edge bi-magic total labeling; (3) GoK;, ,
is total edge bi-magic for any arbitrary super edge edge-magic Graph G; (4) If G has super edge
edge-magic total labeling then, G6F; , admits edge bimagic total labeling; (5) If G has super
edge edge-magic total labeling then, G + K; admits edge bimagic total labeling.

Petr Kovar [2007] analyzed the findings (1)LetGbe a2r-regular graph with vertex set {x,
X2, . . ., Xn}. Let s be an integer,se{(rn+ 1)(r+ 1) +tn:t= 0,1, . . ., r}. Then there exists an(s,1)-
VAT labelling A of G such that A(x;) =s+ (i —1); (2) LetGbe a(2 +s)-regular graph such that it
contains an s-regular factor G'which allows a VMT labeling with magic constant h and vertex
labels being consecutive integers starting at k. Then G has VMT labeling with magic constants h
=14(s+ 4)(n(s+ 4) + 2)—12(n—1)—t,where tek, and 12n(s+ 2) + 1; (3):LetGbe anr-regular graph
on n vertices. If G has a VMT labelling such that the vertex labels constitute an arithmetic
progression with odd difference, theneither r is even and n is odd or r is odd and n=0 (mod 4).
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Section 2: Some magic graph related paths
Definition 2.1: P, * 2nP,is a connected graph whose vertex set is { V1,Va,..., V,, Us,

Uy,...,Uz} and edge set is {ViVis: i = 1to n} U {ViUy., ViU i = 1 to n} . The edge set of P,
is {ViVis«: i = 1to n}, and edge set of 2nP; is {ViU,i.1, ViUyi: i = 1 to n}.

Theorem 2.2: The graph P, * 2nP, is super magic.

Proof:Due to the definitiom (2.1), the graph P, * 2nP, is drawn as follows in figure 1:

Vl VZ V3 V4 Vﬂ’l Vn
R T T A A R

UZn-3 U2n-2 UZn-l UZ
Figure 1: One of the arbitrary labelings of vertices for P, * nP,

n

Here p =3n; q = 3n-1,

(Vertex rule): Define f:V(G)— {0,1,2,...,p} by
(Vo) = (2 + 3) or (Pz;l + 3) if piseven (or) odd respectively;
f(U)) =1(Va)—2;f(Uz) =f(V2) —1; f(U3)=2;(Us) =3

f(V) =(3i-1)/2; iisodd ; f(Vi) = f(V2) + =2 iis even where i varies 1 to n.

f(U) =f(Uy)+ 22 =1 (mod4) (i=5,9,....n);
=f(Up) + 222 ;i =2(mod4) (i=6,10.,...,n);
= 2+ X2 i =3(mod4)(i=7,11,...,n);
= 3+ =0 (mod4) (i=8,12,...,n);

(Edge rule): Define f: E(G) {1, 2,...., q} by

f(ViVitl) = p+g+1-3i:1=1,2,..., (n-1);

f(V1U1) = p+q;

f(ViUz) = p+a-1;

f(ViU2i1) = (p+q)-3(i-1) ; i =1,2,...n;

f(ViU2) = (p+9-1) - 3(i-1);i=1,2....n;

The map f satisfies the requirements for super magic labeling to both vertex set and edge
set of the given graph (P, * 2nP;) with the magic number (7n+4). Therefore the graph (P, *
2nP>) is super magic.
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Example 2.3: The graphs Pg*12P, and P;*14P, are super magic graphs as given in the following
figures(2)and (3).

P=18|q=17 |p+q=35

1 33 12 30 4 27 15 24 7 21 18
A& A 29 28 26 25 23 22 20 19
10 1 2 3 13 14 5 6 16 17 8 9

S =46

Figure 2 — super magic labeling of the graph Pg*12P,

1 39 13 36 4 33 16 30 7 7 19 24
41 40 38 37 35 34 32 31 29 8 2% 523 2
11 2 2 3 1 15 5 6 17 18 8 9 20

21

§=53
Figure 3 — super magic labeling of the graph Pg*14P,

Definition 2.4: P, * 2nPsis a connected graph whose vertex set is { V1,Va,..., Vi, Uy, Ua,...,.Ugp,
t1,b...,ton } and edge set is {ViVi+: 1 = 1 to n} U {ViUza, ViU i = 1 to n} U {Uityiq, Uit 1 =1
to n} . The edge set of Py is {ViVi.1: 1 =1 to n}, and edge set of 2nP3 is {ViU,i.1, ViUy: i =110
n} |\ {Uit2i-1, Uity;: i=1to n}.

Theorem 2.5:The graph P, * 2nP3 is super magic.

Proof: According to the definition (2.4), the graph P, * 2nPj3 is given as follows in figure 4:
Vn-l

v, v, V, V, V,
U1mUz U;m& UsmUs U7mUx Uyns muznz Ut m
t, t, t, ot . tp s bt

Figure 4: One of the arbitrary labelings of vertices for P, * nP3

(Vertex rule): Defineamapf: V(G) —» {0,1,2,...,p} by
f(Vi) =(p-2n+l) + @ (‘1 is even);

f(Vi) =2 + 5(‘2_1) : (i is odd):where i varies from 1 to n;
f(U1) =1(V2)-3; f(Uz) = (V2)-2; f(Us) =4 f(Us) =5
f(t) =1;f(t)=3;f(ts) = f(vo)-1; f(ty) = f(v)+1
For i varying from 1 to n,
f(U) =fU)+5(@(—-1)/4 ; iZ[1(mod4)] ;=FfU)+5(i—2)/4 ; iZ[2(mod4)] ;
= f(U3)+5(i —3)/4 ; 1ZE[3(mod 4)] ; =f(Uy)+5(i —4)/4 ; iZ][0(mod4)] ;
f(t) =f(t)+5(—21)/4 ; i E[L(mod 4)] ; =f(t.)+5(i—2)/4 ; iE [2(mod 4)]
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= f(t)+5(i — 3)/4 ; i = [3(mod 4)] ; = f(t)+5(i — 4)/4 ; i = [0(mod 4)]

(Edge rule):Define the map f: E(G) »>{p+1,p + 2,..., p + q}by
f(ViVis)=(p+qg-4)-5(i-1); i=1,2........ (n-1);
f(UiV2i.1)=(p+0-1)-5(i-1); i=1,2...... n ;f(UiVa) =(p+9-2) — 5(i-1); i =1,2,..., n;
f(Uit)) = p+q —5 (i-1) whereiisodd; i=1, 2,..., n;
f(Uiti)) = (p+g-3) -5(i-2); (iis even); i=1, 2,..., n;

The map f satisfies the requirements for super magic labeling to both vertex set and edge
set of the given graph (P, * 2nP3) with the magic number (13n — 2). Therefore the graph
(Pn * 2nP3) is super magic.

Example 2.6: The graphs P¢ * 6P3 and P; * 7P3 are super magic as given in figures 5 & 6.

P=30|q=29|p+q=59

10 26
56 54 51 49 46 44 41 39

Figure 5 — super maglc Iabelmg of the graph Pg* 6P

P-35|q+34|p+q-69
17

37
10 29 30 14 15 34 35
66 64 61 59 56 54 51 49 46 44 41 39 36

18

S=89
Figure 6 — super magic labeling of the graph Pg* 7P3

Definition 2.7: P, * 2nP,is a connected graph whose vertex set is { V1,Va,..., Vi, Uy, Ua,... U2y,
S1,52...,82n, t1,t2.. ., ton } @nd edge set is {ViVis1: 1 = 1 to n} U {ViUy1, ViUy: i = 1 to n}u{Uissi1,
Uisyi: | = 1 to n} U {Sitai1, Sitzi: 1 =1 to n}. The edge set of Py, is {ViVi.1: i = 1 to n}, and edge set
of 2nPy is {ViUzi.1, ViUzi: i =1 to n}u{UiSsi1, Uisziz 1 = 1 to n} U {Sitsi.1, Sitzi: 1 = 1 to n}.
Theorem 2.8: The graph P, * 2nP, is super magic.

Proof: As per definition (2.7), the graph P, * 2nP, is given as follows in the figure 7:
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Vl VZ V! Vd Vn-l Vn

U /\ u, U /\ Uy, U /\ U Uy /\ Uy Ui /\ Uz Una /\ Uy

t, £ t t te ty s beo s b

Figure 7: On eeof the arbitrary labelings of vertices for the graph (P, * nPy)

(Vertex rule): Define amap f:V(G) — {0, 1,2,...,p} by
f(V1) =(p-3n-1)
For i varying from 1 to n,

f(vi) =f(vy)+ 22 ils odd;

f(Vi)=6+ @ i is even;

flU) =2;  f(Uy) =3; f(Us) =f(Va)+3; f(Uy)=F(VD)+4 :
f(S1) =f(Vo)-1 ; f(S2) =f(Vo)+L f(S5)=5; f(Ss) =7;

fit) =1 f(t)=4; f(ts) =f(V)+2 5 f(ty) = f(VL)+5

For i varying from 1 to n,
f(U) =fU)+7(@-1)/4 ; 1E21(mod4); =fUy) +7(i-2)/4 ; iZE2(mod 4)

= f(Us) + 7(i-3)/4 ; i E 3(mod 4) ; = f(Us)+ 7(i-4)/4 ; i Z 0(mod 4)

f(S)  =f(S1) + 7(i-1)/4 ; i E1(mod 4) ; =(Sy) + 7(i-2)/4 ; = 2(mod 4)
= f(Ss) + 7(i-3)/4; i=3(mod4) ; =f(Ss) +7(i-3)/4 : i=0(mod 4)
f(t) =f(t)+73-1)/4 ; iE1(mod4) ; =f(t)+73-2)/4 ; i E2(mod 4)
= f(ts) + 7(-3)/4 ; i=3(mod 4) ; =f(t)+7(i-4)/4 : i E0(mod 4)

(Edge Rule): Define the map f: E(G) > (p +1,p*2,...,p+q} by
f(ViVis) = p+g-6-7(i-1); i=1,2........ (n-1); f(ViUai1) = p+g-2-7(i-1); i=1ton
f(ViU2) = f(ViUqi)-1;i=1ton;
f(U;iS;) = f(ViU2i1)+1 ; (iis odd); f(UiS;) = f(ViU2)-1; (i is even)
f(Sit)) = f(UiS;))+1 ; (i isodd); f(Sit;) = f(U;Si)-1; (i is even)
The map f satisfies the requirements for super magic labeling to both vertex set and edge
set of the given graph (P, * 2nP,) with the magic number (18n — 2). Therefore the graph
(Pn * nPy) is super magic.

Example 2.9: The graphs Pg * 12P, and P; * 14P,are super magic in the firgures8 & 9.
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P=42|q=41|p+q=83

23 77 6 70 30 63 13 56 37 49 20
81 80 74 73 67 66 60 59 53 52 46 45
2 3 26 27 9 10 33 34 16 17 40 41
82 79 75 72 68 65 61 58 54 51 47 44
2 24 5 7 29 31 12 14 36 38 19 21
83 78 76 71 69 64 62 57 55 50 48 43
1 4 25 28 8 11 32 35 15 18 39 42

Figure 8 — super magic labeling of the graph (Ps* 12P,)

P=49|q=48 |[p+q=97

27 91 6 84 34 77 13 70 41 63 20 56 48

95 94 88 87 81 80 74 73 67 66 60 59 53, 52
2 3 3 31 9 10 37 38 16 17 44 45 23 24
96 93 89 86 82 79 95 72 68 65 61 58 54 51
26 28 5 7° 33 35 12 14 40 42 19 2147 49
97 92 90 85 83 78 76 71 69 64 62 57 55 50

1 4 29 32 8 a1, 36 39 15 18 43 46 22 25

S=124

Figure 9 — super magic labeling of the graph (P¢* 14P,)

Definition 2.10: P,

* 2nPsis a connected graph whose vertex set is { V1,Va,..., V,, Uy,

Uz,...,UZn, W1,W>...,.Won , S1,52...,82n, t1,10.. . ton } and edge set is {ViVi+1: i=1to n} ) {ViUZi-l,
ViUsi: i =110 n} U {Uiwyi.g, Uiwyi: 1 =1 to n} U {wispi-1, Wisyi: | =1 to n} u {sityi-1, Sitziz 1= 1 t0
n}. The edge set of Py is {ViVis1: i = 1 to n}, and edge set of 2nPs is {ViU,i.1, ViUg: i =1ton} U

{Uiwzi1, Uiwgi: 1 =1 to n} U {wiSyi-1, WiSyiz | = 1 to n} U {Sitoi, Sitzi: i = 1 to n}.

Theorem 2.11: The garph (P, * 2nPs) is super magic..

Proof:The tgraph (P, * 2nPs) is given as follows in the figure 10:
Vv, v, V.

2

Vv, A

y . Ug/\ 5

W, e W, W,e W, W.e PW, W, e oW, W,.se Wona Wi e

S2n-2 SZn»l 4

w
oy
wv
N
wv
w
w
&
wv
w
1%
o
wv
<
w
5
wv
N
=
[

tl > t2 t3 J t4 ts > )ts t7 > ot t2n,3 > t2n~2 th—l 7

Figure 10: Arbitrary labelings of vertices for the graph (P, * nPs)

(Vertex set): Define f:V(G) —> {0,1,2,...,p} by
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f(Vy) = (P;rl) +7 (or) §+7 ; if “n” is odd (or) even respectively.

f(vi) =3+Z= ;iisoddandi=1,2,.,n);

VD) =f(Vp) + 9“2‘2) -(i>2iseven)andi=1,2,..., n)

f(U) =1(V2)-5; f(U)=1(V)-4 ; f(Us)=7; f(Uy =8;

f(W) =2 f(Wp) =4; f(Ws) =f(V2)-1; f(W,) =f(V2)+1
f(S1) =1(V2)-6 ; f(S) =1(V2)-3; (Ss)=6; f(S4) =9;

fit) =1 ; f(t) =5 : fts) =f(Vo)—2 ;  f(ts) =F(Vs) +2 :

For i varying from 1 to n,
f(Ui) =f(Uq) +9(i-1)/4 ; i1 E1(mod 4); =1(Uy) +9(i-2)/4 ; i1 E2(mod 4)
=f(U3)+9(i-3)/4 ; 1E23(mod 4) ; =1(Us)+9(i-4)/4 ; i Z 0(mod 4)
f(W;) =1f(W1)+9(i-1)/4 ; 1E1(mod 4) ; =Ff(W2)+9(i-2)/4 ; 1E2(mod 4)
= f(W3)+9(i-3)/4 ; 1 ZE3(mod 4) ; =1f(W,)+9(i-4)/4 ; iZ 0(mod 4)
f(Si)) =1(S1)+9(i-1)/4 ; 1E1(mod 4) ; =1(Sz)+9(i-2)/4 ; 1E2(mod 4)
=1(S3)+9(i-3)/4 ; 1E3(mod 4) ; =1(S4)+9(i-4)/4 ; 1E0(mod 4)
f(t) =f(t)+9(i-1)/4 ; iE1(mod4) ; =f(tx)+9(i-2)/4 ; iZ 2(mod 4)
=f(t3)+9(1-3)/4 ; 1E3(mod4) ; =1(ta)+9(i-4)/4 ; 1E0(mod 4)

(Edge rule): Define the map f on edge set of the graph (P, * 2nPs) as follows:
f(tiS1) =p +q; f(S1Wi) = p+g-1;
f(W1Uq) = p+g-2 ; f(U1V1) = p+0-3;
f(V1U,) = p+g-4 ; f(U W) = p+g-5;
f(W2S2) = p+g-6 ; f(Satz) = p+g-7;
f(V1V2)= p+g-8;

For i varying from 1 to n, define the map f as follows:
f(tS) ="f(tS1) ~ (59, ( “i” is odd)
= f(t2S,) - (%)9 ;(“i” is even)
f(SWi) = f(SiWh) — (599 ; ( “i” is odd)
= (S W) — (509 (“i” is even)
fWili) = f(WiUy) — (599, ( “i” is odd)
= f(W,U,) — (%)9 s (“1” is even)
For i varying from 2 to n, define the map f on edge set of the graph (P, * 2nPs) as follows:
f(ViVis) = f(V1Vo) - 9(i-1) ;

f(Vilai.)) = f(V1U1) - 9(i-1) ;
f(ViUa) = f(ViUy) - 9(i-2) ;
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The map f satisfies the requirements for super magic labeling to both vertex set and edge
set of the given graph (P, * 2nPs) with the magic number (23n — 2). Therefore the graph (P, *
nPs) is super magic.

Example 2.12:The graphs Pg*12Psand P;*14Ps are super magic in the figures (11)and (12).

P=54|q=53|p+q=107

3 99 34 90 12 81 43 72 21 63 52

10/\03 95/\4 W 7/\6 68/\67 59, 58
29 30 7 8 38 39 16 17 47 48 25 26
105 102 926 93 87 84 78 75 69 66 60 57
2 4 33 35 11 13 42 44 20 22 51 53
106 101 97 92 88 83 79 74 70 65 61 56
28 31 6 9 37 40 15 18 46 49 24 27
107 100 98 91 89 82 80 73 71 64 62 55

L 5 32 36 10 14 41 45 19 23 50 54

Figure 11 — super magic labeling of the graph (P * 12Ps)

P=63|q=62|p+q=125

§ 117 3_9 108 1‘2 99 4_8 90 2_1 81 57 72 3‘0
122/\121 11/\112 104 103 W w 77 76 Ey\fﬂ
34 35 7 8 43 44 16 17 52 53 25 26 61 62
123 120 114 111 105 102 96 93 87 84 78 75 69 66
2 4 38 40 11 13 47 49 20 22 56 58 29 31
124 119 115 110 106 101 97 92 88 83 79 74 70 65
33 36 6 9 42 45 15 18 51 54 24 27 60 63
125 118 116 109 107 100 98 91 89 82 80 73 71 64
1 5 37 41 10 14 46 50 19 23 55 59 28 32

Figure 12 — super magic labeling of the graph (P * 14Ps)
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