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Abstract: The present paper encompasses the analytical solution for axisymmetric one dimensional thermomechanical response
of an annular disk. The basic equations have been written in the form of a vectormatrix differential equation in the Laplace
transform domain and solved by eigenvalue approach. The solutions for displacement, temperature, radial and hoop stresses
are obtained in closed form in the Laplace transform domain. Numerical inversions for these field variables in the space-time
domain have been made and presented in graphical form.
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I. INTRODUCTION

The unrealistic prediction that the thermal disturbances propagate at infinite speed as given in the classical theory of
thermoelasticity based on conventional heat conduction equation, some modified dynamic thermoelastic models are proposed
by some researchers which encompasses the notion that not only the equations of motion but also the heat conduction equation
must be of hyperbolic type and as such the elastic wave and heat wave propagate in finite speed. This modified thermoelastic
theory is known as Generalized theory of thermoelasticity. Lord and Shulman [1], based on a modified Fourier law, developed a
generalized theory (L-S theory) where they used a relaxation time parameter. Green and Lindsay [2], based on an entropy
production inequality, which was put forwarded by Green and Laws [3], developed a temperature rate dependent
thermoelasticity (G-L theory) that includes the temperature-rate among constitutive variables also predicts a finite speed for heat
propagation where they have used two time relaxation parameters. Another theoretical model on this area is due to Green and
Nagdhi [4, 5] (G-N theory) who provide sufficient basic modifications in the constitutive equations that permit treatment of a
much wider class of heat flow problems. The applications of these theories have been examined extensively by a host of
researchers and to name a few vide, [6-12]. The problems of generalized thermoelasticity with phase-lag effects are also being
considered by the researchers, vide, [13-16].

Bagri and Eslami [17] applied the finite element method to solve the problem of generalized coupled thermoelastic disk based
on LS model [1]. Taheri, et.al [18] presented the thermoelastic analysis of an annulus using GN-model. Kar and Kanoria [19]
considered the thermoelastic response in a fiber reinforced thin annular disk with three phase-lag effect. Following Bagri and
Eslami [17], we have considered the thermoelastic interactions in an annular disk using eigenvalue approach to achieve the
solution. Finally, the displacement, temperature, radial and hoop stresses are inverted from the transform domain to the space
time domain by numerical method and presented graphically. The results are also compared with the corresponding results as in
[17].

I1. BASIC EQUATIONS AND CONSTITUTIVE RELATIONS
We consider an isotropic homogeneous annular disk of inner radius »; and outer radius +» having initially at a uniform

temperature T, under axisymmetric thermal shock load applied into its inner boundary. The disk is assumed to be in plane
stress condition and the origin in plane polar coordinates (', &) is taken at the centre of the hole.
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Following L-S model [1], the linear coupled equations of motion and generalized heat conduction equation in terms of
displacement u and temperature T and in absence of heat source and body forces can be written in plane-stress condition as

2

(Z+2u)grad div G- curl curl G- 3 grad T = pgt—lj @)
oT T - o° 0 .

kaT—pcea—pcetoﬁ—mo(toﬁ-Faj divii=0 (2)

The stress-strain-temperature relations can be written as

T, =AdivU & +2ue; — BT, @3)

For plane-stress condition, we write

Z-2E 5 p=t_p @)

A+2u A+2u

where 4,1t are the Lame constants and e, T Ty, Bk o and t; are the density, stress tensor, reference

i
temperature, stress temperature module, thermal conductivity, specific heat and relaxation time parameter respectively.

We now consider an annular disk under axisymmetric thermal shock load applied to its inner boundary © = 1y of the disk.
Writing the equations (1) - (3) in plane coordinates and assuming that

u=u(r,t), v=w=0 and T =T(r,t)

we write these equations (1) - (3) as

= o0 10 1 =0T o°u
A+2u)| = +-—-S |u-B—=p— 5
( “)(arz ror rzj ’Bc’ir ot? ©
o0 190 0 0 = o° 167 o° 10
k| =—+=— |- pC, —|1+t,— | |T - t| —+=— |+ +=—1|u=0 6
{(arz rarJ peat( °atﬂ m{"(aratz ratzj ordt rat} ©
ou
My N (7
i =2u or +/I(a—u+gj —~ éT ©)
Too u or r)\1 p£T
r

In order to make the above equations in dimensionless form, we introduce the dimensionless parameters as

A+2u)u
r’=£,t’:t&’ t(’)zto_cl,T’:l, u'=@’ q’=q_t (8)
t t t T, t T, KT,

where

|— k o2 A+2u
=, 1 =
PCLC P

Employing these dimensionless parameters and neglecting the prime notation for convenience, equations
(5) — (7) become

? 10 1 ¢° or
—+ u-—==0 ©)
(arz ror r? atzj

2 3 2 2
8_2+12_§(1+t02j T-C|t, 0 2+£8—2 + 0 +12 u=0 (10)
or ror ot ot orot® rot orot r ot
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ou
T ar 7 1 1
= _2/1 or L] _ 4 (a—quEJ -T (11)
Tpo A+2u)lu A+2u )\or r){l 1
r
I
where C = Tof is the thermoelastic coupling coefficient. It may be noted from the equations (9) and (10) that the

pegli+zu)
1 .
7= - Since ty 0

R ]

elastic wave propagates with the speed to unity and the thermal disturbance propagates with the speed of

finite speed is predicted for the generalized L-S model. Otherwise when t; = 0, infinite speed of thermal disturbance is

estimated for classical thermoelastic case.
The mechanical and thermal boundary conditions for the annular disk may be taken as

u=0atr=r
r,=0at r=r,
and 12)

oT
—k—=q(t tr=
p» q(t) at r=r,

T=0atr=r,
Using the relations (8), the dimensionless forms of the equation (12) may be written as
or
u=0,qg=—— at r=a
or (13)

r,=0, T=0 at r=b
where q(t] = HDH(::] , Hy is a constant and H[t] is the Heaviside unit step function of t for the heat flux input at the

inner boundary and a, b are the dimensionless inner and outer radii respectively.

I1l. SOLUTION OF THE PROBLEM
We now apply Laplace transform of the function f (t) with parameter ¥ defined by

F(p)=[e™f (t)ct

to the equations (9) — (10) and get

ﬂ_Fld_U_E_ pZU+_dT (14)
dr®> rdr r? dr
d’T 1dT — du @
+——=p(1+t,p)T +Cp(1+t —+— 15
dr2 rdr P(L+5p) P Op)(dr rj (12)
Equations (14) can be written as
dT )

L(T)= p20+—
() pu+dr

Differentiating (15) with respect to ‘ I > and using the equation (16) we get
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L[z—-:] = p(1+t, p){CpZU+(1+C)z—I} a7

where the operator L is given by

d> 1d 1
L: —2+————2
dr rdr r

Equations (16) and (17) may be combined to write in the vector-matrix differential equation form as

u

p* 1 :
Ll dT |= dT
pm {Cp3(1+top) p(1+C)(1+t0p)} pm

This equation may be written as
LV = AV (18)

8, 8

u
where V=|dT |, A= {
aZl a22

ar } 8= PP @, =1 8y =Cp*(L+4p), @, = p(1+C)(1+1,p)
dr

In order to solve the equation (18), we follow the procedure as in [20].
Let V5, V. be the eigenvectors corresponding to the eigenvalues 44 ,A, of the matrix A and let

0
A=VAV™ where A:Fl } V=V, V] (19)
0 4
Equation (18) becomes
LV = (v AV -1)\7 (20)

Premultiplying by vt equation (20) may be written as
L(VV)=A(V ™)
or, L(§¥)=A(Y), where §=V7V or, V=V (21)

¥
Writing ¥ =[ ] (say), we get from (19) and (21)

Vs,

Ly, =4y, and Ly, =4y, (22)
We write equations (22) in the form

2
%%%“-er%)ym:& m=12 23)
Writing 4, = a2, (say), (24)
the solution of equation (23) can be written as
Y, =A K (e, r)+B 1, (,r), m=12 (25)

where Kj, I; are the modified Bessel functions of the second kind and 4,,,, E,,, are constants.

The eigenvalues ‘11, A of the matrix A can be determined from the characteristic equation:
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A% - (8 +8,,) A+ (8,8, - 8,8,,) =0 (26)
Then V = [V} V4] can be written as
v { a, & } -
21 —ay, ﬂ"z —ay,
Using (25), we now write down ¥y .V, as
Y, = AK (aq1) + Bl (1) (28)
Y, = A K (a,r) + B, 1, (a,r) (29)

Thus, from (21), since ¥ = "y we obtain

u
- :{ a, 3y, Hyl}
— alz_ail azz_an Y,
dr

Hence, we get the displacement and temperature in the Laplace transform domain as

U(r’ p) = AiKl(alr) + Blll(alr) + A2K1(a2r) + lel(azr) (30)

T(r,p)=A [p;“j Ko(ar) - Bl[pz‘“lzjlo(am +Az[p2‘“22}l<o(azr)— Bz[ pz‘“zzjlo(azr)
24] a a, a,

(31)

Using (30) and (31), we calculate the radial and hoop stresses as

s (rp)=-A 1P 1 _2u Py an Y 2
7. (rp)= A{a Ko(alr)+r(mZﬂjKl(alr)}wl{a Iy (car) r(- jll(alr)}

: \ A+2u
2 1( 2 ? 1( 2 )
—Az{2—2Ko(azr)-l-F(Z_'_ﬂzlu]Kl(azr)}"'Bz{z_zIo(azr)_F(Z_'_ﬂZlu]ll(azr)}
_ P’ -’ A 1( 2u
T (1 p)=-A a Jr}_b+2,ual KO(alr)_F A+2u “aler)
1
ot A 1
+Bl{(p . 1 * T Io(alr)+F(Z+’L;ﬂjll(alr)}
(33)

We now use the boundary conditions (13) to determine the constants 44 , B4 , A, , B, . The resulting equations are as follows:
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CuA +Cp,B +C;A +CB, =0

C21A1 +CZZBl +C23A2 +C24Bz = Ho
(34)
C31A1 + CBZBl +C33A2 +Cs4Bz =0

C41'6‘1 +C4ZBl +C43A2 +C4482 =0
where
Cu=K (ala) Cp, = li(@a), Cy =K (xa), Cy=1(xa), Cy= p(p2 _0‘12)K1(0[1a)a
p )I (qa), Cyu= p( pz —aZZ)Kl(aza), C, = p( p2 _azz) l,(,),

JK (yb), Cyy = _[ p2 _alz j I, (b)), Cssz[ p2 —0522 j K, (a,b),
o

a 2

cs4=—( JI( ), Coo = 2K, () + (2—“]K1(alb),
a, a b\ A +2u

1

2 1 2 2 1 2
C, = —Z—l NCAE B[ﬁ] l,(ayb), Cy = 2_2 Ko (a,b) + B[Z _f;/lj Ky (a,b),

2 1( 2
C.. =—Z—2I0(a2r)—6(ﬁ}1(azb)

Solving this system of equations for the constants 44 ,E; . A, ,B5 and substituting them in the equations (30) — (33) we get
the displacement, temperature and stresses in the Laplace transform domain as

a(r.p)= [A Ky (aaF) + A, (eqr) + AK (1) + A, (a,r) | (35)

T(r p)=ﬂAl [pz;“f]Ko(alr)— A{ pz;“f}lo(oar) +A3( pz‘“zz]Ko(aZr)

1 @,

(36)
AU p)=ﬂ—Al {Z— Ko(alr)+%[ zi‘;ﬂ]malr)}w { (@ r)——(zi—‘;ﬂ]u(alr)}
A, {Z—: K, (a,1) +%[Ziﬂ2yj Kl(azr)}+A4 {Z—: 1, (1) _%[Zi—ﬂzyj Il(%r)H
37)
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(38)
C11 ClZ C13 C14 0 C12 C13 ClA Cll O C13 Cl4
_ C21 C22 C23 CZA _ HO C22 C23 C24 _ C21 HO C23 C24
where A= , A= , A= ’
C31 CSZ C33 C34 0 C32 CSS C34 C31 O C33 C34
C41 C42 C43 C44 0 C42 C43 C44 C41 O C43 C44
Cll C12 O C14 Cll C12 C13 O
A = C21 C22 HO C24 A = C21 C22 C23 HO
; C31 C32 O C34 ’ CSl C32 C33 O
Ca Cp 0 Cy Cau Cp Cp O
IV. FOR SOLID DISK
Instead of choosing an annular disk, we now choose a solid disk of radius ™ = b with centre at the origin.
In this case, the boundary conditions may be taken as
dT
7, =0, E:—q onr=»b (39)

Since Ki(cx:r] is undefined for = 0, we write the solution for displacement  and temperature T in the Laplace
transform domain as

a(r,p) =Bl (er)+B,l,(a,r) (40)

2 2 2 2
T(r.p)=-B, (pa—“ljualr) _ B, [pa—”‘z}lo(%r) 1)
1

2
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_ 2 1( 2 2 1( 2
T (r’ p) =B {z_l ly(eqr) _F(ﬁj |1(0‘1r)}+ B, {Z_z I, (a,1) —F(ﬁj |1(0£2I‘)} (42)
_ 2 _a’ A 1( 2

2 2 7
[ Pm% A en+ 2 =2 i)
a, A+2u r\A+2u

Applying the boundary conditions (39), we calculate the constants E; and B which when substituted in (40) — (43), give

(43)

a, T, 7., and 7, for the solid disk as

u(r, p)=%[Alll(a1r)+A2I1(a2r)] (44)

_ 1 2 2 2 2
T(r p)=—K{Al (p — Jlow) +a, (pa—%]lo(azr)} )
1 2

P 2u p’ 1( 2u
7 (rp)= A{ {all( - (mzﬂjll(alr)}wz{a—zIo(am (m jl( )H "

(47)

Hy Cp|
0 C22

Cll C12

where A= =C,C,,-C,LC, , A= —H.Cy

21 22

Cu=p(P* =)l (ab),  C,=p(p*—a,’)l(ab),

P’ 2u P 2
Cu= . NCAYES (ﬂ,+2,ujl( b), Cp, = a NCAYES [—ﬁﬂﬂj'l(%b)

1 2

V NUMERICAL RESULTS
In order to illustrate the preceding results graphically, we have chosen the material aluminium for numerical evaluation.
As in [17] the material constants are taken as
A =404 GPa, u=27 GPa, p=2707 Kg/m*®, k=204 W/m.K,

c. =903 ]/Kg.K, a=1, b =2.
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The first four figures represent the wave propagation of temperature, radial displacement, radial stress and hoop stress along the
radial direction where we have considered the numerical values of the relaxation time t; and coupling parameter C as 0.64 and

0.02 respectively.

Figure 1 predicts the wave propagation of temperature along the radial direction for different values of time t. It is noticed that
the temperature at ¥ = 1 assume the maximum value of 0.2181, 0.3863, 0.519, 0.6268, 0.7168 and 0.7926 at £ = 0.2, 0.4, 0.6,
0.8, 1.0 and 1.2 respectively. The maximum temperature occurs for £ = 1.2 at ¥ = 1. The figure shows that at time & = 0.2,
0.4, 0.6 the thermal wave propagates through the radius of the disk and it is reflected from the outer boundary of the disk at
times t = 0.8, 1.0 and 1.2 respectively.

Figure 2 represents the radial displacement & when 7 increases. At the stipulated values of time & as mentioned in Figurel, it
is seen that the maximum displacement for t = 0.2, 0.4, 0.6, 0.8, 1.0 and 1.2 are 0.005625 at * = 1.09, 0.02011 at r = 1.21,
0.04101 at r =1.3, 0.06651 at = 1.39, 0.09524 at = = 1.49 and 0.1608 at 1 = 1.98 respectively. It is also noticed that the

curves related to times t = 0.2, 0.4, 0.6 and 0.8 show the propagation of displacement waves whereas those related to £ = 1.0

and 1.2 show the reflection of same waves from the outer boundary of the disk.

The natures of the radial stress and hoop stress have been presented in Figure 3 and Figure 4 respectively. For both the figures it
is noticed that the reflection of waves change from contraction to tensile at the outer boundary of the disk since the outer
boundary is stress free.

Figure 3 and Figure 4 represent the radial and hoop stress distribution along the radial direction for different values of time. As
time increases the magnitude of the stress at the wave front also increases whereas the gradient decreases.

Figure 5 — Figure 8 gives the time variation of temperature, displacement, radial stress and hoop stress at the middle of the disk
for different values of relaxation time with coupling coefficient taken as 0.02.

From Figure5 it is observed that as relaxation time increases from 0.64 to 1.5625 the peak value of temperature also increases in
the range 0 << t < 2.04, thereafter the temperature decreases to the minimum 0.278 at £t = 2.68 for ty = 0.64. The curve for

temperature for £y = 1.5625 predicts the minimum value of 0.2509 at £ =4.31.

Graphs of similar nature as in Figure5 have been exhibited by the displacement as presented in Figure6.

From Figure7 it is seen that for the relaxation time ty = 0.64, the minimum values are -0.3211, 0.06008, -0.209 at t = 1.05,
1.95 and 4.03 respectively and maximum values of 0.06118, 0.1075, 0.5739 are attained at t = 0.12, 1.66 and 2.68. For t; =
1.5625, the minimum values are -0.2631, 0.03827 and -0.2475 at t = 1.31, 2.28 and 4.77 respectively whereas the maximum
values are 0.006349, 0.07122, 0.5397 at £ = 0.36, 2.01 and 3.18.

Hoop stress as presented in Figure8 shows the graphs of similar nature as in Figure 7.

In order to compare our results for temperature, displacement and stresses as presented by graphs in Figure 5 — Figure 8 with the
corresponding field variables for the classical case, we have presented curves by dashed lines in each of the figure.

We now consider the case of the solid disk in which we have deduced the equations for displacement, temperature, radial stress
and hoop stress in equations (44) — (47).

In the present paper we would present the graph of the radial stress versus variation of radial distance T for some stipulated time
t. In this case the coupling coefficient and the relaxation time are assumed to be 0.02 and 0.64 respectively. It is noticed from
Figure 9 that the radial stress in each case first increases nearly from zero to a maximum value and then decreases to zero as T
increases. The peak values of T,.. are respectively 0.466 at + = 1.24 for t = 0.8, 0.3497 at+ = 1.43 for £ = 0.6, 0.2374 at " =
1.62 for t =0.4,0.1229 at * = 1.82 for t = 0.2.

Our graphs of temperature, displacement, radial stress and hoop stress in figures (1) to (8) are in complete agreement in nature
with the corresponding figures (1) to (8) of Bagri and Eslami [17] who obtained the solution of the problem through finite
element method.
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Figurel. The temperature distribution along the radius of the disk
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Figure2. The displacement distribution along the radius of the disk
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Figure3. The radial stress distribution along the radius of the disk
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Figure 4. The hoop stress distribution along the radius of the disk
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Figure 5. The temperature variation at middle of disk for different values of relaxation time
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Figure 6. The displacement variation at middle of disk for different values of relaxation time
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Figure 7. The radial stress variation at middle of disk for different values of relaxation time
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Figure 8. The hoop stress variation at middle of disk for different values of relaxation time
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Figure 9. The radial stress distribution along the radius of the solid disk

VI. CONCLUSIONS
In this paper, we consider generalized theory of thermoelasticity with one relaxation time parameter (Lord Shulman model) to
investigate the thermomechanical response of an annular disk as well as solid disk. In order to invert the field variables

a(r,p), T(r,p), 7, (r,p), 7,,(r,p) as in equations (35) to (38) and (44) to (47) from Laplace transform domain to

space-time domain, we consider Zakian’s algorithm [21] technique. The distributions of temperature, displacement, radial and
hoop stresses are plotted along the radial direction for different values of time. Also the effects of relaxation time on the field
variables are exhibited. The wave front for temperature is detected from Fig.1 and the elastic wave fronts are detected from
Fig.3 and Fig.4. Also the effects of relaxation time on the field variables are exhibited. Finally, the radial stress along the radial
direction for different values of time for solid disk is presented graphically.
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