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Abstract

In this paper, we obtain Nishimoto's N-fractional differintegral of the multivariable Aleph-function and class of multivariable polynomials whose
arguments involves the product of two power functions (2 —a)~> and (z — b)*, (A, x> 0). On account of the general nature of our result, N-
fractional differintegral of a large variety of special functions of one and several variables having general arguments follows as special cases of our
findings. At the end, we shall see several corollaries.

Keywords: General class of multivariable polynomials, fractional calculus, Mellin-barnes integrals contour, multivariable Aleph-function, Aleph-
function.
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1. Introduction and Preliminaries.

Recently, Saxena and Nishimoto [16], Mishra and Purohit [10], Garg and Mishra [3], Gupta et al. [6], Jaimini and
Nishimoto [7] have studied the N-fractional calculus and multivariable H-function or generalized Lauricella function
with general arguments. In our paper, we evaluate the N-fractional calculus concerning a class of multivariable
polynomials defined by Srivastava [22] and the multivariable Aleph-function with general arguments.

Following Nishimoto [11], we define the N-fractional diffeintegral of a function of one variable in the following form :
o= b0} fe.c)

C' be a curve along the cut joining two points z and —oco + wlm(z),

g be a curve along the cut joining two points z and co + wlm(z),

D be a domain surrounded by C,

lJ? be a domain surrounded by gr} .

Further, let f = f(z) be an analytic function of one variable in a domain D where D is surrounded by C then the
fractional differintegral of an arbitrary order v for z(v € R, z € C) of the function f(z), if|(f).| exists, is defined by

F(v+1)/ f(©)
c (¢

fo=Ffo(z)=c(f)v= 2w — )t d¢ (1.1)

(f)=m = lim f,(mecZ")

v——m
where

—r<arg((—z)<nforC=C 0<arg((—z)<27rfor0:€,(;éz.

The generalized multivariable polynomials defined by Srivastava [22], is given in the following manner :

[Ni/9%,]  [Ny/9Mo]

. —Ni)om, Ny . L s
Sfml, D?Tn[yh... 7yv — Z Z ( [1219? K1 . ( [()93'7 K A[Nl,Kl;"' ;Nv;KU]y{{' ...yll)(u (12)
K1=0 K,= '
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where 91, ,--- ,9M, are arbitrary positive integers and the coefficients A[Ny, Ky;--- ; N,, K,] are arbitrary constants
real or complex. On suitably specializing the coefficients A[Ny, K1;--- ; Ny, K], S]S)\;;il 931\, [Y1,- ,yo] yields a

number of known polynomials, the Laguerre polynomials, the Jacobi polynomials, and several other ([25], page. 158-
161]. We shall note.

a _CENJo iy (ENo) k4
K| K,

[N1, K15+ 5 Ny, Ky (1.3)

The Aleph-function of several variables is an extension the multivariable I-function defined by Sharma and Ahmad
[19], itself is a generalisation of G and H-functions of several variables defined by Srivastava et Panda [23,24]. The
multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function of r—
variables throughout our present study and will be defined and represented as follows (see Ayant [1]).

0,ma,ny, My Ny

N(z1,000,2,) =R .
We have : ( L ’ T) PisdisTis Rip,(1)54,(1) 7, (1) ;B 550, () 58, () 5T, () 3 BT

Zp

1 1 1

[Ti(aji;aﬁ), e 7a52))n+17pi] - [( ; >) %( ))1»n1]7 [Ti<1>(C§'i<)1)>’7J(-i<)1 )n1+1 p<1>] B
) T 1 1 .1 1

[7ilbiis B33y B3 ad = (@), 65 )1, [raen (43,5 85300 ) g0 ]

15,9 s i (€2 150 ), 1 0]

1 . .
- W/L /L lsnessn) []Ou(sn)2y dsy o dse 1.4

[(dg'r))’(sj(.r))l’mr], [Tim (dx()ﬂ’égt()r))m 1, q<r> k=1

with w =+v—1
W(s1, -+, 8,) = [1-. T - aj+zkla() %) .
il T Tlag = e Ll sp) ST =bji+ Y41 B B )]
e D(dY f5<,’f>> me T — P 4P
and O (sx) = = I e 1T T VD) (1.6)

R (k) 3(k) (k) (k)
it =1 [Tiw H; S (1= 71(1») —|—672(k)9 )Hj:nkJrl F(Cji(k) itk £ sk)]

For more details, see Ayant [1]. The condition for absolute convergence of multiple Mellin-Barnes type contour can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :

1
largzx| < EAEIC)W , where

Pi(k) ™y q;(k)
N S R S S G V1 SUAEE I ol 82
j=n+1 j=nr+1 j=mre+1
with k=1, ,ri=1,---,R,i® =1,... R® (1.7)

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

Wz, 20) = 0([2] ™ - |20|*)  maz( [, -+ s |20 ) = 0
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R(z1, o 20) = O( 2|, - fz|™ ) smin( [z1], - 2] ) = 00
where k =1,--- ,r:ap = min|R B s 5 =1....
-5 y I Gk Zn[ e(dj /53 )]7] 17 , Mg and

Br = max[Re(( )/ (k))]aj =1, ng

For convenience, we shall use the following notations in this paper.

V=i smen, (1.8)
W=p,0),q¢w0,T0; R(1)7 Y 21O PY HCOPRETCOR R (1.9)
A= (a0, ) ad il ol oD} ()

{70 (€ Y 0 s, L5 0, b A7 (€503 e 1,0 (1.10)

1 r 1 1
B = {ri(bji; B4+ B g 1 {05508 ) 1, o {mico (45050 Ym0} 5

{3857 )1, b {7 (S5 08 Ym0, (1.11)

i
3. Main result.

We have the following result.
Theorem.

(2= ) =B ST (e = )™ (e =) (e =) =) R (51— @) N (= D)z — @) (2= )

v

o0 [Nl/m [Nv/m] v k 1

w7r1) p+a v i Ki(bi—ay)
OND DR R | Pl = T
k=0 K;=0 K,=0 j=1 ’

z1(z = b2 | A Ay A
n 14 ' '
N214r+22q,+2m,1% w : ‘ (2.1)

ZT(Z*b)M’"_A’" Bl,BQ7B

where
Ai=(1-v+p+to—k— iK —bi)i A = s, A — ) (2.2)
i=1
A2:(1+p*k*iK2‘az‘;)\lw”va) (2.3)
i=1
Bi=(1+p+o—k- ZK = b A = s A = ) (.4)
i=1
By =(1+p- i:Kiai;/\la"' Ar) (2.5)
=1
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Provided that

—b
Z#aﬁb'a b‘ < 17ai,bi >0f0ri:13"' » U, )‘,7'7/1’,7' >0“U,'7' <>\jf01‘j:1,"' , T
2 —

Y r (4)
¢’ —1
e <U+7721K7(a7b1)> 72()\]-7[,”) 12%2)7(” Re (l(])> <U<0'

i=1 Y

1
|zi(z —a) (2 = b)Hi| < EAEk)w, where AEI€> is defined by (1.7) and the serie in the left-hand side of (3.1) is

absolutely and uniformely convergent.
Proof

To establish (2.1), we first apply the definition of differintegral given by (1.1) in the left-hand side of equation (2.1),
express the class of multivariable polynomials 519\?11]3?“ [.] in finite series form with the help of (1.3) and the
multivariable Aleph-function in terms of its equivalent multiple Mellin-Barnes integrals contour with the help of (1.4),

interchanging the order of summations and (si,--- , s, )-integrals ( which is permissible under the stated conditions),
we obtain
(N /9] [No/De] o
Z Z a”HyJ Hgk s1)720% (2 — a)P~2im Kaim o sd
K1=0
(2 — by Faim Kibt i i) dsy -+ ds, 2.6)

Next we collect the terms involving the powers of (z — a) and (z — b) and write them in terms of the powers of (z — b)
as follows, we obtain

© (—p+ >0 Kia; + > _ 8-)\-) a—b)k
(z_a)P—ZLlK'iai—ZJT:lsj/\j(z_b)0+22’=1Kib¢+Z§=1sjuj:Z( Pt 2im Z]_l 7 k( )

]
P k!
(Z _ b)a+P+Z?:1 Ki(bi—ai)+35_; s (1i—X;)—k 2.7)
—b
Provided that : z # a b' b‘ <1
We interchange (si,---,s,) and (-integrals and we evaluate the (-integral, which is N-fractional differintegral of

order v of power function (z — b)7+rH2iz Kilhima)+3 51 5 =2) =k we follows the method given by Nishimoto [11,
vol. (5), p. 1, chap 1] and we obtain the left hand side of equation (2.1) as follows.

1 ( p+ > Kiai +>_ sjA ) (a — D)k o
—(27Tw)7' \/Ll.../LV.'QZ)(Sh...’ Hgk Sk Z o J= k e

p( o+ (g — b)K; + 5 (A — ‘+k>
vop— ot ) Zﬂ—l( 3 1) (2 — b)a+p+21’:1 Ki(bi—ai)+3 27—y 55 (15 —Aj)—v—k

T (—p -0+ Zle(ai —b;)K; + 25:1()‘3' — py)s; + k)
dsy---ds, (2.8)
Provided

Ajstg >0, p5 < Ajforj =1,--- 7

v (J)
-1
Re(o—FU—ZK?;(a,; ) Z)\ — lgigwae( () )<U<0,

i=1
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Interchanging the k-serie and (s1, - - - , s, )-integrals (which is permissible under the stated conditions), now interpreting
the multiple Mellin-Barnes integrals contour in multivariable Aleph-function, we obtain the desired result (2.1) after
algebric manipulations.

Particular case.

Ifin (2.1), we takea = b,0 = 0,by =--- = b, = u1 = --- = u, = 0, we get the following result after simplifications.
(2= a)P ST (2 —0) ™ (e =) )R (aa(z = ) N (s — ) )]
[Ni/9] [Ny /9]
— e—wﬂ-v(z _ a)p—u Z Z ay H yj i1 Kia;
K.1=0 K,=0 =1

Zl(Z—b)_/\l (1—11-0—/)—2;:1 KLa/L7)\1> 7)\7‘)714

On+1:V
Np lj:i qi+1,7;R:W : ’ (29)
2:(z =) | (I4p— Y0 Kiai; M, -+, \), B
under the same conditions that (2.1) with ¢ = 0,0 =0,b; =---=b, =1 = --- = u, = 0.

3. Corollaries.

If the multivariable I-function and class of multivariable polynomials reduce respectively to Aleph-function defined by
Sudland [26,27] and class of polynomials of one variable defined by Srivastava [21], we obtain

Corollary 1.

[(z —a)’(z— b)US% (y1 (z—a) " (z — b)bl) N (zl (z — a)_’\1 (z — b)‘“)] o= e Y™ (z — b)PtoTY

Al AL A
oo [N/M)] K bi— )
a — b (Z — b) 1—01 +9 _
Z AN Ayl ( - b) k! N;r:(ll:l"'l_&qi(l) +23T7',(1) R Zl(Z - b)“l M : (31)
k=0 K=0 .
By, B;, B’
where
Al =(1—v+p+o—k—K(ag—bi); A —p1) 3 Ay = (1+p—k— Kag; A1) (3.2)
By =(14+p+o—k—K(ag—b);\ — 1) ; By =1+ p— Kay; M) (3.3)

1 1 1
A= {(CS ,’Y] )1 nl} { (1>( 71(1)a’751()1))n1+1 P, (1)} B = {(d§ )’55 >)1 ml} { (1)( “(1)7651()1))7%14*1 q, (1)} B4

(=N

AN K] (3.5)

ANk =

Provided that

—b
z;éab' ‘<1,a1,b1>0;)\1,M1>07M1<)\1.

—b
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W
Re(oc+n—K(ag —b1)) — (A1 — p1) max Re <CIT> <wv <0,

1<I<n,
1 Py(1) (1)

—A1 1] 1 1 1

e 0 < A where =350~ 3 o0 e 3 4l
j=ni1+1 j=mi+1
and the serie in the left-hand side of (4.1) is absolutely and uniformely convergent.
Consider the above corollary, the Aleph-function reduces to I-function defined by Saxena [17], we get
Corollary 2.
[(z —a)’(z— b)”S]]\Lff (y1 (z—a) " (z — b)bl) I (Zl(Z — a)_)‘1 (z — b)”l)]v =e WV (z — )PtV
Af A, A
oo [N/M)] k by )
a — b (Z - b) 1 m17n1+2 —
Z AN K yl <Z — b> k! Ipi<1)+2’qi(1) +2;R Zl(z N b)“l . ’ (36)
k=0 K=0 .
B}, B}, B”

where
Al =(1—v+p+o—k—K(ag—bi); A — 1) 3 Ay = (1+p—k— Kag; A1) (3.7)
By =(14+p+o—k—K(ag—b);\ —p1) ; By =1+ p— Kay;\) (3.8)

1), @ 1 1), (1 1 (1)
A" = (57 1 G i Ims 5 B = (85505 ) 1m b A5 850 s 10,0, ) (39)
under the same conditions that (3.1) and

1 . k ni ( b;(1) mi 1 q;(1)

_ : 1 1 1)

|21(z - CL) )‘1(2 - b)'ul} < §B§ )77, where Bl ) = Z'Yj ) — Z 'Y](-i()l)+253(‘ - Z 6( 4(1) >0
j=1 j=ni1+1 Jj=1 j=mi+1
Consider the above corollary, the I-function reduces to H-function defined by Fox ([2],[9]), we have :
Corollary 3.
[(z —a)’(z— b)"S]]\\f (y1 (z—a) " (z— b)bl) H (21(2 - a)7A1 (z — b)“l)} = e ¥V (2 — b)PToTY
AL AL C
oo [N/M] k bi— .
a—b (Z_b)lal mi,n _
2 D Awxyl (z - b> o H s e | mle b : (3.10)
k=0 K=0 : .
B{,B}, D

Al =(1—v+p+o—k—K(ag—bi); A —p1) 3 Ay = (1+p—k— Kag; A1) (3.11)
By =(1+4+p+to—k—K(ag—b);\ —p1) ; By =1+ p— Kay;\) (3.12)
C=(¢;;7)1m 5 D =(dj;05)1,4, (3.13)

under the same conditions that (3.1) and
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Tl p1 my q1

1z —a) M=t < B =3 = DT Y= D 6> 0
j=1 j=1

j=ni1+1 j=mi+1

Consider the above corollary , by applying our result given in (4.4) to the case the Laguerre polynomials ([28], page

101, eq.(15.1.6)) and ([25], page 159) and by setting

Sn(x) = Ly (x)

N+« 1
In which case M =1, Ay x = ( )7 we have the following interesting consequencies of the main
N J(a+1)k
result.
Corollary 4.

[(z —a)’(z—b)7LY (y1 (z—a) " (z — b)bl) H (21 (z — a)7A1 (z — b)‘“)} =e W (z —p)PtoY

v

AL AL C
co N k bi—a k .
kf(a—b\" (z=0)""% . (a—b | o
5SS awat (257) BT (U55) gt | v
k=0 K=0 .
B!, B}, D
under the same conditions that (3.10).
If we take a = b,0 = 0,b; = u1 = 0in (3.14), we have the following result.
Particular case.
[(z —a)’L% (y1 (z — a)*‘“) H (zl(z — a)*)‘l)] L= e ¥ (z —a)f™"
A}, Ay C
o N —a .
Z Z (-N)K<N+Oé> 1 y{( (a—b)k (Z—b) 1Hm1,n1+2 Zl(zib)f)\l
! _ | P1+2,q1+2
= = K! N (a+ 1)k z—b k! )
BY,BY,D

where

Al =0 —v+pto—k—Ka;h) ; A =0 +p—k—Kai; M)

Bl =(1+p+o—k—Ka;\) ; BY = (14 p—Kay; M)
under the same conditions that (3.10) witha = b,0 = 0,b; = 1 = 0.

Remarks :

(3.14)

(3.15)

(3.16)

(3.17)

By the similar methods, we obtain the analog relations with the I-function of several variables ([12],[14],[19]), Aleph-
function of two variables [18], the I-function of two variables [8,20], the I-function of one variable [15], the

multivariable A-function [5], the A-function [4] and the modified multivariable H-function [13].

4. Conclusion.

Finally, it is interesting to observe that due to fairly general character of the multivariable Aleph-function and class of
multivariable polynomials, numerous interesting special cases of the main result (2.1) associated with potentially useful
a variety special functions of one and several variables, orthogonal polynomials, multivariable H-function, H-function,

G-function and Generalized Lauricella functions etc.
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