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Abstract-This paper studies the properties of inverse image of a real valued function defined on the set of all soft

sets S(U). It is proved that if A is a sigma algebra of subsets of R, then its inverse image f *(A) is also sigma
algebra and smallest sigma algebra generated by a set of soft sets is defined.
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I.  INTRODUCTION
Soft set is a parameterized family of subsets of a universal set U.Because of its simple structure, it has been used by
many researchers to make decisions in problems with uncertainty. Soft set was first introduced by Modolstov [1]
and he applied this concept in economics. Basing on the definition of soft set given by Modolstov, P.K Maji [4]
defined many set theoretic operations between soft sets which established a pavement for the development of soft set
theory.

Algebras of sets are closed under finite unions. Sigma algebras of sets are closed under countable unions.
Researchers in finance, economics and statistics use sigma algebras to model the problems arising in their fields. In
view of this, we intend to introduce the sigma algebra of soft sets. John H Halton [3] discussed about sigma algebras
whose elements are inverse images of a real valued function. The method introduced by John H Halton motivated us
to consider sigma algebras of classes of soft sets. This is obtained by defining a mapping from the set of all soft sets
to the real number set R. By considering subsets Az, Ay, As,........ An,...... of R, we analyze the properties of the set
f1(A,), ne N which are obviously set of soft sets. Next we study the properties of the class { f*(A,)}, showing that
it is closed under arbitrary unions and proved that it is a sigma algebra whenever {A,} is a sigma algebra.Finally we
find sigma algebra of class of soft sets generated by a set of soft sets.

This paper is structured as follows. In section 2 we review the basic literature on soft set and sigma algebras.
Section 3 presents the definition and properties of sigma algebra of soft sets.

Il. PRELIMINARIES
Definition 2.1: Let U be the initial universal set and E be the set of all parameters defined over U i.e. elements of E
are characteristics or properties of elements of U.
A pair (F, E) is called a soft set if F: E — P(U) is a mapping.
Definition 2.2: Let (F,A) and (G,B) be two soft sets defined over the same universal set U. Then (F,A) is said to be
soft subset of (G,B) if
(i) A C B,
(i) Foralle € A, F(e) € G(e)
Definition 2.3: Let (F,A) and (G,B) be two soft sets over the common Universe U. The union of two soft sets (F,A)
and (G,B) is a soft set (H,C) where C = A U B and H is defined as
F(e) ifee A—B
H(e) =4 G(e) ifeeB—A
Fle)nG(e) ife€eANB
Definition 2.4: Let (F,A) and (G,B) be two soft sets over the common Universe U such that A n B # @. The
intersection of (F,A) and (G,B) is the soft set (H,C) where C= An Band
H(e) = F(e) n G(e), Ve €C.
Definition 2.5: Let (F,A) be a soft set over U. Then the compliment of (F,A) is defined by F°= U- F(e), V e € 4 and
is denoted by (F°, A)

Definition 2.6: A collection & of subsets of X is called an algebra of sets if (i) AU Bisin & whenever A and B are
(ii) A “isin X whenever A is.
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Definition 2.7: A collection 3 of subsets of X is called a sigma algebra of sets if (i) X isin 3 (i) A isin 3

whenever A is (iii) countable union of subsets in 3 isalsoin 3 .

I1.SIGMA ALGEBRAS OF SOFT SETS
Let S(U) be the set of all soft sets defined over U with the parameter set E. Let f : S(U)—R be any real valued
function on S(U).Let ACR then the inverse image of A under f is defined as

f 1 (A) = {(F;, E) €S(U): f(F;, E) € A}c S(U).

If A={a}then f *(A) will be {(Fi, E)/ f(F;, Ey=a}=f '(a).
Here we are assigning real value to every soft set defined over U.

If A contains more than one element then f ~* (A) will be a class of soft sets in S(U) satisfying f (F;, E) € A.
Observe that the range f, f( S(U)) ={a € R/ f (F;, E) = a}.

Without loss of generality, we define f ~* (r) = ¢ for real number r € R and r is not in the image set of f(S(U)). We
may assume that [f( S(U))] = {r e R/ f " (r) = ¢}.

Now f ~* ([f(S(U))] °) = ¢.
Lemma 3.1:Given f: S(U)—R is a function. Let A be any arbitrary subset of R and let A® denote the complement of
A in R then

() f " (R)=SU)
(i) f (A =(f " (A)°
(i) f 7 (9)=9
Proof: (i) By definition f ~* (A) = {(F;, E) eS(U): f((F;, E))e Ac R}
f: S(U)—R means that for all (F;, E) € S(U), f((Fi, E))e R implies that f * (R) = S(U).
(ii) A c R implies A’ R
By definition f ' ( A%) = {(F;, E) € S(U):f(F;, E) € A°}
Since AN A°= ¢, f (A% = {(Fi, E) € S(U):f((F;, E))e A}
={(Fi, E) e S(U):f((F, E))e A}°=(f "(A))".

(i) 0°=Rby (i) [f " ($)]°=f * (9% =f " (R) = S(U) implies thatf * () = ¢
Lemma 3.2: Given f: S(U)—R is a function. Let A;, A, ...... Anbe arbitrary subsets of R, then

(i)fl[OAnsz]fl(An)
(ii)fl[ﬁAnJ:ﬁfl(An)

Proof: (i) f 1(0 AL J = {(Fi, E) :f((F;, E)) eLj A |} ={(F; E):f((Fi, E))eA;} for atleast one j

o

=UJ {F.BRF.ENeAr=1J f (A)

(iywehave N A = [U Anc]

A _1Fw A B L o
s e 5 g e

Nria,)
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From the above lemma it is clear that for any two subsets Aand Bof R, A "nB=¢ =f ' (A) nf *(B) = ¢Lemma
3.3: For a function f: S(U)—R, and subsets A and B of Rsuchthat Ac B =f ' (A) cf " (B)

Proof:f ' (A) = {(Fi, E) € S(U): f((Fi, E))e A}, f *(B) ={(Fi, E) € S(U): f((Fi, E))e B}

If A B then for all (F;, E) eS(U), f(Fi, E) € A < Bimplies f (F;, E) € B and hencef * (A) cf ' (B).

IfAis any class of subsets of R, and A={AJ}, write f *(A) = {(F, E)= f ' ( A)/ AeA} as class of soft sets (F;, E)
of S(U) which are inverse images of subsets A;of R. Observe that all these subsets A;of R are in the class A.

Lemma3.4: If A,Bare any two classes of subsets of R such that AcBthenf ~* (A) cf " (B).
Proof. Let AcAimpliesA B

A cAimplies f ' (A) ef ' (A)and A eBimplies f ' (A) ef *(B). Hence f " (A) cf " (B).
Theorem 3.5: Let A be a sigma algebra of subsets of R. For the function f: S(U)—R, let f ' (A) = {(F;, E) : f(F,,

E)eA, AilcA}. Then f ' (A) is also a sigma algebra of subsets of (F;, E) of S(U).
Proof: Because A is a sigma algebra of subsets of R, ¢ €A

By (iii) of lemma (3.1) ¢ =f " (¢)ef ' (A)implies ¢ f *(A)
Also by (ii) of lemma (3.1) S(U) e f *(A)

U A, eAimplies that f 1[U AHJ ef ' (A)

n=1 n=1

By (i) of lemma (3.2) U f (A ef H(A)

n=1
Thus foralln eN, f ' (A,) ef ' (A)implies that the countable union of f ~* (A,) is alsoin f ~* (A).
Forall AccA, f ' (A) ef *(A)
For AfeAf '(AS) ef ' (A) impliesthat (f " (A))ef " (A)and thus f ~* (A) is a sigma algebra.

Theorem 3.6: If f *(A) and f ' (B) are sigma algebras of classes of soft sets, their intersection is also a sigma
algebra.

Proof: Since each of the sigma algebras f ~* (A) and f ~* (B)contains ¢ and f ~* (R), the intersection f " (A) N f '
(B)also contains ¢ and f ~*(R). If f *(C)isin f *(A) N f *(B)then f *(C) isin both f *(A) and f *(B)and
therefore (f ~* (C))° is also a member of f *(A) N f ' (B). And finally the intersection of sigma algebras, f ~* (A)
N f *(B) is closed under countable unions for the same reason as above.

n

Corollary 3.7: The intersection of finite number sigma algebras, () f1(A) is also sigma algebra.
i=1

Proof: The proof is the immediate consequence of theorem 3.6

Theorem 3.8:For aset, f (X) = {(F;, E) : f((Fi, E)) eX,for all X,eX}, there exists a unique minimal sigma algebra
containing f ~* (X). This minimal sigma algebra is the sigma algebra generated by f ~* (X).

Proof: Since f '(R) is a sigma algebra and f *(X) =f *(R) implies that there exists a sigma algebra f *(R)
containing f ~*(X). Let f ' (A) be the intersection of all sigma algebras containing f —* (X). Then by corollary 3.7,
f “*(A) is also sigma algebra and is the smallest sigma algebra containing f ~* (X).

Definition 3.9:For f " (A) = {(F;, E) : f((Fi, E)) €A, forAeA }and f ~* (B) = {( Fj, E) / T (F;, E) = b}, B= {b}, We
define f *(A) N f (B)={f ‘(AN f *(B)/Ac A}

Theorem 3.10: Let f ~* (A) be a sigma algebra over f *(R)and f *(B) <f '(R)then f *(A) N f ' (B)issigma
algebra over f * (R).

Proof: Itisclearthat f *(B)=f “(R) N f *(B)

f 'R ef '(A), f "(R)N f "(B)ef "(A)N f '(B)impliesthat f *(B) ef *(A) N f ' (B).
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Sincep ef '(A), ¢ ef (AN f (B)

Let f *(D)ef ‘(A)N f "(B)thenclearly f *(D)=f "(A) N f '(B)for some A €A

(F @)=t "@®)\f ' D)=Ff "B\ (ANFf B]=(f"A)NTf Bef (ANTF (B

Let f “(D,)) ef "(A)N f '(B)foreachn e N.Then f *(D,)=f "(A) N f *(B) for somete N

U f'O)el [FANT ®I= [f (AN (B)ef '(A)N f " (B)which follows that

ne N ne N neN
f '(A) N f ' (B)issigmaalgebra of f ' (B).
IV. CONCLUSION

In this paper we introduced sigma algebra of soft sets by considering the inverse images of function defined on the
set of real numbers. The properties of these sigma algebras are studied. It is observed that if A is sigma algebra then

f “*(A) is also sigma algebra.
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