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ABSTRACT
In this paper, we establish few operational relations between the ongmal and the image for two dimensional Laplace transform whose kernel involves

the product of the general multivariable polynomials S;Ll Hon(@1,---,xp), a general class of multivariable polynomials
S]},[l“ A (=Yr+1,* , =Y ), A-function of one variable and the multivariable Aleph-function. The importance of the present document lies in

the fact that it unifies and extends the results of a large number of authors. At the end we shall see several corollaries.
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1 .Introduction and preliminaries.

Chaurasia and Godika [3] have studied several relations between the original and the image for two dimensional
Laplace tranforms whose kernel involves the product of classes of multivariable polynomials, Fox's H-function [5] and
the multivariable H-function defined by Srivastava and Panda [20,21]. The aim of this paper is evaluated several
relations between the original and the image for two dimensional Laplace tranforms whose kernel involves the product
of classes of multivariable polynomials, A-function [6] and the multivariable Aleph-function defined by Ayant [1].

The integral equation (Ditkin and Prudnikov [4]) is defined by
F(w,v) = wv/ / exp(—wz — vy) f(z,y)dzdy, Re(w,v) > 0 (1.1)
o Jo

The formula (1.1) represents the Laplace-Carson tranforms of a function f(z,y).

F(w,v) and f(z,y) are said to be operationally related to each other, F'(w,v) is called the image and f(z,y) the
original.

Symbolically we can write
Flw,v) = P*{f(x,y)} or f(w,) = L~*{F(w,v)}. (12)

The A- function , introduced by Gautam et al [6], however the notation and complete definition is presented here in the
following manner in terms of the Mellin-Barnes type integral :

AL NNy, (ag, A p 1 M,N
A(z) = AP (25, AT =—/ Q. sd 1.3
(2) =4p) ( 7 ‘ (b B)siarsns (bys B)o mw |, oPQ (5)2°ds (1.3)
for all 2 different to O and
M
— b — Bs (1 —a;+A’s
Q]\P{é\[()_ pHJ I)Hg 1 ( J _])/ (14)
ieny1 Lla; — Als )HJ v D1 =0 + Bjs)
The serie representation of A-function is obtained by Gautam and Asgar [6].
M ch,g(_)g
Z ZQ c.g) ol (1.5)

G=1¢g=0

where
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by + G

NG,y = Tg (1.6)

The Aleph-function of several variables is an extension the multivariable I-function defined by Sharma and Ahmad
[14], itself is a generalisation of G and H-functions of several variables defined by Srivastava et Panda [20,21]. The
multiple Mellin-Barnes integral occurring in this paper will be referred to as the multivariables Aleph-function of r—
variables throughout our present study and will be defined and represented as follows (see Ayant [1]).

0,n:me,n1, My, Ny

N(zg,-,2,) =R
We have : R(z1, »2r) DisQi,Tis RiD, (1) 4;(1) T, (1) s R 55D () 18, () 37 () s RET)

, NI 1 1 .
[Ti(aji; 045-1), s gz))“+1,Pz] : [(Cg ))7 7; ))LTL1]7 [Ti(l) (Cj(‘i()l) ) 7](7.()1))711-&-1 p(l)} T

1 . 1 1 5 1
[Ti(bji; 6;1)7 T 7B§:))M+1,Ch] : [(dg ))a 5§ ))1,m1]7 [Ti(l) (dil()l)v ](“)1))7,“_;'_1 q(l)]; )

(€203 s I (€ AT )y 0]

1 . .
= Gy /L '”/Lf/’(sl"“ ) [T0(s)z dsi--ds, - (1.7)

[(dgr)>7 (S;.T))l,mr]a [Tl‘(T‘) (dg:()” 5 (5;:()” )mT_‘_ngr) k=1
with w = v -1
" T(1l—a, Tk
W(s1, -, 80) = ITjo T —ay + 305, @5 sk) 18
) b _— R i - k - - k )
2imam TG D = 3k ag’i)sk) S D= by + 20y ﬁ](‘i)sk)]
me TP — 68 ) T, T — P 440
and 0y (sx) = [ I ’“) L VD) (1.9)

R() 900 P< ) (k) (k)
ZM) 1[ (k) H] =my+1 IO ”(k) +§”(k)8 )H]—:'Lkﬂ IN(E Ciitey = V(e Sk)]

For more details, see Ayant [1]. The condition for absolute convergence of multiple Mellin-Barnes type contour can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , where

qi g Pi(k) my q,(k)
A = ZO‘W DRI S SRR 3 m*Z“ = e YD >0,
j=n+1 J=1 =1 Jj=nr+1 Jj=mr+1
. . . k k
with k=1,--- ,ri=1,---,R,i® =1,... R® (1.10)

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

The generalized polynomials of multivariables defined by Srivastava [17, p.185, Eq.(7)]], is given in the following
manner :

R G IR G
11, — 1)l K —INR)IRKR A 3 K K
Srrlu, ,m1%[x17 )y L Z Z Kl!l L. KR' A[mvi;h”' ,mR7KR].'L’11"'LL'RR (111)
K1=0 Kr=0 '
where [y, --- , g are arbitrary positive integers and the coefficients A[m., K1;- - ;mp, Kg| are arbitrary constants,
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real or complex.
We shall note

_(miuk,  (CMR)igks .
aRp = K][ KRl A[ml,Kl,

;mr, Kg] (1.12)

A general class of multivariable polynomials defined by Srivastava and Garg [19] are defined as follows

JT 1 Mo SN r’ ( )a-
Myg1, My _ 7y] J

SN1 (_yr-i-la"' a_yr’)_ Z (_Nl) Jr’:r+1 Mja]-B(aerl’.” 7ar’) H .l - (113)
Q1,000 =0 Jj=r+1 J

where M, 1, , M, are arbitrary positive integers and the coefficients B(c.+1,- - ,«,) are arbitrary constants, real

or complex, where a; > 0 forj=r+1,--- 7.

We shall note

( )Z M,a.B(O‘T-‘rl?"' 704?"’)
by = j=r+1 r/J i : (1.14)
H_7=7-+1 Q-
If we take 2 = 1 in the equation (1.11), the class of multivariable polynomials S,,th H reduces to the general class

of polynomials S%, [.] defined by Srivastava [16].
By suitably specializing the parameters, the polynomials Si}“ [] can be reduced to other classical orthogonal
polynomials. Similarly, we obtain a special cases of a general class of multivariable polynomials by specializing the

parameters.

For convenience, we shall use the following notations in this paper.

V=my,ny - ;mp,n, (1.15)
W = pi, @i Tin s R iy @i Ty s R (1.16)
A={(a;af” ol milagaly el e ) )

{r (€07 dmsrm e Yoo L 1 b i (€9 D10 ) (1.17)
B ={7ibjis B3, B3 st b A5 08 1, b Ao (@350 00 Ym0} 5+

(@585 1m, b A7 (@385 D, ) (1.18)

2. Main formula.

The following theorem of this paper provides a key formula from which we get many other theorems by specializing the
parameters. We have

Theorem
’I‘/
oo [m1/li] [mr/lr] 2j=rs1 Mjos <M 277@9( )g g
1 M,N 9 (— v o
W (wy) £ ZZ DO > Qp gy (16,9) =5 @by (=) Z=rss Mt
G=19=0 K,=0 Kr=0 a1 0,,=0 GY:
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hnG g+ KiHiA YT hya ha B
(vw)™ne: =1 d=ri1 MR (2 (Vo)™ -z (V) ) =

7,(
(mi/ll]  [mgr/lr] 2jeri1 Mjo; <Ny 2. ()9

24x7—TM°° ¢
S D) DD IS DENED DR URE s

G=1 g:O K1 =0 KRZO Q1,0 Ot =0

—hng,g—SiLy KiH; Z7 rt1 Pjey
P)

aRbr/ (_)Z;:'r‘-l-l hja; (4xy)
Z 2\/.7] —h N
il . ) (29 = by — hng,g — 0700 Kol = Y25,y hjayshay oo hy) A
0,n:V .
Np1+l qi,Ti; R:W - (2.1)
2, (2/7Y) "

Provided

h>0,H; >0,h; >0fori=1,--- ,R;j=r+1,--- 7. Re(y') > 0; Re(w) > 0; hy >0fork=1,---,r

£ : N
Re(f + hng,g) + Zh min Re (5( )) > 0and Re(y — B —hng,y) — h; min Re ( @J ) <3

1<G<m; —tigism,

1
largz| < |arg(Q)z| < 57}%,5* =0,n>0

p Q P Q
where ) = H{A;}A.lf H{B;}’B.;‘ and ¢* = Im(ZA; — ZBJ’)
Jj=1

Jj=1 J=1 J=1

N Q
mme%ZNQF >

J=1 j=N+1 j=M+1

1 ,
largzi| < §A§k)7r , k=1,---,r where Al(»k) is given in (1.10) and the multiple series in the left-hand side of (2.1)

converge absolutely.
Proof

The Laplace transform of the product of classes of multivariable polynomials, A-function and the multivariable Aleph-
function is given by.

tHR] SMr“’”"M"/(—thT“ . _thw)

b=t AM,N h
L{t AP,Q (t o lR N1 P I R R

( aij;')N,N-&-la (aj,A;‘)P )Sll [tHl
( by, B a1, (b, By)g ) moromatd

thhl A

o,n:V
Piyqi+1,7; RAW

Zrt.-hr (1_/8 - hTIG,g - Zil KZHZ - E;:r+l hja]7 h17 e 7h7")a B
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M oo [mi/li] [mgr/IR] Z] rp1 Mja; <Ny ne g ,
-3 QMN 2169 (=) o hyoy
w E E E E E (nG g) Saa) agrb, (_) i=rt
G=1 g:0 Kq1=0 Kr=0 Olpg1,0 ,DLT/:O Gg'
R /
w MG Kl =Y i Rz ez (2.2)

Provided that

h>0,H; >0,h; >0fori=1,--- ,R;j=r+1,-- 7. Re(y') > 0; Re(w) 2 0; hy >0fork=1,---,r

d\” - 1"
Re(f + hng,g) + Zh mln Re (()Z )> > 0and Re(n+ hng,g) + h; min Re (Tf) <0
J

1<j<m; 1<j<m; Vi
=1 Wi

1
largz| < |arg(Q)z] < §n7r,§* =0,n>0

P Q P Q
where ) = H{A;}A.Ii H{B;}’B.; and ¢* = Im(ZA; - ZB;)
=1

j=1 j=1 j=1

N Q
and n=Re > A, - Z A’+ZB’ > B

J=1 Jj=N+1 j=M+1

1 3
largz| < §A§k)7r , k=1,---,r where AEI”) is given in (1.10) and the multiple series in the left-hand side of (2.2)

converge absolutely.

The result in (2.2) can be obtained by the help of (1.5), (1.11) and (1.13) respectively and a result obtained by Chaurasia
[2].

Now we replace w by (vw)_% and multiply both sides of (2.2) by w2 (vw)l_’yl and interpreting it with the help of a
known result of Ditkin [4], we obtain

(4xy)%*%/ i SV [64(ayt?)] ZA?D%V ( v
0

(aj, A} NN+, (ag, A p >
( by, By)m,m+1, (bj, By)g

I, 3 Hy Hry oMy, My hrg1 hpt
Sml, ,R[tl T ’tR ] SN1 (*tr+1 " a*tr/ )
thhl A
o,n:V ’ . dt —

Pi,qi+1,7i; ReW .
. R /
gophe | (o =B —lmag =35y Kl = 355,y hjagihs--- he), B

T‘/
oo [ma/l1] [mr/lRr] Zj:7-+1Mjaj<N1 NG 7)9

TRITOERALD 30 5 SREED SUNEND SRR e SO
GY-:

G= 1q 0 K] 0 KR 0 Oér+1,~“,a,,‘/=0
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R v’
hng g+t KiHi+3X5_ g hja;
Pl

N (zl(\/M)hl, e ,zr(\/sz)h") (2.3)

(vw

Now, evaluating the left-hand side of (2.3) by the process mentioned in (2.2), we obtain the desired result (2.1).

3. Corollaries.

If we take

E yrtt +1 Ur ’
T121(0), gt 4o TIita (05 0) s TS (7)), on
B(O[T+1, e 7Ol7~/) - . . 7 Z (31)

G Vit (e %4
Hj:ll<gj)ar+1¢.§r+l)+.__+a",w;1~/) HJ.;I (U§T’ ))ar+1‘r](r+l) ...Hjil (v(_r ) )

<
L
!

in (2.2), S]AVJ;“"" M (—tffll, TN —tﬁf "Jreduces to the generalized Lauricella function defined by Srivastava-Daoust
[18] as follows :

!

M1, My hot1 hoy_ pl+BErUTH U]
Sl )=

_ hr,v+1 / ’ /
v Nyt Mg, M), [(€); 00D oo 0] - [(um+D)Y); 6 +D]; - [(w)); 6]
, ' ) (3.2)
_thos [(8);p D) v D] ¢ (D) 2P+ D]s e [0, 7))
We have the following corollaries
Corollary 1
. ; M oo [mi/li] [mr/lR] Z;’=7'+1 Mja;<N ch;q( )q ,
_1 B _ M,N AT T S0
wEwe)T YN S N > Qg Ua.g) =5 arby (=) == hjo
G=1¢9g=0 K;=0 Kr=0 Q1,000 =0 G9:
()Mot Ry KA s R (o (Vo)™ -+ 2 (Vo)) =
/_B+1 0o [mi/li]  [mr/lg] Z;-;TH Mjo; <Ny
day)' 7 M,N 263 ()9
e ) Y M SUED DR T RE
,Q i1 |
™ G=19=0 K,=0 Kp=0  arg1,0,0=0 el
o h 7h7)G,gfz,F:1 KiHi*Z;ﬂl:r_*_l hjo
agbys (=) =i=r+1 1% (4zy) z
7z 2\/.% —h N
1 ] 7) (2 = by — hnag — Soiey KiH; — > i1 jagiha, e hy), A
o,n:V .
Nl’vz-‘rl,q;:,ﬂ;R:W . . (33)

2,(2y/F5) B

where b, is defined by (1.14) and B(a;41, - - - , o) is defined by (3.1), under the same conditions that (2.1).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 19



SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 55 Number 1- March 2018


SSRG
Text Box
ISSN: 2231-5373                                   http://www.ijmttjournal.org                                   Page 19



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 55 Number 1- March 2018

Corollary 2

’

L{tP! A%V ( th

(a'jaA‘/j)N,N+1:<a'j7A‘lj)P Sll’m’lR [tHl tHR] F1+E15Uf+17“'qu
(ijB;‘)]VI,MJrly(bj,B_;‘)Q my,--- ,mprl’l > 'R G1:V1T+l,~-,V1“

_thr ’ / ’
T ONY s My, M), [(€): 00D o 0] [(ul+D)): g D] - [(w)Y; )]
the [(g);p T+ 1), - D] L (1)) 7OH+D] s (o), 7(7]
thhl A
o,n:V

pi qi+1,7i; ReW : . =
. R !
Zrth’T (1'/8 - hnG,g - Zl‘zl K;H; — E;:T+1 hjaj; h17 te 7hr)u B

/
r
M oo [mi/l] [mr/lr] Zj=7»+1 Mjo; <Ny MG _)g o

w™? ZZ Z Z Z Qgg(ﬂG,g)T;!aR (-) j=r+1 hio

G=1 QIO 1\71:0 KRiO Q1,0 7Oé,,./:O

_ _S"R S s _ _
bprw hng,g—3221 KiHi=320_ 1 hja; N(zlw hl’... ) 2w hr) (34)

where b, is defined by (1.14) and B(a;-41, - - , o) is defined by (3.1), under the same conditions that (2.2).

Consider the above corollary but the multivariable polynomials Si,lb’l"'.'ll’% R [.] vanishes, we obtain the following result.

Corollary 3

3—1 A M,N h
L{t"~" Apy (t

(aj, A} NN+, (aj, A p 1B U U
( by, By)m,m+1, (bj, By)q GVt vy

— h'r 1 7 ’ ’
e (-Ny: My, -, M), [(e);g(rﬂ),... 79(7" )] . [(u(r+1>);¢(r+1)];... ;[(u(T’));d)(T )]
Lt [(8); 1), - ] [+ ) 7] () ()]
thhl A
o,n:V

Pi,qi+1,7i ReW

Zrt.hr (1_/8 - hnG,g - Z;:r-i-l hjaj; hla e 7h7")a B

7
T M;a; <N
M oo nyrﬂ JIxAV1 MG, _)g T/

w” ZZ Z QJI\D/{’QJQV(”G,g)TE]! (—)2i=r+1hi%

G=1g=0 Q1,0 00,0 =0

’!‘,
LN DY SRR L N(zlw_hl, e ,sz_hT) (3.5
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under the same notations and conditions that (2.2).
Now, the multivariable Aleph-function reduces to Aleph-function of one variable defined by Sudland [22,23], we have

Corollary 4

L{tP=" Ay ( th

(aj, Aj) NN+, (aj, A p F1+E1:U{+1,.-- ur’
( bj7B;')]\/f7M+l7(bj7B‘;’)Q G1:V17'+1’...’V1r/

_thH—l r r’ r r r’ r’
(-Ny: Mjq,--- ,M,/),[(e);a( e )} . [(u( +1));¢( +1)];... ;[(u( ));¢( )]

r

the (@60, o, O] [(oHD); 74D (o) 7))

((ej375) 1 [Ti(egis Vi) It 1,pi5R
mi,ny z th'l
P,(1),9;(1) +1,7,(1) R 1

(1-8 = hne,g — Z; 1 Qs hl) (dj305)1,m, [7i(djis 05i) lm+1,qi5R

’

> Moy

M oo
ZUG,g —_\9 ’ 'r/ o
w™? Z Z Z Qg{g(nag) (5G.(q!) (— )ZJ r+1 O‘Jb a6 = iy

G=1 (/:0 Q1,0 Qs =0

((e559) 1,05 [Ti(egis Vi) It 1,005

(dj5 05)1,ms [Ti(dji; 05i)lmt1,4:5R

mi,n1 —h1
P,(1):4;(1)T;(1) iR Z1w

(3.6)

Provided that

h>0,h; >0forj=r+1,---,7". Re(y') > 0; Re(w) = 0;hy >0

1<isma I<gsma

" M
1—c:
Re(B+hng,g) + b1 min Re (W) >0and Re(n+hne,g)+hi min Re <_<1>J ) <0

1
largz| < |arg(2)z] < 31m & =0,n>0

P Q P Q
where () = H{A;}A;' H{B;}’Bﬁ and ¢* :Im(ZA; —ZB;)
j=1 =1 = =

N Q
and 7 = Re ZA;f Z A/+ZB/ Z B;»

J=1 Jj=N+1 j=M+1

Py q;(1)

1 [ &
largz1| < 57 Z ’Y]('l)_ i) Z Z(l)+ Z st — 3(1) 5](22” > 0, and the multiple series in the left-hand
j=1 j=ni1+1 j=mi+1

side of (3.3) converge absolutely.
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Remarks

By the similar methods, we obtain the same relations with the Aleph-function of two variables [13], the I-function of
two variables ([8],[15]), the multivariable I-function ([9],[11]), the I-function of one variable [12], the multivariable A-
function [7], the A-function [6] and the modified multivariable H-function [10].

The formulae (2.1), (2.2) and (2.3) can be extended of any finite number of classes of multivariable polynomials and
multivariable Aleph-functions.

4. Conclusion.

In this paper, we evaluate the image for two dimensional Laplace tranforms whose kernel involves the product of
classes of multivariable polynomials, A-function and the multivariable Aleph-function. The formulae established in this
paper is very general nature. Thus, the results established in this research work would serve as a key formula from
which, upon specializing the parameters, as many as desired results involving the special functions, the orthogonal
polynomials of one and several variables can be obtained.
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