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Abstract:
~Inthis paper we have established a fixed point theorem for a generalized Kannan and Chatterjee type
contractive mapping in a b-metric spaces. Our result generalizes the result of Kir and Kiziltune[10].

1.0 Introduction:

The concept of b-metic pace was introduced by Bakhtin [2] and Czerwik [7](1993). This
generalization of metric space was done to deal some problems particularly the problem of the convergence of
measurable functions with respect of the measure. After Czerwik ([7],[8]) many papers have been published
containing fixed point results on b-metric spaces for single value and multivalued functions ([1], [2], [4].[6].[7].[8],
etc.

The extension of Banach’s fixed point theorem for contractive mappings has been done in many directions.
Banach’s contraction mapping theorem states that if the metric space (X,d) is complete then the contraction mapping
T(Say) has a unique fixed point. We know that every contraction mapping is uniformly continuous and hence
continuous. A natural question arises whether we can find contractive conditions which will imply existence of fixed
point in a complete metric space but will not imply continuity.

Kannan [9] established the following result in which above question has been answered in the affirmative.

If T:X—X where (X,d) is complete metric space satisfy the inequality:

d(Tx,Ty) < a[d(x, Tx),d(y, Ty)] (1.0.2)
where ae [0,%) and x, ye X. Then T has unique fixed point. The mapping (1.0.1) is called Kannan type mapping.
A similar contractive conditions has been introduced by Chatterjee [6] as follows:

If T:X—X, where (X,d) is a complete metric space, satisfies the inequality

d(Tx,Ty) < b[d(x, Ty)+d(X, TX)] (1.0.2)
where be [0,%2) and X,yeX, then T has a unique fixed point. The mapping satisfying (1.0.2) is called Chatterjee type
(or c-type) mapping.
Later on Moradi and Alimohammad [11] extended the Kannan type mapping in complete metric space and
generalized metric spaces as follows:
Let (X,d) be a complete metric space and T,S:S—X be mappings such that T is continuous, one to one and
subsequentially converge nt. If 2 < [0,%2) and

d(TSx,TSy) < A [d(Tx,TSx)+d(Ty,TSx) , (x,y € X) (1.0.3)
then S has a unique fixed point. Also if T is sequentially convergent then for every XqeX the sequence of iterates
{S"xo} converges to this fixed point and also establish the following:
Let (X,d) be a complete generalized metric space and T,S:X—X be mappings such that T is continuous, one to one
and subsequentially convergent. If 1 e [0,%2) and

d(TSx,TSy) < A [d(Tx,TSy)+d(Ty,TSx) , (X,y € X) (1.0.4)

then S has a unique fixed point. Also if T is sequentially convergent then for every xqoeX the sequence of iterates
{S"xo} converges to this fixed point.
In this paper we have extended idea of Moradi and Alimohammadi [11] to b-metric space and also extended
the Chatterjee type (C-type) mappings in b-metric space analogue to Moradi and Alimohammadi [11].

1.1 Preliminaries
Definition (1.1.1): Let X be a nonempty set and s > 1 be a given real number. A function d : XxX — R, is said to be
a b-metric on X if the following conditions hold:
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(M d(x,y)=0ifand only if x =y;

(ii) d(x, y) = d(y; x) for all X; y € X;

(iii) d(x, y) <s (d(x; z) + d(z; y)) for all x; y; z € X.
The pair (X; d) is called a b-metric space.

We observe that if s = 1, then the ordinary triangle inequality in a metric space is satisfied, however it does not hold
true when s > 1. Thus the class of b-metric spaces is effectively larger than that of the ordinary metric spaces. That
is, every metric space is a b-metric space, but the converse need not be true. The following examples illustrate the
above remarks.

Example (1.1.2): Let X = {1, 0, - 1}. Defined : X x X — R by d(x, y) = d(y, x) forall x,ye X; d(x, X)=0; xe X
and d(-1, 0) = 3; d(-1, 1) = d(0,1) = 1. Then (X, d) is a b-metric space, but not a metric space since the triangle
inequality is not satisfied. Indeed, we have that

d(-1,1)+d(1,0)=1+1=2<3=d(-1, 0):
It is easy to verify that s = 3/2 .
Definition (3.1.6 ): Let (X, d) be a b-metric space, x € X and (x,) be a sequence in X. Then

(i) (Xn) converges to x if and only if d(x,, Xx) = 0. We denote this by lim,_,, x,, = x as x, = x(n - ©)
Xn -

(i) (Xn) is Cauchy if and only if lim,,, ., d(x,,x,) =0

(iii) (X; d) is complete if and only if every Cauchy sequence in X is convergent.

Proposition (1.1.7 ) :(See, remark 3.1 in [4] ) In a b—metric space (X, d) the following assertions hold:
(i) a convergent sequence has a unique limit,

(ii) each convergent sequence is Cauchy,

(iii)in general, a b—metric is not continuous.

In general a b—metric function d for k > 1 is not jointly continuous in all of its two
variables. Following is an example of a b—metric which is not continuous.
Example. (1.1.8) Let X = N U{o} and D : X x X — R defined by

I( 0, ifm=n
1 1]
D(m,n)={|m_ n|, if m,nare evenor mn = o
|

5 ifmynareodd andm #n
2, otherwise

Then it is easy to see that for all m, n, p e X, we have

D(m, p) <3(D(m, n) + D(n, p)).

Thus, (X,D) is a b—metric space with k = 3. If x, = 2, for each n e N, then
D(2n,0)=—>0asn — o

thatis x, » wobutD (x,,1) =2 » D (0,1) asn -

Definition (1.1.9) : Let (X, d) be a b—metric space. If Y is a nonempty subset of X,
then the closure Y of Y is the set of limits of all convergent sequences of pointsin Y, i.e.,
Y = {x e X : there exists a sequence {Xp} in Y such that lim,_,., x, =X}

Definition. (1.1.10): Let (X, d) be a b—metric space. Then a subset Y c X is called
closed if and only if for each sequence {x,} in Y which converges to an element x, we have x e Y (i.e., Y =Y).

Definition (1.1.11): Let (X, d) be a b-metric space and let T : X —X be a given mapping. We say that T is
continuous at X, € X if for every sequence (x,) in X, we have x,, - xy asn - o = T(x,) — T(x,) asn - oo.
If T is continuous at each point x0 2 X, then we say that T is continuous on X.

1.2 Main Results:
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Theorem (1.2.1): Let (X,d) be a complete b-metric space with constant s> 1 and T,S:X—X be mappings such that T
is continuous, one to one and subsequentially convergent. If 4 e [0,%) such that
d(TSx,TSy) <A [d(Tx,TSx)+d(Ty,TSx) , (x,y € X) (1.2.1)

then S has a unique fixed point. Also if T is sequentially convergent then for every xqeX, the sequence of Iterates
{S"xo} converges to this fixed point.
Proof: Let X, be an arbitrary point in X. we define sequence {Xn} as Xp+1=SX, : n=1,2,............
Then by using the given condition (1.2.1 ) we have:
d(TXn, TXn+1) = d(TSXp.1, TSXy)

< 2 [d(TXq-1, TSXq-1)+d(TXn, TSXn)]
or, d(TXn, TXn+1) < A [d(TXn-1, TXp)+d(TXn, TXn+1)]

or, d(TXn, TXp+1) < {Lj d(Tx, ,.Tx,)

1-1
similarly,
(2 )
d(Tx, .. Tx, ,)< LﬁJ d(Tx,,Tx, ;)
2
A
< (—\ d(Tx, ., Tx )
Ll _ ﬂ J n-1 n
( /1 \n+1
SL:J d(TxO,Txl)
n+1 ( ﬂ \\
=(p d(Tx,,Tx,) wherep=| ——|.
(p) 0 TX =7
Now we shall show that {Tx,} is a Cauchy sequence.
For this let m,n>0 with m>n, then
d(TXm TXn) < SA(T X, Txns1)+5°A(T X2, TXns2) S0 (TXrs2s TXr3)Fe oo +8"d(TXm-1, TXm)
< Sp"d(Txo, TX0)+5°p™ d(TXo, TX0)+ oo +8"p™ ™ (Txo, TX2)
< 5p"d(TXo, TX0)[1+Sp+(SP)*+ .. +(sp)™]
(1= (sp)" "2
< sp“d(Txo,Txl)LL (1.2.2)
1-sp

Lettingm,n— < in (1.2.2), we have {Tx,} is a Cauchy sequence and since X is a complete b-metric space there
exists veX such that:

limTx =v (1.2.3)

n— w

©

Since T is subsequentially convergent, {x,} has a convergent subsequence. So there exists ueX and { X ) } such
k=1

that lim Tx,,

n— o

k):Tu

By (1.2.3) we have Tu=v. So,
d(TSu,Tu)< s[d (TSu,Ts "™

n(k)

X,)+d(TS Xy, TU)]

n(k)

IA

s[d (TSu,TS"“x,) +s[d (TS"“'x,,Tu)]

k)-1 n(k)

sA[d(Tu,TSu)+d(TS"

IN

X, TS % )1+ s[d (TS "“x,, Tu)]
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\ n(k)-1
p

1-s4 J

Letting k— oo in (1.2.4), we get d(TSu,Tu)=0.

Since T is one to one Su=u. So u is a fixed point.

Uniqueness: If possible let u and v be two fixed point of S. then Su=u and Sv=v where u = v.

Now,

d(u,v)=d(TSu,TSv) < A [d(Tu, TSu)+d(Tv,TSv)]
= % [d(Tu, Tu)+d(Tv,Tv)]

= d(TSu,Tu)s{ d(TxO,Tx1)+{ Jd(Txn(k),Tu) (1.2.4)

1-5s4

i.e. d(TSu,TSv) = 0, which gives Su=Sv, as T is one to one and u=v. Hence our supposition is wrong and u=v i.e. S
has a unique fixed point.

Further if T is sequentially convergent, we have It x_ = u and this shows that {s,} converges to the fixed point
of S. nw

Corollary (1.2.2) Theorem 2 of [10]: let (X,d) be a complete b-metric space with constant s> 1 and define the
sequence {Xn}n=1 @S Xn = TXp1 = T™X, n=1,2,........ Let T:X —» X be a mapping for which there exists A € [0,%) such
that
d(Tx, Ty) < A [d(x,Tx)+d(y,Ty)] , for all x,yeX. (1.2.5)
Then there exists xeX such that x,—X such thatx, — x andx is unique fixed point of T.
Proof: By putting T=I, identity map in theorem (1.2.1) we get:
d(Sx,Sy) < 2 [d(x,Sx)+d(y,Sy)]
and the hence the corollary follows.
Remarks: By above it is clear that the theorem (1.2.1) proved above is more general than the result established by
Kir and Kizilthune [10].
Our next theorem is about Chatterjee type contraction in b-metric spaces.
Theorem (1.2.3): Let (X,d) be a complete b-metric space and T,S:X—X be mappings such that T is continuous, one
to one and subsequentially convergent. If A € [0,%4), s > 1 satisfying the condition
d(TSx,TSy) < 4 [d(Tx,TSy)+d(Ty,TSx)] (1.2.6)
for all x,yeX.
Then S has a unique fixed point. Also if T is sequentially convergent then for every XqyeX, the sequence of iterates
{s"xo} converges to this fixed point.
Proof: Let X, be an arbitrary point in X. We define the sequence {X,} by s,+1=5x, (or, equivalently x,={s"%}, n=
1,2,3,........
Then using the given condition (1) we have:
d(TXn, TXn+1) = d(TSXp-1, TSXp)
< 2 [d(TXq-1, TSX)+d(TXn, TSXn1)]
Or, d(Tx, TXp+1) = 2 [A(TXn-1, TXn+1)+d(TXn, TXn)]
< As [Ad(TXq-1, TXn)+d(TXn, TXq41)]

A
Or, d(Txy, TXps1) < S

Similarly,

d(TXn1, TXn)
1-2s

d(TXn, TXp+1) < {

< {1_15J d (TxO,Txl)
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)
)
Now we shall show that {Tx,} is a cauchy sequence.
For this let m,n>0 with m>n, then

d(Tx, ,Tx,) <sd(Tx ,Tx_ )+s°d(Tx,

= p""'d (Tx,,Tx,) Where pz{

yTX, )+ s%d (Tx, ., Tx

m
n+1 +1 +2! n+3)+ """" +S d(Tmel’TXm)

n+l m n+m-1

d(Tx,, TX)+ .o +sp d(Tx,,Tx,)

n+2

IA

sp"d (Tx,, Tx,)+s°p"d (Tx,, Tx,)+s’p

IA

sp"d (Tx,, TX)[1+sp+(sp)” + ..o (sp)™ ]

[1-(sk)" "1
L 1-sk

Letting m,n—> o in (2), we have {Tx,} is a Cauchy sequence and since X is a complete b-metric space, there exists
veX such that

It Tx, =v 1.2.7)

n— o

IA

sp"d (Tx,,Tx,) (1.2.6)

Since T is subsequentially convergent {s,} has a convergent subsequence, so there exists ueX and {T Xn(k)}le such

that limy_,,, Tx, )y = Tu.
By (3) we have Tu=v, so,
d(TSu,Tu) < s[d(TSu,TS"“x,)+d(TS""“x,,Tu)]

n(k)

IA

s[d (TSu,TS"“'x,)1+ s[d (Ts"“x,,Tu)]

n(k)-1

IA

sA[d (Tu,TS"“'x,) +d (TS
Letting k— o in (1.2.8) we have
d(TSu,Tu) <sA[d(Tu,Tu)+d(Tu,TSu)]+sd(Tu,Tu)

d(TSu,Tu) < sAd(Tu,TSu), which is a contradiction and hence d (TSu,Tu) = 0 Thus TSu=Tu i.e. Su=u

Uniqueness: If possible let u anv v be two fixed point of S, then Su=u and Sv=v where u# v.
Now,
d(u,v)=d(Tu,Tv) =d(TSu,TSv) < A[d(Tu,TSv) +d (Tv,TSu)]

A[A(Tu,Tv)+d(Tv,Tu)]

X,, TSu)]+sd (TS "“'x,,Tu) (1.2.8)

22d(Tu,Tv)
i.e. d(Tu,Tv) < 2A4d(Tu,Tv), which is only possible when d(Tu,Tv)=0, which gives u=v as T is one to one.
Hence S has a unique fixed point.

Further if T is sequentially convergent, we have Lim x = u and this shows that {x,} converges to the fixed point

of S.
Corollary (1.2.4): Theorem 3 of [10]: Let (X,d) be a complete b-metric space and define the sequence {x,} , = X

as X =TXn1=T"%Xg, n=1,2,3, ........ Let T:X—X be a mapping under the terms A € [0,%2), such that:
d(Tx,Ty) < A[d (x,Ty) +d (y,Tx)] forall x,yeX (1.2.9)

Then there exists x_ e X suchthat x. — x and x_ is the unique fixed point of T.
Proof: By putting T=I in theorem (3.2.3) we have get
d(Sx,Sy) < A[d(x,Sy)+d(y,Sx)]
and hence the corollary follow.
Remark (1.2.5): The theorem (1.2.3) proved above is more general than that the theorem (3) proved by Kir &
Kiziltune [10]
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