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Application of special functions in one dimensional advective diffusion problem
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ABSTRACT
In the present paper, we construct an one dimensional advective diffusion model problem to evaluate the substance concentration distribution along
& —axis between T = —1 and x = 1. Here, the diffusivity of the substance and the velocity of the solvent flow are both considered as a variable.

Kumar et al [4] use the product of the class of multivariable polynomials and the multivariable H-function defined by Srivastava et al [11,12] to
obtain the analytic solution. Then, we employ the product of the generalized hypergeometric function, class of multivariable polynomials and the
multivariable Aleph-function to obtain an analytic formula of our problem. Finally, some particular cases will be given.

Keywords :Multivariable Aleph-function, , classes of multivariable polynomials, generalized hypergeometric function, advective-diffusion model
problem, expansion formula, multivariable H-function., Aleph-function of two variables.
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1.Introduction and preliminaries.

An advective diffusion is a process where solute particles in a solvent are diffused and transported with the flow of
solvent. If C(x,t) represents be the concentration of the diffusing substance, D denotes the diffusivity of the substance,
u is the velocity of the solvent flow and F'(z,t) is the externel source function, then the governing advective-diffusion
equation is given by ( see Harrison and Perry [3], Hanna et al [2], Lyons et al [5])

oC . ;

o T div(Cu) = div(DVC) + F (1.1)

Here, we construct an one dimensional advective-diffusion model problem in which the diffusivity of the substance is
considered as a variable of position = and the velocity of the solvent flow is supposed to be function of x. There is no
generation or absorption of the solute in the solvent.

The class of multivariable polynomials defined by Srivastava [10], is given in the following manner :
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The multivariable Aleph-function is an extension of the multivariable I-function recently defined by C.K. Sharma and
Ahmad [7] , itself is a generalization of the multivariable H-function defined by Srivastava et al [11,12]. The
multivariable Aleph-function is defined by means of the multiple contour integral :
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and Hk(sk) = (1.5

For more details, see Ayant [1]. The condition for absolute convergence of multiple Mellin-Barnes type contour can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r , where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :
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where k= 1,--- ,r:op = min[Re(dS” /6)],j =1, ,my and

k k .
Br = ma:c[Re((c( ) )/'yj( N,j=1,-,ng
For convenience, we will use the following notations in this paper.
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2. Statement of the problem and governing equation

Let us consider an advective-diffusion process in which the solute particles in a solvent are diffused and transported
with the variable velocity u of the solvent flow in the direction of the x—axis between the limits x = —1 to z = 1 and
that is supposed to be a function of position and proportional to [1 + & — v — 8+ (a + 8 — v + 1)z}, Re(av — 7) > —2
Re(53) > —1, the diffusivity D of the substance (solute) is a function of position and is proportional to (1 — 2%). The
externel source function is absent in the process that is there is no generation or absorption of the solute in the solvent.
The desired function C'(x,t) represents the concentration distribution of the diffusing substance at the position - and at
the time #. Then due to (1.1), we get an one dimensional advective-diffusion equation in the form given below :

20
a—c+[)\1(04—7—54—1)+(o<—|—[5‘—”y+1)x]+2a:>\2}%+A1(a+ﬂ—7+1)C—A2(1 )?) 5

5 =0 (1)

where A; and A, are arbitrary non zero proportionality constants, Re(a —~) > —2 and Re(8) > —1,¢ >0 and
-1 <z <1

Let us suppose that the initial concentration of the solute in the solvent is given by
C(x,0) = f(z),-1<z <1 2.2)

In (2.1), for simplicity, letting A, and A\ , we get

10C 5, 0%C oC
A—la—(l—x )W—F[ﬂ—kw—a—l—(a—kﬁ—’y—l—iﬂx]a—m—(a—i—ﬁ—’y—i—l)C’ (2.3)

where \; # 0, Re(a—v) > —2,Re(8) > —1,t > 0 where -1 <z <1

3. Main integral

In our work, we also require the following integral
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1
|arng| < WA%”’/T,?J =1,---,r , where A§k> is defined by (1.6). |y| < 1

Proof

To prove (3.1), first expressing the Jacobi polynomial Pc(gM ”J)(.) in series , a class of multivariable polynomials defined
by Srivastava S%ﬂ’.:',}vj\? [.] in series with the help of (1.2), expressing the generalized hypergeometric in series and
we interchange the order of summations and z-integral (which is permissible under the conditions stated). Expressing
the N-function of r-variables in Mellin-Barnes contour integral with the help of (1.3) and interchange the order of
integrations which is justifiable due to absolute convergence of the integrals involved in the process. Now collecting the
powers of (1 — x) and (1 + x) and evaluating the inner x-integral. Now, interpreting the Mellin-Barnes contour integral

in multivariable R-function, we obtain the desired result (3.1).

4. Solution of the problem and analysis

To solve the differential equation (2.3), we suppose that C(z,t) = X («)T'(¢) in it, we get

1 dC 1 ?°X dx
st - xS —a—1- - — - —y+1)X
NTd - x0T ) ety e (a+8—7+3)al— —(a+f-7+1)

=—(w+H(I+a+B—-7+v) (4.1)

and
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dr

E:—)\l(v—&—l)(l—i—a—kﬁ—v—f—v)T 4.2

The solution of the equation (4.1) is P£Q+7+1’ﬁ ) (z) (see 7 page 258). Thus by (4.1) and (4.2), we obtain
X(z) = AP0 (), —1<x <1 (4.3)

T(t) = Asexp[M(v+1)(1+a+B—y+v)t],t >0 (4.4)

The general solution of the equation (2.3)is :

C(x,t) = Z A, Pt +Lh) (z)ezp[M(v+1)(1+a+B—v+v)t],t >0and -1 <z <1 (4.5)

v=0

Now making an appeal to (2.2) and taking the expression of (4.5) at ¢ = (0, we have

2) =Y AP () (4.6)

v=0

Then to evaluate A,; multiply both sides of (4.6) by (1 — z)* "1 (1 + z)” PASO‘*”H’ﬁ )() and then integrate the two

sides of (4.6) with respect « from —1 to 1 and use the orthogonality of Jacobi polynomials (see, [6, page 258]) therein,
we get

277 P (o + D+ B—v+ 20+ 2)D(a+ B —v+v+2)

A, =
Fa+B8—v+20+2)T(a+v+v+2)[(F+v+1)

/ (L= )T (L )PP ) ) @7

-1

Re(a —v) > =2, Re(B) > —1,Vv € N.

Finally, with the aid of (4.5) and (4.7), we obtain the concentration distribution of the solute in the form

C’(xt—QVaBQZ FTo+ 1) a+B8—v+2v+2)T(a+B—v+v+2)
FO(+B 7+2U+2)F(O‘+7+’U+2)F(5+U+1)

1
Pt (@)eap[M (v + 1)1 +a+ 5 =7 + )] / (1 —)* 7 (L4 2) Pt (@) f () de (4.8)

-1

provided Re(a —v) > =2, Re(f) > —1,t >0and -1 <z < 1

5.Example

Let the initial concentration of the solute in the solvent is given by

(em)
f(@) =1 —2)" (1 +2)"uFy : y(1-x)9(1 + )*
(fn)
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yi(l = 2)f (1 + ) Zy(1 =)™ (14 )"
SN o R T (.1)

Ny
yu(l = )P (1 +z)* Zy(1 = z)r (14 2)kr

Substituting the value of f(x) in (4.8), we obtain

Na+B8—v+20+3)(a+f—v+v+2+k) (—v)k

Cl(x,t) = 2017
;)kzo MNa+B8—v+20+2)(a—v+k+2) (B +v+1)k!
Pt L8 (p)eap[Ar (v + 1)(1 + a + B — 5 + v)t] F¥P0P (ke Ny, My -+ Ny, M) (5.2)
where
[N1/M;y] [Nu/My] oo q
FORRo s N Mrseo N M) = 30 e 3D Y B’ LIy Regartur D ) Ko
K;=0 «=0 q=0 q
Z12h1+k1
( —p— oa—1-k— 9q9 — Zz 1flK h17 "7h"r‘)7
0,n+2:V

pi+2,qi+1,Ti;RIW
Zr2h:7-+k7r

(_U_ﬂ_wq_Z?:lwiKi : k17"' akT)7A
' (.3)

(v=2-k-—o—p—a—-B—(g+w)g— > (fi+wi)K;:hy+Fky,-- b +k.),B

Provided that

min{g,w, fi,w;, h,k} >0 for i=1,--- ju;l=1,---,r

u d(7
Re <p+a—7+ZK¢fi> Zh min Re (5@)) > —1 and
=1 1<j<m;

(4)
d
<0+5+2Kw1>+2k njnr:n Re(o(z>>>l;Re(6)>1

largZy| < mz‘l(k)ﬂ t=1,---,r , where A§k> is defined by (1.6). |y| < 1
6. Particular cases

(i) If v =a+ g+ 1 in (2.3), then the solvent moves with the constant velocity in the direction of u and the the
equation (2.3) reduces to
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1 oC 5, 0°C oC
pwiri (1— +2(6—$)—x (6.1)

and the solution is

oo N~ P(2u+ 2T (v + 1+ k) (—v)
Clx,t) = 2°F Z§F(2v+1)r(1_5+k) F(5+U:1)k!

P,ﬁf’ﬁ’ﬁ)(x)e:cp P\l(U + 1)Ut] F”’ﬁ"”l”””(k;Nl,JWl; <o s Ny, M) (6.2)
where
[N1/M;y] [Nu/Mu] oo
Fa’ﬁ’a+1’p’a(k;N1,]\/[1; . 7Nu7j\[u> _ Z . Z Z B/ ' lel .. ,yfuggq-&-wq-&-zhl(ﬂ-&-wi)lﬂ
Ki=0 K,=0 ¢=0
ZIth-‘rkl
B-—p—k—gq—> fiKi:hi, -~ hy),
0,n+2:V ]

pi+2,q;i+1,7; R:W

Zr2h"+k"'

(co—B—wqg—> 7 qwK; ki, - k), A
: (6.3)
(k-l-0 —p— (g +w)qg— > (fi +wi)K; s hi + ki, he + k), B

Provided that

min{g,w, fi,w;, hy,k} >0 for i=1,--- u;l=1,---,r

d(’)
Re (p B+ZKfl>+Zh mln Re (6(l)> > —1 and

1<jsm;

d(7)
Re(a—&—B—FZle)—FZk min Re<5(1)>>—1

=1 1<jsm;

largZy| < WA(k) i=1,---,r , where A,@ is defined by (1.6). |y| < 1

(ii) If we put v = v+ 1 and 3 = 0 in (2.3), the medium is stationary that is u = 0 and the equation (2.3) reduces to the
following equation

2
19C _ | 5 9*C_, C

and the solution is

ISSN: 2231-5373 http://www.ijmttjournal.org Page 54



SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 55 Number 1- March 2018

SSRG
Text Box
ISSN: 2231-5373                           http://www.ijmttjournal.org                                 Page 54



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 55 Number 1- March 2018

2u+2)T(v+1+Ek) (—v)i
— 9pto
Cla.t) ZZFQzH—lF B+ k) (vt D!

v=0 k=0
Py(a)exp[Ai(v + 1)ut] F¥OTL0 (ke Ny, My -+ - 5 Ny, M) (6.5)
where
[N1/M;] [Nu/My] oo Y
a,0,a+1,p,0 (1. A ’ q Ky | Kuggqtwg+d i (fitwi)K;
F r (kalyMla 7Nu;A[ Z Z Z B N 'yl yu 2
K1=0 =0 ¢=0
Z12h1+k1
(p—k—9q— 3, fili s ha, oo D),
0,n+2:V .

pi+2,q;+1,7; R:W

ZTQhr+k‘r

(o —wqg—> 0 wK; ki, k), A
' (6.6)
(k-l-o—p—(g+w)qg—> " (fi +wi)Ki s hi+ki,---  hy + k), B

Provided that

min{g,w, f;,w;, hy, ki} >0 for i=1,--- ju;l=1,--- ,r

d(7 w d(i)
Re (erZKfl) +Zh ngl Re (5 )> > —1 and Re <J+ZKiwi> +Zk \rglglmRe <<S(> > —1

my;
i=1 Isisms i i=1

largZy| < mA(k)w i=1,---,r , where A§k> is defined by (1.16). |y| < 1

7. Multivariable H-function

If the multivariable Aleph-function reduces to multivariable H-function defined by Srivastava et al [11,12], the solution
of our problem is :

oo~ la4 8-y + 20430+ By +v+24k)  (—v)
Cla,t) =27 ZZ Fla+B—v+20+2)T(a—v+k+2) T(B+v+1)k

PO (pYexp[ M (v + 1) (1 + a + 8 — + 0)t] FPP 7P (k; Ny, My - -+ 5 Ny, M) (7.1)

where
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[N1/Mi] [Nu/My] oo
Fa,,B,'y,p,a'(k;NhMl; . aNu7A[ Z Z Z B/ N ' yl .. .y5u29q+wq+zi:1(fi+wi)Ki
Kq,1=0 »=0 ¢q=0

Z12h1+k¢1
oty (y—p—a—-1—-k—gq— ZHLK hi,-- hy),
HO»F
p+2,q+1:W

Zr2h"'+k"'

(‘U_ﬁ—wq_Z?:1wiKi5k’17"' 7k7‘)7A
' (7.2)
(v=2-k-0c—p-—a—-F-(g+w)g— > (fi+wi)K;:h1+Fki, -, h. + k), B

under the same conditions that (5.2)

8. Aleph-function of two variables

If r = 2, the multivariable Aleph-function reduces to Aleph-function of two variables defined by Sharma [9]. The
solution of the problem is :

i “T(a+B—v+20+3)(a+B—v+v+2+k) (—V)k
== FNa+B8—-—v+2v+2)T(a—v+k+2) I'(B+v+1)k!
PO (p)eap[ Ay (v + 1)(1+ a4 8 — 7 + 0)t| F*P727 (k; Ny, My -+ 5 Ny, My,) (8.1)
where
[N1/Mi]  [Nu/Mu] oo
FOBYP (e Ny My Ny, M) Z Z Z B’ ' y1 oy Ruggatwet i (fitwi) Ki
K,1=0 K,=0 ¢q=0
212h1+k1
(Yy—p—a—-1—k—gq—> filK;: h1,ha),
0,n+2:V .
pi+2,q;+1,7; R:W
Z22h.2+/€2

(o= B—wqg—> " wiK; ki, k), A
‘ (8.2)
(y=2-k—0o—p—a—-F—(g+w)qg—> i (fi +wi)K; : hy + ki, hy + k3), B

under the same conditions that (5.2) with r = 2.

9. I-function of two variables
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If r =2 and 7;, 74, 7;» — 1, the multivariable Aleph-function reduces to I-funtion of two variables defined by Sharma
et al [8]. The solution of the problem is :

ot MNa+B8—v+20+3)(a+B—-—v+v+2+k) (—v)g
Clat) =277 ZZ Na+B8—v+20+2)(a—v+k+2) B+ v+1)k!

v=0 k=0
P(u+7+1,ﬂ)( )expp\l(v +1)(1+a+B—v+ U)t] F""B’v’p’a(k;Nl,]\'ﬁ; oo 3 Ny, My,) 9.1)

where

[N1/M;] [Nu/My] oo yq
FOB0 (s Ny My -+ 5 Ny, M) Z Z Z B/ o yl Ly Kuggatwat i, (firw) K

Ki1=0 «=0 ¢=0

Z12h1+k1
(’y—p—Oé—l—k_gq_Zyzlfsz : h17h2)7
0,n+42:V .

pi+2,¢;+1; R:W

Z22h2 +ko

(-0 = B—wq— Y wiK; : ky, k), A
: 9.2)
(y=2-k—0o—p—a—-F—(g+w)qg— > (fi +wi)K; : hy + ki, hy + k3), B

under the same conditions that (5.2) with » = 2 and 7;, 7/, 7 — 1.

6. Conclusion

Specializing the parameters of the multivariable Aleph-function, the generalized hypergeometric function and the
multivariable polynomials, we can obtain a large number of results of problem of advective-diffusion process
involving various special functions of one and several variables useful in Mathematics analysis, Applied Mathematics,
Physics and Mechanics. The result derived in this paper is of general character and may prove to be useful in several
interesting situations appearing in the literature of sciences.
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