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Abstract

In this paper we define the generalized multivariable Aleph-function in terms of multiple integrals contour. Further we establish certains integrals
involving product of the generalized multivariable Aleph-function with exponential function and Fox-Wright's generalized hypergeometric function.

Being unified and general nature, these integrals yield a number known and new results as special cases. At the end, we study several corollaries.
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1.Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers, and positive integers respectively. Also

Ny :NU{O}.

The generalized Aleph-function of r-variables is a general higher transcendental function. It will be defined and

represented as follows :
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(1.1)

(1.2)

(1.3)
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The contour Ly is in the si(k = 1,--- ,r) plane and run from o — ico to o + ioco where ¢ is a real number with loop ,
T

if necessary to ensure that the poles of T'(1 —a; + Za(-k)sk)(j =1 ,m) ;F(d(~k) - §§k)8k) (G=1,---,mk) lie
i=1

to the right of the contour Lx and the poles of I'(1—a; +Za( Ysi) G=1,-++,m); T(1— C(‘k) +V(k)8k)

(j =1,---,ng) lie to the left of the contour Ly, . The condition for absolute convergence of multiple Mellin-Barnes
type contour (1.1) can be obtained by extension of the corresponding conditions for multivariable H-function given by
as:

1 ‘ qi Nk
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Ti(k) E 'Vﬂ(k)"' g 5j — Tik) 5j,i<k) >0 (1.49)
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The generalized Aleph-function of r-variables is analytic if

P;(k) 4;(k)

Tzza(k) _T’ZBJZ i Z z(’“) T Z ]z(") <0 (1.5)

j=n
with k=1,---,r,i=1,---,R ,i® =1,... ,R®,
Following the lines of Braaksma ([2], p. 278), it can be shown that

N(Zlv"' vZ?“) :0( |Zl|a17"' s aT) ,max( |Zl|7"' ) |ZT| ) — 0

N(z1,- - ,2) = 0( |21|ﬁ1,"' , BT)’mM;( EAREE |Zr|) — 00
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where k=1,--- ,7:qi = min[Re(d§k)/6§k))],j =1,--- ,mpand By = max[Re(( (k) —1)/v (l”))]7 1, ng.
For convenience, we shall use the following notations in this paper.

V=my,ng i me,ng s W= pio, qon s Ta0s BRY - pi s @i s T s BT (1.6)
A={(a;0d", - alMn) (milagi i) ol {9 )

{7 (€ Y o e Fi o L2 1, b A7 (€039 0 (17)
B = {08+ B m b Ay B+ B b L5565 )1 b (i (d53000:0 50 1,0}

o 50 ) 1, Y i (A3 870 b, ) (1.8)

jt

Remark 1:
If m = 0, the generalized Aleph-function of r-variables defined above reduces to Aleph-function of r-variables defined

by Ayant [1].

Remark 2 :
If 7, 7500, -, T3 — 1, we get the generalized I-function of r-variables. This function generalizes the multivariable I-
function defined by Sharma and Ahmad [13]. It's defined as follows :
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ek(sk) = R q, (k) (k) P, (k) (k) (k) 7k = 1; T (111)
Zi(k>:1[nj£mk+1 I(1— ”m + 571<k>3k) Hj:nk+1 F(Cﬁ<k> 77Z<k>5k)]
under the same existence conditions that generalized Aleph-function of r-variables with 7;, 71y, - -+ , 736 — 1.
Remark 3 :
If o, 700, -+, — 1 and R = RM =...= R = 1, the generalized multivariable Aleph-function reduces in

generalized multivariable H-function. This function is an extension of the multivariable H-function defined by
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Srivastava and Panda [16,17]. It's is defined as follows.

71
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J=mr+1 Jj=nk+1

under the same existence conditions that generalized Aleph-function of r-variables with 7;, 7;1), - - -

R:R(l):...:R(T):L

The Wright's generalized hypergeometric function 1, (.) given by Wright [21] defined as :

(eja Ej)l,p’ > ?;1 F(ej + F; h) z
pWa (2) = phy : Z = Z 7 n!
(fj, Fj)qu h=0 Jj=1 (f] + F]h)
Where E;(j =1,--- ,p') and Fj(j = 1,--- ,¢’) are real and positive numbers and

d v’
1+ F =) E;>0
j=1 j=1
We shall use this notation in this paper.

H? 1 T'(e; + Ejh)
(fj + th)

Ap =

2. Required result.

We have the following relation, see Rainville [10].

Lemma.
i A(h,u) Z ZA (h,u —
h,u=0 u=0 h=

3. Main integrals.

(0 B, B g+ 1505 ) g, )5

[CRFTIE N
1(@"7; 65”) @]

(1.12)

(1.13)

(1.14)

, Titr) — land

(1.15)

(1.16)

(1.17)

2.1)

In this section, we have etablished four integrals involving product of generalized Aleph-function of r-variables and

Wright's generalized hypergeometric function.

Theorem 1.

ISSN: 2231-5373 http://www.ijmttjournal.org

Page 81


SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 55 Number 2 - Month 2018


SSRG
Text Box
ISSN: 2231-5373                              http://www.ijmttjournal.org                                 Page 81



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 55 Number 2 - Month 2018

ziak(t — )"t
t . oo u
/ 2 (b= 2)7 e g (ar (- )T N . dr= e #PHemly TN Ay
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. u=0 h=0
zpahr (t — z)vr
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Zufh
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(U—h)' pi+2,qi+1, 7 R:W
ZptHr T (Ip—o—(C+n—1Dh—ujps +v1, - ,ur +v,.),B
Ay, is defined by (1.18).
provided
1) 0 < pg, 0 < vg (not both zero simultaneously) such that vy — g > 0.(k=1,--- 7).

2) ¢ and 1 are non-negative integers such that 1 < ¢ + 7.

1
3) |argzg (z# (t — z)*%)| < §A§k)7r , where AEM is defined by (1.4).

r . T bH d(k)
4)Re(p—|—Ch)—|—Z,uk min Re Z (T/)"'%k) >0 and
k=1 8?{5;: =1 Py o)

r (k)

b d

Re (o +nh) + E Uk <rr}1[11<1mR€< g %—I—%) >0
k=1 02l<7’nk =1 By 0

q »’
5L+ Fj—Y E;j>0
j=1 j=1

Proof

We note I this integral, we have
2zt (t — )"

. )
I = e*Zt/ 2Pt — x)gflefz(tfm)p’l/)q' (al'c(t —z)7) N VT (RW . dz
0
zpxhr (t — )

u

x)uz

Now, we replace elt=m) by Z _T and express the Wright's generalized hypergeometric function and

u=0

generalized Aleph-function of r-variables with the help of (1.16) and (1.1) respectively, we get

t Ch
t—x az t—:v
I =" P )~ 1§ E / /
e /Oa: h A @r . W(s1, ,8)

HGk(sk)z;’“x“’“Sk (t —z)"* dsy - - - ds,dx
k=1

t Ch t _ x)nh+u u
:e—zt mpl o’l ACLI’ / / 81,7, S,
/0 ZZ 4 h:ul 27Tw L Vs )

u=0h=0

(3.1)

(3.2)
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H@k(sk)zz’“x“ks’“ (t — )% dsy - - - ds,dx

Now, we use the lemma, we use

t Ch t*$)< )h+uuh
I:/fzt pP— 1 0 1 Aax / / Sy
et e zzh N ¢ Ty A

u=0 h=

Hﬁk(sk)z;’“x“ksk (t —x)"* dsy - - - ds,dx

We interchange the order of (u,h)-summations and (si,--- ,s,)-integrals ( which is permissible under the stated
conditions), we obtain

) S - R

u=0 h=

HQk(sk)szx“ks’“ (t —x)"*** dsy - - - ds,dz
k=1

We interchange the order z-integral and (s1,- - - , s, )-integrals ( which is permissible under the stated conditions), we
obtain

h LU= h r
= ’”ZZ ny (2r) / /1/131»‘ Sr)kl;[lgk(sk)zkk

u=0 h=0

t
[/ 2P Ak ukSk—l(t _ x)0+(n—1)h+U+E}';=1 “ks’“_ldx} dsy - --ds,
0

Take x = tv in the inner integral, the above expression reduces to

I = e #lgpto— 12Ahh' AT 27rw / / (81, ,5p) H Ok (sk)2 5ktﬂk+vk)5k

t
{/ g hmy pesie =1 (¢ gyot(n=Dhtutd i, UkSk—ldU] dsy - --ds,
0

By using the definition of the Beta function, we get

[ = g—#tgpto—1 Z Z h 27rw / / ¢ 1, ,57") H 9k(5k)2’;ik t(#k"rvk:)é"k
k=1

u=0 h=

T(p+Ch+ 3y pesi)T(o + (= Dh+u+ 37 visk)
Tlp+o+(C+n—1h+ 37 (s +v)sk)

dsy---ds,

now interpreting the above multiple Mellin-Barnes integrals contour in generalized Aleph-function of r-variables, we
obtain the desired result (3.1) after algebric manipulations.

Theorem 2.
zix Mt —ax)™ ™
t . ') u
/ 7t — )7 ey (aa (t— 1)) NI : do= e "7ty N Ay

0 . u=0 h=0
2o P (6 — )7V
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th_ul_vl (p+ o+ (C + n— 1>h’ — U5 M1 + U1, Uy + UT)vA

Z +n—1) htugym+2,n:V ' '
(u—h)! t(C Y uNmilgl+2nRW ‘ ‘ 3.3)

Z'rt_/"r_vr (p+ Cha,u’].a e a/’[/T)) (U + <77 - 1)h + U; Uy, -t 7UT>7B

under the same existence conditions 1), 2) and 5) that (3.1) and

1 :
3) largzi(x™"* (t — z)~%)| < §A§k>7r , where AEM is defined by (1.4).

r (k)
ag—1 ¢’ -1
)Re (p+Ch)— E Lk m}?i(nRe< E D) + ® ) <0 and
k=1 0iom H=1 %g M

r (k)
ag — 1 ¢ —1
(o0 +nh) — ka Oglf?)g(nRe (Z agl,) + %(k) > <0

0<I<ny H'=1
Theorem 3.
z1xh (t — )~
¢ .
| et e e = o) N ~ o= ety Z Ahi
0 . u=0 h=
zpxhr (t — )~ r
AV (I-p = Chipa, - ), A
#cn= 1>h+uNZLE 2,112‘/7, SRW : : (34)
Z,.t“;'_“" (c+u—(n—1hv1, - ,0.),(1—p—0 - CH+n—Dh—u;ps —v1, pbr — ), B
under the same existence conditions 1), 2) and 5) that (3.1) and
i — g, 0 (k) . .
3) |argzi(xh* (t — )~ "%)| < §Ai m , where A;"’ is defined by (1.4).
r bH dl(k:)
4)Re(p+(h +Z,uk n%ln Re Z — + | > 0 and
k=1 021<7n",f =1 Py 0,
+nh) — Z re(So a1 a1}
(o nh) = ) v ;ax Re Z NUDERERNCI
0<i<ns H'=1 %g 1
where 0 < p,0 < vgand 0 < pg —vp(k =1, 7).
Theorem 4.
zix M (t — )
t . oo u
/0 2Pt — 2)7 e by (axt (t — x)7) N ‘: RW . dz= e_Zttp+"_1Z Z Ay,
u=0 h=0

zpx P (6 —x)Vr
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zqt Pt (lwo 4+ (n— Dh —usvy, -+ ,v,), A
Zvh ; 11V :
O] $(C+n=1) L+uN;ﬂ+l 3 LY e ' . 5

2t | (p+Chipn, i), (L= p—0 —u—((+n—Dhjvr — -+ v — i), B

under the same existence conditions 1), 2) and 5) that (3.1), and

1
3) largzi (a2 (t — z)"*)| < §A§k>7r , where A,(;k) is defined by (1.4).

T (k)
ag—1 ¢’ —1
4)Re (p+<Ch) — g Lk glax Re( g ) + 2 @ ) <0 and

k=1 ogigng, H'=1 “H 7
by dP
Re (o +nh) —I—ka mu<1mRe ZW—FW >0
k=1 g<i<my, H'=17H !
where 0 < vk, 0 < prand 0 < v — pp(k =1, 7).

The theorems 2 to 4 can be proved by the similar methods that theorem 1.

In the following section, we have seen several corollaries.

4. Corollaries.

The generalized Aleph-function of r-variables reduces in generalized H-function of r-variables concerning the two
following corollaries. We consider the theorem 1 and we obtain.

Corollary 1.

zixht (t — )™

K N oo u
/ ,’L‘p—l(t _ m)o—le—zxp,lz}q, (ax‘f(t — :c)") H . dr= e—zttp-i-a—lz Z A
’ . u=0 h=0
ZpTHT (t _ m)vr

att | (Lop = Chipn, - ), (L= 0 = (n = Dh —wjvr, - 0p), Ay

z n—1)h+u m.n+2:V ’ '
(u_h)[t(“_] s Hp +;q +1,7; ReW 4.1)
ZTt}Lr+'U'r (1',0 — 0 — (C+T] - 1)hiuvy’l +Ulv ety M +’UT)7BI

where
1 r

Ar=[(az;al?, - el 1AMy T 1) ) 4.2)
1 r 1 1 r r

By =[(b;; 8", B )ng :1d 565 g s 5 1A 65 )0, (4.3)

under the same existence conditions 1), 2), 4) and 5) that (3.1) and

1
3) largzg (x#* (t — x)"%)| < §Bj(-k)7r , where

p dk
SR N S D D A0 3 AP VR O 3. S A
Jj=n+1 Jj=m-+1 Jj=nr+1 j=mpr+1
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Now, we consider the theorem 2, we get.

Corollary 2.
zya (= 7) "
¢ ' oo u
/ .’L‘p—l(t _ x)tf—le_zﬁvaq/ (axg(t — x)n) H . dr= e—zttp-i-a—lz Z Ah
’ . u=0 h=0
zpxHr(t — )"
thi“li“l (p+U+(C+77—1)h—u“u1 +U1;"' 7:u”l"+v’l“),A1
Zu—_ (CHn—1)htuggm+2,mV ' :
(u— h)l pit1,qi 42,7 R:W : . (4.4)

ZrtiﬂT'ivr (,0 + Ch;ula e a/‘LT)a (U + (77 - 1)h +ujvg, - 7UT)7Bl

where A; and B, are defined respectively by (4.2) and (4.3).

under the same existence conditions 1), 2), 4) and 5) that (3.3) and

1
3) largzy(x ™ (t — z)~"*)| < iBék)w , where

n m p dk
CE SIS SEAED SELES SR AED SR SRS S (I O
Jj=1 j=1 j=n+1 Jj=m-+1 Jj=nr+1 j=mr+1

The generalized Aleph-function of r-variables reduces in Aleph-function of one variable defined by Sudland et al.
[18,19] concerning the two following corollaries, see Suthar et al. [20] for more details. We consider the theorem 3 and
we obtain

Corollary 3.

t
/ 2PNt —2)7 e by (axt (t — ) R( ZxH(E—x) Y )do= e F T 12 Z ")l
0

—h
u=0 h=0
(1-p — Ch; ), A

+n—1)h+usym—+1,n+1 —1 '
t(¢Hn=b) N gramr| 2877 ’ (4.5)

(0 +u—(—1)h;0),(1—p—0—(C+n—1)h—up—v), B

where

Az = (a5, @5)1n, [Ti(@5is 5i) It 1,pir 5 B2 = (05, 85)1.m, [€i(bjis Bji)lm4 1,40 (4.6)
under the following existence conditions

DO<p,0<vand0 < pu—w.

2) ¢ and n are non-negative integers such that 1 < ¢ + 7.

Di

m qi
3)|argZ(gg#(t—x)—v>| < C( M, whereC Zozj—ﬁ Z aji—l—Zﬁj— Ti Z Bji

j=n+1 Jj=1 j=m+1

by 1 —1
4)YRe(p+Ch)+u m1<n Re<6>>0andRe(a+nh)—v maxRe( " ><0,
1 !

1<i<m N
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q/ p/
5) 1+ > Fj—Y Ej;>0.
j=1 j=1

Corollary 4.
t oo u
/ 2Pt — 2) e T by (azt (t — 2)") R( ZxH(t —2)Y Jda=e Tty "N " 4,
0 u=0 h=0
(I-u-o + (n — 1)h — u;v), Ag
u—h

] ) |
O TN eI I - @.7)

(p+Ch;u),(1*p*0*u.*(C+n*1)h;v*u),Bz

A, and Bs are defined by (4.6).

under the same existence conditions 2), 3) and 5) that (4.6) and

-1 b
Re(p+Ch) — pmax Re(ala ><0andRe( +nh) +v min Re( l) >0,
I

1<i<n 1<l<m ,8l
where 0 < v,0 < pand 0 < v — L.

Remarks :

By using the similar methods, we can obtain the sames integrals about the multivariable A-function [6], the A-function
[5], the modified multivariable H-function [9].

By using the corollaries studied, we can obtain the similar integrals concerning the I-function [11], the H-function ([3],

[8).

5. Conclusion.

The generalized multivariable Aleph-function presented in this paper is quite basic in nature. Therefore, on specializing
the parameters of this function, we may obtain various other special functions of one and several variables such as
Aleph-function of two variables ([7],[12]), multivariable I-function [13], I-function of two variables [14], H-function of
two variables [15], Aleph-function, I-function, H-function, G-function and other. As special cases, and therefore,
various unified integral presentations can be obtained as special cases of our results.
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